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PREFACE 


In this book I have endeavoured to present the fundamental 
principles and applications of the Differential and Integral 
Calculus in aB simple a form as possible consistent with an 
adequate comprehension of the ideas upon which they are based. 
Although the work is intended primarily for students who wish 
to obtain a sound working knowledge of the subject and its 
application, whether to Mechanics, Physics, Chemistry, Engineer- 
ing, or any other science, I hope that it will also prove useful to 
those who are studying for pass degrees in Mathematics and 
to those who are working for Mathematical Scholarships. 

In most of the old text-books on the Calculus, and in some 
modem ones, all the different standard forms and methods of 
differentiation are discussed before any applications of them are 
considered, and similarly with integration. It takes the ordinary 
student a long time to master all these methods, especially in the 
Integral Calculus, and if he sets out to leam them all before he 
knows the object of them, and what use he is to make of diffe- 
rential coefficients and integrals when he has obtained them, he 
is apt to get discouraged and take no interest in the subject ; if he 
succeeds in learning them, he is apt to look upon the processes of 
differentiation and integration as a kind of mathematical juggling 
with symbols without any real comprehension of their meanings. 
In order to avoid these dangers, and in the hope of arousing 
the interest of the student at the outset, I have introduced 
easy applications at an early stage. After treating of the 
differentiation of quite simple algebraical and trigonometrical 
functions, I have considered their applications to properties of 
curves, to maxima and minima, and to mechanics. Similarly, 
after obtaining the integrals of a few simple types of functions, 
I have considered their applications to areas and volumes and 
to mechanics. All this is done before dealing at all with the 
inverse circular functions, or with exponential, logarithmic, and 
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hyperbolic functions. Afterwards I have treated of these latter 
functions and of more difficult methods and applications. 

There is really no reason why the first part, just described, 
and which is comprised in the first nine chapters, should not 
(with the omission, perhaps, of parts of Chapter II) form part 
of the mathematical course of the best form of a good school. 
The amount of mathematical knowledge required before begin- 
ning the calculus is, I think, less than is often supposed. A 
sound knowledge of Elementary Geometry and of comparatively 
elementary algebraical and trigonometrical processes is the one 
essential and absolutely necessary requisite. 

No attempt has been made to treat the bookwork with the 
precision and rigour required in the light of modern mathematical 
investigations. This would be quite out of place in a book 
intended for those who wish to acquire a knowledge of the 
calculus as a tool to work with, rather than for those who 
are training to be mathematicians, and in any case it is not 
suitable for a first course on the subject At the same time, 
I have attempted not to ignore or conceal points of difficulty, 
and in several places where I have considered it advisable to 
assume theorems, of which the proof seemed to me beyond the 
scope of the book, I have not hesitated to do so, at the same 
time expressly stating that they are assumptions. Considerable 
space has been devoted to explanations and illustrations of the 
meanings of 'limits' and 'continuous functions', for I am 
convinced that, unless the student has clear ideas on these 
points, it is impossible for him to grasp the true meaning of 
a differential coefficient, although he may be able to acquire 
a certain amount of facility in the use of it. In connexion 
with limits, I think that the recent introduction of the symbol 
x — ► a, in place of x = a, is a most valuable improvement. This 
is used throughout the book. There is no doubt that the older 
symbol is calculated to cause confusion and lead to erroneous 
ideas, since in most cases x can not be taken equal to a, but 
only as near to it as we please without actual coincidence. 

In order to bring home the meaning of a formula or a theorem 
to the beginner, I have frequently introduced numerical examples 
and appeals to the geometrical intuitions of the student. These 
geometrical 'proofs' are generally much more interesting and 



PREFACE 


»* 

▼u 


indeed much more convincing to the ordinary student than an 
analytical proof which, however rigorous, probably conveys no 
very definite meaning to him, and they are quite sufficient for 
many purposes. 

I have assumed that the student is familiar with the theory 
of graphs as treated in text-books on Elementary Algebra, and in 
the first chapter 1 have given a short discussion on the method 
of sketching a graph from its equation (a most valuable exercise 
for mathematical students) in some rather more difficult cases, 
including the conic sections. For the benefit of students who 
have not done Analytical Conics, 1 have appended to this chapter 
a short discussion of the simplest forms of the equations of these 
curves, to which frequent references are made in the sequel. 

Before proceeding to the differentiation and integration of 
exponential and logarithmic functions, &c., I have briefly re- 
capitulated the chief properties of these functions, together with 
as much of the theory of convergency of series as seemed 
necessary. Many students of the calculus have but an imperfect 
knowledge of these important functions, and in any case it is 
hoped that this chapter may Berve as a useful revision. Many 
examples, which illustrate the application of the exponential 
function e* and show how it continually occurs in all branches 
of science, will be found in the last part of Chapter XVIII, 
which deals with the Compound Interest Law. 

In the chapter on Methods of Integration, some of the well 
known general processes, including the general discussion of 
resolution into Partial Fractions, are omitted ; but I think that 
the methods given are sufficient to enable the student to inte- 
grate most of the expressions he is likely to meet with in 
practical applications of the subject, and at the end of the 
chapter [as also at the end of Chapter IV after the chief 
mothods of differentiation have been considered] a long collection 
of miscellaneous exercises is given in which the student does 
not know beforehand which particular method he has to employ, 
as he does with the exercises in the body of the chapter. It is 
not, of course, expected that the student will work straight 
through all the examples or even all the articles in this chapter 
on a first reading, but a selection should be made, and he can 
return to them again and again as occasion arises for revision. 
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The same remark applies to the contents of Chapters XVIII 
and XIX. The applications to Centres of Gravity, Centres of 
Pressure, Moments of Inertia, Electricity, Potential and Attrac- 
tions, Dynamics, <fcc., given in these chapters, are included in 
the hope of making the book useful to students in different 
branches of science and of varying interests ; but the student of 
the calculus who is not also a student of Hydrostatics will 
naturally omit the section that deals with Centres of Pressure, 
and so on. In Chapter XIX a considerable amount of Particle 
Dynamics is included, for while this subject depends for the 
most part upon quite elementary principles of mechanics, it 
affords excellent illustrations of the application of the principles 
of the calculus. 

It is obviously impossible in a book of this type to give 
any adequate discussion of the subject of Differential Equations, 
but the simplest and most useful types of equations of the first and 
second order are collected in Chapter XXI (although differential 
equations have been Bolved in the earlier chapters which deal 
with Physics and Mechanics). These are sufficient to enable the 
student to solve most of the equations he is likely to meet in 
elementary applications. 

The chapters on Taylor’s Theorem and Partial Differentiation 
are placed last, because they are not needed in the development 
of the subject along the lines I have adopted, but the treatment 
is such that the student who requires these particular subjects 
(for instance, the student of Thermodynamics and Chemistry 
who has to deal chiefly with functions of more than one 
variable and will therefore need Chapter XXIII) can take them 
at a much earlier 6tage. Chapter XXII on Taylor’s Theorem 
can be taken, if desired, immediately after Chapter XIII on the 
Mean- Value Theorem, and the greater part of Chapter XXIII 
can bo taken as soon as the student has finished the ordinary 
differentiation. 

It is essential that students of the calculus should have 
a liberal supply of examples for practice, and sets of exercises 
are inserted at short intervals. The examples are plentiful in 
number and carefully graded, and I have endeavoured to 
include problems and applications from different sources of as 
varied, instructive, and interesting a nature as possible. With 
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such a large number of examples it cannot be hoped that the 
answers will be free from mistakes, but I hope that there are 
not many errors, and I shall be glad to receive corrections or 
hear of cases where answers are found to be wrong. 

A collection of numerical tables is added at the end of the 
book, and it is hoped that this will prove very useful. It is 
important that, where possible, students should be able to work 
examples fully out and obtain definite numerical answers. This 
part of the work is often neglected. Some of the tables 
required for this purpose are not usually given in text-books 
on the Calculus and are not always easily accessible to the 
ordinary student. 

In preparing this book I have frequently consulted many of 
the existing text-books on the subject, including those of 
Williamson, Lamb, Gibson, Osgood, and others, and I wish to 
make acknowledgement of my indebtedness to these works. 
I wish also to express my obligations to Professor Jessop of 
Armstrong College for his encouragement and for much valuable 
advice in connexion with the work. My sincere thanks are also 
due to Mr. J. W. Bullerwell of Armstrong College for his 
kindness in reading through the proofs and for the time and 
care that he gave to them, which led to the detection of many 
errors. 


G. W. CAUNT. 
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FUNCTIONS AND THEIR GRAPHS 

L Constants and variables. 

In any equation or any investigation the quantities which occur 
are of two kinds : (i) those which retain the same value throughout 
the particular equation or investigation which is under consideration ; 
these are called constants, and are generally denoted by the earlier 
letters of the alphabet, a, b, c, l, m, n, &c. ; and (ii) those which take 
different values ; these are called variables, and are generally denoted 
by the later letters of the alphabet, u, v, x, y, e. For instance, one 
of the commonest forms of the equation of a straight line is 
y = mx+c. Here x and y are variables ; they are the coordinates 
of any point whatever on the straight line, and can take values 
from —oo to +oo ; m and c are constants, and have fixed values for 
any particular straight line, m being the tangent of the angle which 
the straight line makes with the positive direction of the axis of x, 
and c. the intercept on the axis of y ; but they have different values 
for different straight lines. 

Again, the equation of a circle of radius a, taking its centre as 
the origin, is x > +y' i = a 2 . Here x and y are variables and o is 
a constant ; x and y are the coordinates of any point on the cir cle, 
and therefore each may take any value from -a to + a; a is the 
same for all points on any particular circle, but will of course have 
different values for circles of different sizes. 

In mechanics, the distance s travelled in time t by a point moving 
in a straight line with constant acceleration a is given by the 
formula s = ut+ %at 2 . In this case s and t are variables and u and 
a are constants, u being the initial velocity of the moving point, 
and a its constant acceleration ; s changes as t changes, but u and a 
remain the same during the particular motion which is under 
consideration. 

As an example of an equation which contains three variables, we 
have in pneumatics the equation p = kp(l+<xt ) ; in this case p, p, 

Mil B 
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and t are variables, being respectively the pressure, density, and 
temperature of a given mass of gas ; k and a are constants. 

2 . Functions. 

If two variables x and y are so related that one or more values of y 
can be determined when the value of x is assigned , then y is said to be 
a function of x. 

In the first two of the cases just mentioned, the value of y can 
be calculated when the value of x is assigned (the values of the 
constants being supposed known) ; in the first case we obtain one 
value of y, in the second case two values, from a given value of x ; 
y is said to be a function of x. In the third case, s can be calculated 
when the value of t is assigned (u and a being known) ; s is said to 
be a function of t. In the last case, the value of p can be found 
when the values of p and t are given (k and a being known) ; p is 
said to be a function of p and t. 

Similarly, in the first two cases, we can, if values of y be assigned, 
calculate the corresponding values of x ; in the third case, given the 
value of 8 , we can calculate values for t (two valuee of t for each 
value of 8 , since the equation is a quadratic for t in terms of 5 ) ; and 
in the last case, given the values of p and f, we can calculate the 
value of p ; i. e. we may regard a; as a f unction of y, t as a function 
of 5, and p as a function of p and t 

A magnitude may be a function of any number of variables. 

Further examples are the following: the volume and superficial area of 
a sphere are functions of one variable, the radius of the sphere ; the volume 
and iuperficial area of a cone or a cylinder are functions of two variables, 
the height and the radius of the base ; the volume and superficial area of 
a rectangular block are functions of three variables, the length, breadth, and 
thickness. 

In this book we deal chiefly with functions of a single variable. 

The expressions x 3 ; Vx ; -\/(16 + x z ) ; sin x ; tan x ; log x ; 2 X ; 
sin -1 # are all functions of .r, their values can be calculated when 
the value of x is given. In these, and in the cases mentioned 
above, the relation between the variables can be expressed by a 
formula, but this is not always the case. For example, the height 
of the barometer at any given place is a function of the time ; at 
any particular instant the barometer has a definite height, but there 
is no mathematical formula connecting the height with the time, 
although the relation between them can be represented graphically. 
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and instruments are used which draw the graph, and thereby exhibit 
to the eye the height as a function of the time. 

The symbol f(x) is used to denote a function of x in general ; 
sometimes the symbols F(x), 4>{x), &c. are used, so that y=/(a?) 
or y = (x) is merely a symbolic way of expressing the fact that 

y is a function of x . x and y are often referred to as the independent 
variable and the dependent variable respectively, implying that any 
value may be assigned at will to x , and the corresponding value of 
y then calculated from it Sometimes y is said to be a function 
of the argument x+ 

II y =/($), then f(a) denotes the value of y when a is sub- 
stituted for x; e.g. if f(x) = a: 2 + 4a? + 5, then f(a) = a 2 +4a + 5 ; 
/(3) = 9+ 12 + 5 = 26; /(0) = 5; /(- 2) = 4-8 + 5 = 1 ; and so on. 

In some cases, real values of y are obtained for every real value of 
x ; this is so in the example just mentioned, but it is not always 
the case; e.g. if y == V{1 — x l \ only values of x from —1 to +1 
inclusive give real values for y; if £ is numerically > 1, y is 
imaginary. Again, if y = x/(x— 1), we get a definite real value of 
y for every real value of x except x = 1. If x = 1, the function 
takes the form 1/0, which has no definite value. In this case, y 
is said to be defined for all values of x except x = 1. In the 
preceding example, y is defined only for values of x from — 1 to +1 
inclusive. 

3. Single-valued and many-valued functions. 

If to each value of x there corresponds one and only one value 
of y, then y is said to be a one-valued or single-valued function of x ; 
©. g. y = (ax+ b)/{cx+d) ; y = sin x; y = (1 + # 2 ) 2 ' are one-valued 
functions of x . 

If to each value of x there correspond more than one value of y y 
then y is said to be a many- or multiple- valued function of x; e.g. in 
the second example of Art. 1, y 2 = a 2 — x 2 and y = ±V (a 2 — a? 2 ). To 
each value of x correspond two values of y equal in magnitude and 
opposite in sign ; therefore y is a two-valued function of x. In this 
case, if only real values of y are to be considered, x must not be 
numerically > a. If x 2 > a 2 , y will be imaginary. 

If y 3 — 6y 2 + lly = a?, to each value of x correspond three values 
of y obtained by solving this equation of the third degree ; therefore 
y is a three-valued function of a?. 

For example, if x = 6, we have 

y 3 — 6j/ 2 + 1 ly— 6 = 0, whence y = 1 or 2 or 3. 
v 2 
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If y = tan” 1 x, i.e. an angle whose tangent is g, then to each 
value of x corresponds an infinite number of values of y; e. g. if 
x = 1, y may be 45° or may differ from 45° by some multiple of 
180°, i.e. y = 45°+«. 180°, where n may have any integral value, 
positive or negative. 

4. Implicit functions. 

If x and y satisfy the equation 

x 2 +xy+y* = a\ 

it is clear that, if a value be assigned to x f the equation becomes 
a quadratic from which two values for y can be calculated ; therefore 
y is a function of x. Similarly, any equation connecting x and y 
determines y as a function of x, although it may not be possible 
to actually effect the algebraical solution of the equation. In this 
case, y is said to be an implicit function of x. 

The following equations give y as an implicit function of x: 

x 3 + S azy+y 3 = a 3 ; cos x+ay = fcsiny ; y = axlog(y/x). 

If the equation be solved for y in terms of x, or if the equation 
be given in the form y = f(x) y an expression involving x only, then 
y is said to be an explicit function of x , or to be expressed explicitly 
in terms of x. 

In some cases, the change from one method of expression to the 
other is quite easy. For example, the equation ff 3 + y a = a a gives 
y as an implicit function of x ; the equation can be at once solved, 
and gives y = ± </(a 2 — z 2 ) as the explicit expression of y in terms 
of x. 

Again, the equation 2xy+$y— 8.Z+4 = 0 expresses either y as a 
function of z, or x as a function of y implicitly. But, solving for y, it 
gives y = (3g— 4)/(2g-f 8), an explicit function of x; and solving 
for Xj it gives x = (by-f 4)/(8 — 2y), an explicit function of y. In 
other cases the change is difficult or impossible (as in the three 
examples given above). 

6. Odd and even functions. 

An even function of x is one which is unaltered when x changes 
sign; e.g. cosrc, g 4 + £ 2 + 2, and any algebraical expression which 
contains only even powers of x. 

Generally, if f(x) is an even function of x } then /(— x) =/(«). 

An odd function of x is one which merely changes sign when 
x changes sign; e.g. sin x y tana;, 2 s + 3#, and any algebraical 
expression which consists entirely of odd powers of x . 
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Generally, if /(#) is an odd function of #, then /(— x) = — /(x). 
An odd function of x must vanish when x = 0 ; for if 

/(-«) = -/(*), 

then, when x = 0, we have /(0) = — /(0), whence /(0) = 0. 

[Functions such as 8 sin #+ 2 cos#, # 3 + 8#+10, in which some 
of the terms change sign and some are unchanged when x is replaced 
by — #, are neither even nor odd.] 

6. Inverse functions. 

If y is given as a function of x by an equation y = /(#), then 
it is often possible to solve the equation for x in terms of y , and so 
obtain x expressed as a function of y in the form x = <p (y). These 
functions are said to be inverse functions. 

E.g. (i) if y — (3;r + 2)/(2a?-3), we have 2ay-3y = 3at?+2, 
ar(2y-3) « 3y + 2, and x — (3y + 2)/(2y-3) ; 

(ii) if y =» a? 2 — 4, a? = ± <v/(4 + y) ; 

(iii) if * — 10*, x =» log 10 y ; 

(iv) if y =* tan a?, a; — tan* 1 y ; 

(v) if y b xV 1 , y 1 a ar s and a? ■# yV*. 

As will be seen from these examples, both functions may be one- 
valued, or both many-valued, or one of them many-valued and the 
other one-valued. 

7. Algebraical and transcendental functions. 

If y = oa^ + h#"" 1 -!- ... where o, 6, ... A? are constants (some 
of which may be zero), and n a positive integer, then y is said to 
be a rational integral function o/x, or a polynomial in #. 

If y is equal to a fraction whose numerator and denominator 
are both of this form, it is said to be a rational function of x, or 
a rational algebraical fraction. 

If y can be expressed in an equation of the form 
Py n +«y n " 1 +- = 0, 

where P, <2, ... are rational integral functions of #, then y is said to 
be an algebraical function o/x. 

Functions of x which are not algebraical, e. g. sin#, log#, a*, 
tan' 1 #, are said to be transcendental functions of*. 

Examples I. 

1. If f(x) mm 2# s -3#*-5# + 4, find the values of /(l), /( 2), /( 0), /(- 1), 
/<-5). 

a. If f(x) — (#-l) (5 -#)/(«+ 1)*, find the values of/(2), /(l),/(0),/(H), 
f(*-l),/t-2). 
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8. If /(x) = (x’-l)(x*-4), prove that /(l), /(-l), /(2), /(-2) are 
all cero. 

4 . If /(*) —ax 1 + ftx+c, find /(x+1), /(x— 1), /(x+ft)-/(x). 

5. If f(x) •» a* prove that f(m) x /(») = /(m + «), 

/(»*)•$-/(*•)-/(»-»). 

6. If /(x) — logx, prove that 

(i) /(oft«) —/(a) +/ (l) +/(c) ; 

(ii) /(a/6) -/(«)-/(*); 

(iii) /(o*) -»/(«)• 

7. If /(x) => tanx, prove that /(x + y) - 


8. Classify the following functions as ‘even 1 or ‘ odd * functions of x : 

cot a?, sec a?, cosec x } (x- l) 8 + (#-f l) 8 , (a? + l) a -(a^-l) s , a?/(l+#*), 
sin 2x, sin 8 #, cos 2 x, x (x — 2) (x -f 2), a* + ar x y x sin #, a? cos #. 

0. Express y explicitly in terms of x in the following cases : 

(i) or 1 -f y* -= o B , (ii) aT 8 ?/ 8 **® 4 -^ 4 , 

(i ii) log y + log x -» log o, fiv) y a + 2 ay - x* *= 0, 

(v) osiny + 0 = ca?, (vi) axy + bx+cy + d = 0. 


10. Transform the following into implicit relations between x and y, free 
from fractions and radical signs : 


11 . 


■ (a + #)/</*, 
x± '/(l-x*). 

Given the following functions, find 
inverse function : 


(m) y . 
(v) y « 


(ii) y ** (a n — x n )V n 9 

(iv) y = log. {ar/(l H # 8 )V*}, 

(vi) y = sin -1 (x/a). 
in each case the corresponding 


(i) y = a* 4 , (ii) y = 1 4 y#, (iii) y — c09-*2a\ 

(iv) y «« a* (v) y = a tan a j", (vi) y - v(a —x), 

(vii) y » V(5-# ? ), (viii) y = y/CZx-x 1 ), (ix) y«=4#/(#-l), 

(x) y-=llog a (# + 1). 

12. In each of the first nine examples of Question 11 , state how many values 
of y correspond to each value o£ x, and for what values of x y iB defined ; 
also, in the inverse functions, how many values of x correspond to each 
value of y ; and for what values of y x is defined. 


6. Graphs. 

A general survey of the relation between the variable x and the 

function y can be obtained by drawing the graph of the function. 
If we suppose that x increases through a given range of values, and 
calculate the values of y corresponding to different values of x within 
this range, we shall, by plotting on squared paper the points which 
have these corresponding values of x and y as coordinates, obtain 
a series of points ; the locus of these points is called the graph 
of the function. For an account of the theory of continuous 
number and a discussion of the question as to whether and under 
what circumstances a function can be represented by a continuous 
curve, the student is referred to more advanced treatises. The 
functions which occur in such applications of the calculus as it is 
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proposed to deal with in this book, usually have graphs which can 
be easily drawn and which give a general view of the variation of 
the function. 

It will be taken for granted that the student is already familiar 
with as much of the theory and construction of graphs as is now 
generally included in text-books on elementary algebra, including 
the plotting of graphs of the functions y =- as + h, y = a# 2 + fex+c, 
® 2 -fy 2 = a 2 , together with their simpler properties; and also with 
the graphs of the circular functions sin a?, cos£r, tana?, &c. 

In many examples in the Differential and Integral Calculus it 
is necessary, or at least advisable, to draw roughly the graph of 
a function, and some more examples of a rather less elementary 
type will now be considered. 

9. Examples of graphs. 

The graph of any function can be obtained by simply plotting 
a sufficient number of points, taking x = 0, ±1, ±2, ... in turn, 
with intermediate values when necessary, until enough points are 
obtained to show all the various branches of the graph, and then 
drawing a curve freely through them ; but in most cases a great 
deal of information as to the shape and limitations of the curve 
can be obtained by examining the equation. This should always 
be done first, and the following examples are chosen so as to 
illustrate this. 

(i) y 2 = Ux. 

Here the first fact we may notice is that, 
corresponding to any positive value of x, there 
are two values of y which are equal in magni- 
tude and opposite in sign (e.g. if x = 4, y 
may be either +8 or —8), i.e. taking any 
point on the axis of x to the 4- side of the 
origin, we get two points of the graph by 
measuring equal distances upwards and down- 
wards perpendicular to the axis of x; this 
shows that the curve is symmetrical about the 
axis of x. 

The next fact to notice is that if x be — , 
y % is — , and therefore y is imaginary, i. e. no 
points are obtained for negative values of x , 
and therefore the curve lies entirely on the positive side of the axis of y. 
It clearly goes through the origin, since y = 0 when x = 0, and 
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since values of z t however large, always give real values for y, it 
extends to an infinite distance. Now by taking a few numerical 
values, e.g. z = 1, 2, 8, ..., the graph can be drawn fairly accurately 
(Fig. 1). 

(H) *«»+*»• = 1* 

Here = 1— and, as in the preceding case, the curve is 
symmetrical about the axis of x, since to any value of z correspond 
two values of y equal in magnitude and opposite in sign. Similarly, 
to any value of y correspond two values of x equal in magnitude 
and opposite in sign, therefore the curve is symmetrical about the 
axis of y also. 

The next fact to notice is that if x is numerically > 4, | y 2 
is — and therefore y is imaginary ; similarly, if y is numerically 
> 8, x 2 is — and x is imaginary ; therefore the curve lies entirely 
within the rectangle formed by the straight lines *= ±4, j / = ±3. 

[The symbol \x\ is used to denote the numerical value of x % 
so that | z | < 8 means that x is between — 3 and + 3, and therefore 
x 2 < 9 ; | x | > 4 means that x is either >4 or < — 4, and therefore 
z 2 > 16 .] 

Taking x = 0, 1, 2, 3, 4, and remembering that the curve is 
symmetrical about both axes, the graph can easily be drawn (Fig. 2). 


V (0.3) 



Fig. 2. 


(iii) y = lfx or xy = 1. 

The graph of this equation is not symmetrical about either axis 
of coordinates. In this case, for all values of x a change in the sign 
of x produces a change in the sign of y without altering the 
numerical value of y; if x is +, y must be + , and if x is — , y 
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must be — . The graph therefore lies entirely in the 1st and 3rd 
quadrants ; it cannot extend into the 2nd and 4th quadrants because 
there x and y have opposite signs. [Similarly the graph of 
y = — 1/x lies entirely in the 2nd and 4th quadrants.] 

The graph is said to be symmetrical about the origin ; for if any 
point (x 9 y) on it be joined to the origin and the joining line be 
produced to an equal distance on the other side of the origin, i.e. to 
the point (— x y — y\ this point is also on the curve; in other words, 
any chord of the curve through the origin is bisected at the origin. 
[This property is evidently true of the graph of any odd function 
of a?.] 



As x gets greater and greater, y gets less and less [when x = 1, 
10, 100, 1 ; 000,000, y = 1, % *01, *000001 respectively, and so on], 
and can be made as small as we please by taking x sufficiently large; 
but, however large x be taken, y never becomes quite equal to zero. 
Therefore the curve is constantly approaching the axis of x 9 but 
never quite reaches it, i.e. the axis of x is an asymptote to the curve. 

An asymptote to a curve is a tangent whose point of contact is 
at an infinite distance, i. e. a line which is continually approaching 
a curve, but yet which never quite meets it. 

The equation may also be written x = 1 fy 9 and therefore, by 
a similar argument, the axis of y is also an asymptote (Fig. 8). 
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(iv) y = ar* ; y = « 4 ; and generally y = x n . 

These curves evidently go through the origin, and also through 
the point (1, 1), since (0, 0) and (1, 1) satisfy the equation y = x n 
whatever be the value of n. 

In the first equation, if x changes sign, y changes sign also ; 
therefore as in the preceding example (iii), the graph is symmetrical 
about the origin and lies in the 1st and 3rd quadrants only. 

If x is between 0 and 1, y (i. e. x 9 ) is less than x, and therefore the 
graph is nearer to the axis of x than to the axis of y. But if x > l f 



y is greater than a\ and the graph is nearer the axis of y; moreover, 
as soon as x passes the value 1, y increases rapidly, and the curve 
rises steeply. 

In the second equation, the values of x corresponding to given 
values of y always occur in pairs, equal in magnitude and opposite 
in sign ; therefore the curve is symmetrical about the axis of y , 
and y, being equal to an even power of x, cannot be — . Therefore 
the curve is confined to the first two quadrants. In the first 
quadrant, between x = 0 and x = 1, the second graph is below the 
first, since for such values of a?, x* < x z ; if x > 1 , the second graph 
is above the first, since jr 4 is then greater than x\ The two graphs 
cross each other at (1, 1) (Fig. 4). 
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In the general case, y = if n be an odd integer, the graph 
is similar to that of y = a? 3 ; if w be an even integer, the graph is 
similar to that of y = a 4 . All the curves go through the origin 
and through the point (1, 1). The greater the value of », the flatter 
the curve is near the origin, and the steeper after passing (1, 1); 



i. e, the graph for any value of n is below that for any smaller 
value of n between the origin and (1, 1), and above it after passing 
through (1, 1). 


If y = a?V w , where n is a positive integer, then x n ■= y, and the graphs bear 
the same relation to the axis of x as those described above bear to the axis 
of y ; i. e. the graphs of y ■= x tl and y” ■» x are symmetrical about the bisector 
of the angles XOY t XOY between the axes, or, as it is often expressed, one 

* The figure shows tlio relative positions of the graphs, but their distances 
from the lines y *=■ ±x are rather exaggerated, in order that they may be 
distinguished one from another more readily. 
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graph is the reflexion of the other in the bisector of the angle XOT. [This 
property is true of the graphs of all inverse functions, e. g. y — x n and y ac 1 /**, 
the two functions just mentioned ; y ■■ Bin a? and y — sin" 1 a?; y « a* and 
y — log«ar; &c.) 

If y — x p J q f where p and q are positive integers, the graphs are obtained 
in a similar manner. They all go through the origin and the point (1, 1). 
If p and q be both odd, the graph lies in the 1st and 8rd quadrants; ifp 
be odd and q even (as in y ** a? 8 / 3 , i. e. y* ■■ «*), the graph, being symmetrical 
about the axis of x t is in the 1st and 4th quadrants ; and if p be even and q 
odd (as in y — a? 2 /*, i.e. y 5 x *), the graph, being symmetrical about the 
axis of y, is in the 1st and 2nd quadrants (Fig. 5). If p/q> I, the graph 
between the origin and (1, 1) is below the straight line y ■■ x ; if p/q < 1, it 
is above the straight line y 

(v)y = r^' 

In this case it is evident, since x 2 is always + for real values 
of x , that y is always + , and the curve is confined to the first two 
quadrants; next, that since x* is always +, l + x a must be > x 2 , 
and therefore y is always < 1 . Hence the graph lies entirely in the 
strip between the axis of x and the parallel straight line y = 1. 



Fig. 6. 

Again, the values of x corresponding to assigned values of y always 
occur in pairs equal in magnitude and opposite in sign, since the 
equation only contains even powers of x\ therefore the graph is 
symmetrical about the axis of y . The curve goes through the 
origin, and in the neighbourhood of the origin y is much less than x ; 
e.g. if a = # 1, y = # 01/1 # 01 = 1/101 ; therefore near the origin the 
graph keeps close to the axis of x. As x gets larger and larger, 
y gets nearer and nearer to 1, as is evident when the equation is 
written in the form y = 1/(1 H- 1/a? 2 ) ; the term 1/ir 2 in the denomi- 
nator becomes less and less as x increases, and can be made as small 
as we please* Therefore y can be made as near to 1 as we please 
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by increasing x sufficiently; hence the line y = 1 is an asymptote 
to the curve (Fig. 6). 


As in the preceding example, the curve goes through the origin, 
and is symmetrical about the axis of y . In this case we have 
another point to consider: are there any finite values of x which 
make y infinite? It is plain that y becomes infinitely large if 
= 1, i. e. if x = +1 or — 1 ; these lines are obviously asymptotes. 



Fig. 7. 

If x is slightly less than 1, y is very large and -f- ; if a? is slightly 
greater than 1, y is numerically very large and — . Hence the 
curve rises from the origin to the asymptote x = 1, and then on 
the other side of the asymptote reappear from the other end of it. 

When * > 1, y is — , and since it can be put into the form 
1 /(1/a? 2 — 1) it approaches the value l/( — X) as x increases, and can 
be made as nearly equal to —1 as we please, since l/x 2 can be 
made as small as we please by taking x large enough. Hence the 
line y = — 1 is also an asymptote (Fig, 7). 

This curve is symmetrical about the axis of x , but not about the 
axis of y , If x > 2, y* is — and y imaginary; therefore the curve 
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does not extend to the right-hand or positive side of x = 2. If 
fl?<— 3 (i. e. between —3 and — oo), y % is — and y imaginary; 
therefore the curve does not extend to the left-hand or negative side 
of a? = — 3. Hence it lies entirely between a? = — 3 and x = 2. 
Again, y becomes infinitely large as x approaches the value 2 ; 
therefore x = 2 is an asymptote, and evidently no other value of x 
except 2 can make y infinite. Also y = 0 when x = 0 and when 
s=-3. 

Hence the curve, being symmetrical about the axis of x , consists 
of a loop between x = — 3 and the origin, and approaches the 
asymptote x = 2 both upwards and downwards. 

The width of the loop can be obtained roughly by plotting the 
points for which x~—l, — 2. When z— — l y y~ + -8 nearly; 
when x = — 2, y — ± 1 ; also when x = 1 , y — +2 (Fig. 8). 



(viii) y = \ x+ 1/x* 

This curve is not symmetrical about either axis, but y changes 
sign without changing its numerical value when x changes sign, and 
both are + or both — . Therefore the curve is symmetrical about 
the origin, and lies in the 1st and 3rd quadrants only. 

Next, y becomes infinitely large as x approaches 0 ; therefore 
the axis of y is an asymptote as In Example (iii). 

There is also another asymptote obtained as follows : as x 
increases, 1/x decreases and can be made as small as we pleas© by 
taking x large enough ; hence the equation of the curve becomes, 
very nearly, y = \x when x is very large, i.e. the curve approaches 
more and more nearly to coincidence with the straight line y = lx 
as x increases indefinitely; hence y — \x is an asymptote. Since 
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y is always a little more than \x (when x is +), the curve lies 
(in the first quadrant) above the asymptote. Therefore, being 
symmetrical about the origin, it consists of two branches in the 
two acute angles between the axis of y and the straight line y = Ja* 
(Fig. 9). The curve is a hyperbola whose asymptotes are not at 
right angles. 

It will be seen later (Chapter VI) how the exact width of the loop 
in the preceding example, and the exact position of the points nearest 
to OX in the present example, can be determined. 



10. Questions connected with curve-drawing. 

From these examples it will be seen that the following are the 
chief questions the student should ask himself when starting to 
draw the graph of a function : 

(i) Is the graph symmetrical about either or both axes ? 

(It is symmetrical about the axis of x if its equation contains 
only even powers of y ; and about the axis of y if its equation con- 
tains only even powers of x. Note that the graph of any even 
function of x (Art. 6) is symmetrical about the axis of y) 

(ii) Is the graph symmetrical about the origin? 

(It is symmetrical about the origin if a change in the sign of X 
causes a change in the sign of y without altering its numerical value. 
If x and y are both 4- or both — , it lies in the 1st and 3rd quadrants ; 
if one is + and the other — , it lies in the 2nd and 4th quadrants. 
Note that the graph of any odd function of x is symmetrical about 
the origin.) 
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(iii) Are there any values of x which make y 2 negative and there* 
fore y imaginary (or any values of y which make x imagi na ry) ? 

(This often limits to a great extent the range of values of x 
which have to be considered in the actual plotting.) 

(iv) Where does the curve cut the axes? 

(It cuts the axis of x where y = 0, and the axis of y where 
x = 0. It goes through the origin if y = 0 when x = 0.) 

(v) What values of x make y infinite, and what values of y make 
x infinite ? 

(This gives the asymptotes parallel to the axes. If y is given 
as an explicit function of x, it is often useful to solve the equation 
for x (or z 2 ) in terms of y. E. g. in Example (v) solving for x a , we 
get x* = y/(l—y) ; whence x is imaginary if y > 1 and infinite when 
y = 1, and therefore y = 1 is an asymptote.) 

(vi) What is the value of y when x becomes infinitely large (or of 
X when y becomes infinitely large) ? 

(If y tends to a constant finite value as in Examples (v) and (vi), 
this gives an asjmiptote parallel to the axis of x; if y tends to an 
expression of the form ax+i, as in Example (viii), this gives an 
oblique asymptote.) 

(vii) If the curve goes through the origin, then, in the neighbour* 
hood of the origin, is y very small or very large compared with x, 
or is the ratio y/x finito ? 

(In the first case, the curve keeps close to the axis of * on 
leaving the origin, as in Example (v) ; in the second case, it keeps 
close to the axis of y, as in y [i = x 2 , where y^/x 3 = \/x, therefore 
y/x is very large when x is very small. 

Again, in y 2 = x 2 /{\ + ar) we have y 2 /x 2 = 1/(1+ a: 2 ) ; therefore 
near the origin y/x is nearly 1, and the direction of the curve at the 
origin bisects the angle between the axes.) 

As will be seen later, a determination of the maximum and 
minimum values of the ordinate, and of the points of inflexion of 
a curve, by an elementary application of the principles of the calculus, 
is often of very gieat assistance in drawing the graph of a function. 

[For examples see p. 2U.J 
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APPENDIX TO CHAPTER I 
Conic Sections* 

We have discussed in Art. 9, Ex. (i)-(iii) particular cases of the equations 
of the parabola, ellipse, and hyperbola. As we shall frequently have 
occasion to refer to these curves and their equations, a short discussion 
of the equations is here appended, for the benefit of the student who has 
done but little Analytical Geometry. 

A conic section or conic mny be defined as the locus of a point which 
moves in a plane in such a way that its distance from a fixed point in 
the plane (called th e/ocus) bears 
a constant ratio t (called the 
eccentricity) to its perpendicular 
distance from a fixed straight line 
in the plane (called the directrix ). 

If e 1, the conic is a parabola; 
if «<1, an ellipse; if «>1, a 
hyperbola. 

(a) The parabola. 

The equation of Ex. (i) is a 
particular case of the simplest 
lorm of the equation of a para- 
bola. 

Let 2 a be the distance SX 
(Fig. 10} of the focus S of a 
parabola from the directrix XK ; 
the middle point A of SX is 
equidistant from S and the directrix, and is therefore a point on the 
locus. 

Iiel ( x , y) be the coordinates of any point P on the curve, referred to AS 
and the perpendicular to AS through A as axes, and let PK , PX be perpen- 
dicular to the directrix and axis of x respectively. 

Then 

y* - PN* « SP* - SN 1 - PK » - SX 2 = X N*- SX a « (a + x) 2 - (a - jr) ? - i ax ; 
i. e. y 2 -■ 4 ax is the equation of the curve. 

Geometrically, this takes the form PX* *=■ 4^45. AN, 

If the axis of the parabola be the axis of y, the relation PN * *= 4 AS . AX 

* A useful collection of formulae, geometrical and analytical, is given in 
Workman, Memoranda Mathematic a (Clarendon Press, 5 s, net). 

MIS 0 
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becomes x* ■=■ 4 ay, A being taken as the origin, If in Fig. 11 A be the 
point whose coordinates are ( h } k) and the axis of the parabola be parallel 
to the axis of y, PN — x—h, AN—y—k, and the equation becomes 
(x-fc) 1 — 4a(y-&), 


i. e. 


V 




h* 
4 a 


+ *. 


which is of the form y «= Ax* + Bx+ C . 
Conversely, any equation of the form y 



= aj^ + bxl c may be written 

4 oc-fc a 
, 


4ac-y 

4a 


)• 



and therefore represents a parabola of latus rectum 1/a, whose axis is 
parallel to the axis of y, and whose veitex is the point — ?;/2a, (4ac — 6 ? )/4rt. 

Also, y is numerically very large when x is numerically very large, and 
is 4* or — according as a is + or — ; therefore the vertex of the parabola 
is the lowest or highest point of the curve according as a is + or - . 


(b) The ellipse. 

The equation of Ex. (ii) is a particular case of the equation of an ellipse 
in its simplest form. 

Let SX (Fig. 12) be the perpendicular from the focus S of an ellipse to 
the directrix; if -SX be divided internally at A and externally at A ' in the 
ratio e : 1, so that SA - t . AX and SA' - e . A X t then A and A' will he points 
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on the ellipse. Take C t the middle point of AA\ as origin and CX aa 
axis of x . 

Since SA' «■ e . A'X and SA ** e. AX t we obtain, by adding, 
8A'+SA-e(A'X+AX); 
and, by subtracting, SA' - SA » e (A'X ~ AX) ; 
i.e. 2CA = e.2CX and 2CS=e.2CA, 

or denoting CA by a f 

CS «=» at and CX «• a/e. 

Let (x t y) be the coordinates of any point P on the curve ; and lot PN, PIC 
be drawn perpendicular to CX and the directrix respectively. 

Then SN 2 + NP 2 *» SP- = t 1 . PK 2 (from the definition of an ellipse) 

• c 3 . NX 2 . 

( at — x) 2 + y' i »e J ( a/e — x) 2 , 
a ? e* - 2 aex + x l + y 2 *=■ a 2 - 2 aex + e 2 x 2 t 
oc*(l - e 2 )+y 2 — a 2 (l-e 2 ) ; 



B' 

Fig. 12. 


Denoting by b 2 , we have the equation 



an the equation of the ellipse. 

Putting x = 0 in this equation, we have y 2 /b 2 - 1 and y - ±o. 

m \ b is the length of the intercept which the curve makes on the axis of y. 

Since the curve is symmetrical about the axis of y* there will clearly be 
another focus S' and another directrix XX\ symmetrical about CB with 8 
and 1CX. 

(c) The hyperbola. 

Tho equation of Ex. (iii) is a particular case of the equation of a rect- 
angular hyperbola in its simplest form. 
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If we proceed in the case of the hyperbola exactly as in the case of the 
ellipse, we get two points A, A* on the curve on opposite sides of X, since e is 
now >1 ; the relations CS * as and CX — ■ a/e will shill be true, and just 
as before we shall arrive (remembering that e > 1) at the equation 

f? _£ , 

1 ) lm 

Denoting a 2 (s 2 -l) by b\ we have 


x* 

a* 


y' 


1 


as the equation of the hyperbola. 

Putting a? — 0 in this equation, y 2 /b* « — 1 ; therefore the curve does not 
cut the axis of y in real points. 

It is symmetrical about both axes as in the case of the ellipse ; the equa- 
tion may be written 

*•„**_, 

whence, if [ x 1 < a t y is imaginary. All values of | x | > a give real values 



of y ; therefore the curve consists of two branches extending from ( + a, 0) to 
infinity as in Fig. 13. Since the curve iB symmetrical about the axis of y, 
the hyperbola also has another focus S' and another directrix X'K' sym- 
metrical about this axis with S and XK. 

If i.e. if e 3 — 1 ■■ 1 and « +/2 f the hyperbola is said to be 

equilateral or rectangular . The preceding equation then becomes a: 2 — y 2 = a\ 
If the axes are turned through an angle of 45°, this equation takes 
another very simple and convenient form. 
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Change of Axes. The effect of rotating the axes about the origin 
through any angle 0 is obtained as follows: 

Let OX, OY (Fig. 14) be the original axes, OX, OY ' the new axes, and let 
the angle XOX YOY =» $. If ( x , y) be the coordinates of P referred to 
the original axes, and (x\ y') the coordinates of P referred to the new axes, 
then 

x = OM ■« OK-HM' ■» OAT cosd — ATPsinQ ■» x' cos 8—y' aind ; 
y =■ MP *= JOT -f HP *» OAf' sin 6 + JTPcos 0 ■■ a?' sin 0 + y cos 0. 

Taking the case of the rectangular hyperbola, in order to bring the curve 
from the position of Fig. 13 into the position of Fig. 3 relative to the axes, 
it is necessary to turn the axes through an angle of 45° in the olockwise 
direction. Therefore, putting 6 ■■ —45° in the preceding results, we have 
cos 6 «■» 1/V2, sin 6 *= -1/^/2, x (x'+ y')/<*/2, y {-x +y')/^2, 

t 

Y 


Fig. 14 

and the equation becomes } (x' + y') 1 - \ ( — x'+y') % = a*, which reduces to 
2a'y'« a*. 

Thus the equation of a rectangular hyperbola takes the form 

when referred to its asymptotes as axes. 

When the equation of the hyperbola is obtained in this form, the existence 
of its asymptotes follows at once as in the particular case on p. 9. 

[Every hyperbola has a pair of asymptotes, and its equation can be obtained 
in a form similar to the preceding by taking the asymptotes as axes, but it 
is only in the caBo of the * rectangular* hyperbola that the asymptotes are 
at right angles, and it is to this property that the name is due.] 

(d) General equation of the second degree. 

It is proved in text-books on Analytical Geometry (e.g. A. C. Jones's 
Algebmtcal Geometry , Ch. YI) that the general equation of the second degree 
ax* + 2hxy + &y 9 + 2yx+ 2/y + c 0 (i) 

always represents a conic/ and that the equation a^ + 2hxy + by t »■ 0 repre- 



* This fact often furnishes guidance in drawing the graph of a function. 
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sent* two straight lines through the origin parallel to the asymptotes of the 
conic. A conic is a parabola (including the case of two coincident straight 
lines), an ellipse (including the case of a circle), or a hyperbola (including 
the case of two intersecting straight lines) according as the asymptotes are 
coincident, imaginary, or real. Hence an equation of the second degree 
represents a parabola, ellipse, or hyperbola according as the factors of the 
terms of the second degree are coincident, imaginary, or real. Therefore 
equation (i) represents a parabola, ellipse, or hyperbola according as h? - ab 
is zero, negative, or positive. 

For example, the equation 

ax + b 
* cx + d 

when cleared of fractions, becomes 

cxy - ax 4 dij — b *» 0, 

and it follows immediately from the preceding condition that the graph is 
a hyperbola. 

Similarly, 

a x * 4 bx 4 c 

y ** - » 

mx 4 n 

being of the second degree, represents a conic. Therefore since it obviously 
has a real asymptote x -■ -n/m, it must represent a hyperbola. 

Again, if the term xy bo absent from an equation of the second degree, the 
equation represents an ellipse or a hyperbola according as the coefficients of 

and y 1 have the same sign or different signs. 

(e) Polar coordinates. 

Any quantities which determine the position of a point in a plane are 
called coordinates of the point. The position of a point in a plane is fixed 
relative to two fixed straight lines at right angles in the plane, if the 
distances of the point from these two lines are given. These are the coor- 
dinates which we have used in the preceding chapter, and which are known 
as rectangular, or sometimes as Cartesian coordinates (from the fact that 
they were first introduced by Descartes). We will now consider briefly 
the system of coordinates which comes next in order of simplicity and 
importance. 



If (Fig. 15) O be a fixed point in a fixed straight line OX, the position of 
a point P is determined relative to O and OX if the length of OP and the 
magnitude of the angle XOP be given. These quantities are denoted by r 
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and B respectively) and are called the polar coordinates of the point P. OP is 
called the radius vector of P, and XOP the vectorial angle . 

If the coordinates (r, 6) of a point P satisfy a given equation, different 
positions of the point P can be plotted, by assigning values to & and 
calculating the corresponding values of r ; and their locus will be a curve. 
The given equation is called the polar equation of the curve* If a straight 
line OF be drawn perpendicular 
to OX, there are very simple 
relations between the polar co- 
ordinates of the point P and its 
rectangular coordinates referred 
to the axes OX , OT I It is evident 
that x r cos 0, y — r sin & ; 

these equations give the rect- 
angular coordinates in terms of 
the polar coordinates. Conversely 
the equations r«» y 2 ), 

B — tan*" 1 (y/x) give the polar co- 
ordinates in terms of the rect- 
angular coordinates. 

Polar equation of a circle. Fig. 16 . 

The equation of a circle in 

polar coordinates admits of a very simple form if a point on the circum- 
ference be taken as origin, and the diameter through the point as 
initial line. 

For, if a be the radius, it follows immediately from Fig. 16 that 
rmc OP — OA cosfl ■* 2a cos 6 t 
which is the polar equation of the circle. 

Examples of the plotting of curves from their polar equations will be 
found in Chapter XVII. 



Examples II. 


Draw the graphs of the following functions : 

1 . y x* \ y — — x 2 ; y *=* 2 -f x 1 ; y «■ 2 - x*. 

2. y 2 — x 3 ; y a = Jx s ; y 2 — -x 3 ; y* « x 4 j y* =~ x\ 

S.x a + y a «16; xM4y a «16; 4x a + y a -16; x v -y 2 - 16. 

4 . y - l/* 2 ; y =*!/** ; y 2 - V* \ y s “ !/*• 


x x 

e. y* - ** (16 - *•) ; y J - *7(16 - **)• 7. y' - ; 

8. y = Jx; y«{*-2/*; y-J*-2/*+l. 


.r 2 (4-x) - x a (4~x a ) 

a-fx ' y 3f 


10. y *= 




V 


( 2 \-*r m 
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11. 

X*4 1 « X* 4 1 

12< 

i 

y ^-T 

13. 

y*-4 *»; y , ” 4 _ a . a * 

14. y’- 4 -Zf; 


15. 

x-4 . x-4 

y „_ : y*- — • 

• ,a? + 3 

16> 

, _ I’Cr + S) 
y 8-* 

17. 


18. x*-4t/ 2 = 9; 

4y*-*>-9. 


10. y* ** #*(8 — x)(x-8) ; y* ** x (x - 3) (x — 8) ; y 2 — x (x - S) 8 . 

20. Prove that in the parabola y* ■* 4 ax, the length of the chord through 
the focus perpendicular to the axis (in any conic, this chord is called 
the latun rectum) is 4 a. 

21. Prove that the length of the latus rectum of an ellipse or hyperbola 
is 2 &*/a. 

22 Prove that in an ellipse, &P4 ST 2 a, and that in a hyperbola, 
Sr*S'P=2a. 

23. Draw the graphs of xy = 12 : x 2 y 2 ■= 12 ; x 2 y* — a 8 ; x 9 i/ = a 5 . 

24. Draw the graphs of 

y«=sinx; y*=2sinx; y = sin (Jtt + x) ; y « sin (x — $7r). 

25. Draw the graphs of y — 2 sin 2 # ; y ** 1 * cos 2 x. 

20. Draw the graph of y = Bin x -f cos x. [Draw the graphs of Bin# and 

cos# on the same diagram, and then a third graph whose ordinate 
at any point is the sum of the ordinates of the firat two graphs at the 
same point.] Also of y «= sinx-cosx. 

27 . Draw the graphs of y - sin.r4-sin2x ; y «= sin #4 cos2x ; 

y =■ cos x 4 cos 2 x ; y — cos# + sin 2x. 



CHAPTER n 


LIMITS AND CONTINUOUS FUNCTIONS 

11. Mean rate of increase of a function. 

A change in the value of the argument ( 2 ) of a function will 
generally produce a change in the value of the function (y). If the 
change in y bears a constant ratio to the change in x, i.e. if a given 
change in x always produces the same change in y, the function y 
is said to change at a constant rate ; if not, the function changes at 
a variable rate. The ratio of the increment in the function to the 
increment in the argument is called the average or mean rate of 
increase of the function with respect to its argument lor that 
particular increment. Geometrically, if P and Q be two points on 
the graph of the function, and if PM be drawn perpendicular to the 
ordinute of Q (Fig. 17), MQ/PM represents the mean rate of increase 
of the function for the increment. PM of the argument. 

From an inspection of the graph of a function, we can obtain 
a rough idea as to how the function is changing in the neighbourhood 
of any given value ; where it increases rapidly, where slowly, where 
the mean rate of increase is changing rapidly, and so on. 

For instance, from the graph of y = x 1 (Fig. 4), it is evident that, 
in the neighbourhood of the origin, a small increase in x produces a 
much smaller increase in y ; that the same increase in * in the neigh- 
bourhood of the point (1, 1) produces a larger increase than before 
in y ; and that the Bume increase in x sometime after passing (1, 1) 
produces a very much larger increase in y ; moreover, when x is 
negative, the same (algobraical) increase in x will produce a decrease 
in y. Hence the function X 1 increases slowly compared with x in 
the neighbourhood of the origin, rapidly compared with x after 
passing the value 1; decreases as x increases when x is negative; 
and the mean rate of increase in the neighbourhood of a point is 
continually changing as the point moves along the curve. 

Again, from the graph of y = log 10 x, shown in Fig. 17, it is obvious 
at once that logarithms increase very rapidly as x increases from 
0 to 1, slowly after x passes the value 1, and more and more slowly 
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as x goes on increasing. For instance, an increase of *00 in the 
value of x from *01 to # 1 produces an increase of 1 in the yalue of y 
(from —2 to —1), whereas an increase of 9000 in the value of x from 
1000 to 10000 also produces only the same increase in the value 



Fig. 17. 


of y (from 3 to 4). The smaller the value of x, the more rapidly 
is y increasing with respect to x ; the greater the value of x, the 
more slowly is y increasing with respect to x . 

The important fact to notice is that the mean rate of increase of 
a function for a given interval varies from value to value. It is 
never constant save in one case, viz. when the graph is a straight 
line. This may be seen as follows : 



Fig. 18. 


If the mean rate of in ci ease of y with respect to x is constant, 
then in Fig. 18, 

= Ayyp^;;, 

since these represent *he average rates of increase of y for the 
increments M v M 2i M 1 M. 6 of x ; whence, from the properties of 
similar triangles, it follows that P l9 P 2 , P 3 are colline&r. Since 
any three points on the graph are collinear, the graph must be 
a straight line. 
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Hence y = ax + b is the only function of x whose mean rate of 
increase is constant. [The rate of increase of y with respect to x 
in this case is equal to 0 , since any increase in the value of x pro- 
duces an increase of a times as much in the value of y ; if x is 
increased by A V becomes + + he. y increases by ah .] 

We shall in Art. 19 explain what is meant by the ‘rate of increase 
of a function for a particular value of its argument*. 

In all other functions except the linear function 0X+5, this rate 
of increase is constantly changing. For each value of x y there is 
usually a definite rate of increase of y per unit increase of x ; but 
&b soon as the value of x is altered, this rate of increase is also 
thereby altered. It is the object of the Differential Calculus to find 
an exact measure of this rate of change of a function with respect 
to its argument for any value of the argument, and this measure is 
given by what is called the differential coefficient of the function. 

Before proceeding to the formal definition and the methods of 
evaluation of the differential coefficient of a function, it is necessary 
first to get clear ideas of a limit and a continuous function* These 
will now be considered in turn. 

12. Limits. 

Let y be a function of x; then to every value of x corresponds 
a value (real or imaginary) of y . If x takes in succession a series 
of values which gradually approach a fixed number a, then it may 
happen that the corresponding values of y gradually approach a fixed 
number b , and we may be able to make y as near b as we please by 
taking x near enough to a. This number b is then said to be the 
limiting value, or more briefly, the limit of y as-x approaches a. 
The values of y may behave in the same manner if x takes a suc- 
cession of values which increase indefinitely; in this case, b is said 
to be the limit of y when x becomes infinite. 

More precisely, if, as x approaches a value a, y approaches a value 
b in such a way that j y — b | can be made less than any assignable 
quantity by taking x sufficiently near a (and remains less for all 
values of x which are still nearer to a), then b is said to be the 
limiting value of y as x approaches the value a ; this may be written * 

Lt y = 5. 


* The symbol Lt y - b in used in many books, but that given above is 

a • o 

preferable because in many cases * cannot be taken tqual to a ; it can only be 
taken as near to o as we please without actual coincidence with it. 
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Similarly, if as s increases indefinitely, y approaches a value b in 
such a way that | y— b| can be made less than any assignable 
quantity by taking x sufficiently large (and remains less for all 
values of x which are still larger), then b is said to be the limiting 
value of y as x becomes infinite ; this is written 

Lt y = b„ 

K -#■ '-a 

As a rule, in the case of Bimple functions, the limiting value, when it 
exists, is the same whether x approaches a from above or below, but it is 
possible that the limit may he different in these two cases. E. g. the limit of 
the principal value (Art. 102) of tan -1 (1/a:) as »-► 0 is + -Jn“ if x approaches 
0 from the positive side, and — $7r if x approaches 0 from the negative 
side (see Fig. 29), Bince the angle in the first quadrant whose tangent is \/x 
can he made as nearly equal to as we please by taking x sufficiently 
small and positive ; and the angle in the fourth quadrant whose tangent 
is 1/a? can be made aB nearly equal to -Jrr as we please by taking a? 
sufficiently small and negative. 

These results might be written 

Lt tan^Vl/#) “ -Jtt; Lt tan -1 (1/a:) +jrr. 

o 0*-jr 

For another (geometrical) example, Ree Art. 14 (1), Fig. 22. 

Therefore, strictly speaking, the side from which x approaches a should 
be specified. If not, it may be taken that the limit is the same in both 
cases. 

13. Examples of limits. 

PM LtS- 

3 

The value of this fraction is obtained at once by direct substitution 
for any value of x except x — +3. Denoting the fraction by y, we 
have when x = 0, y = 3 ; when x =■ 1, y = 4 ; when x = 2, y = 5, 
but when x = 3, numerator and denominator both become zero, and 
we get y — 0/0, which is quite indeterminate [since any finite 
number multiplied by 0 gives 0]. Instead of taking x equal to 3, 
take a series of values for x which get nearer and nearer to 3 and 
ultimately differ from 3 by as small a quantity as we please (i. e. in 
the words of the definition, let x approach the value 3). 

E.g. if 2-9 + 3- 5-9; 

if * - 2-99, y = - 2 99 4 3 - 599 ; 

if * - 2-999, y = - 2-999 t 3 ~ 5‘999 ; 


and so on. 
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Similarly, taking values of x which approach 3 from the other 
side, we get 

if *-3-1, y- if -3-1 + 3- 61; 
if * - 3-01, y - -3-01+3= 6‘01 ; 

if * - 3-001, y - ( 3 °° 0 1 1 ^ 9 - 3-001 + 3 - 6-001 ; 

and so on. 

Both sets of values of y are approaching the number 6, and can 
evidently be made to differ from 6 by as small a quantity as 
we please by taking x sufficiently near to 3.* Hence the limit of 
(x 2 — 9)/(x— 3), as x— *3 from either above or below, is C. 

The result is obtained at once by dividing the numerator of tho 
given fraction by the denominator; this gives x-f 3, which evidently 
approaches the value 6 as x approaches 3. But the student will 
know from algebra that the division by x— 3 is not permissible 
unless x-3 is different from zero; it is not permissible when 
x = 3, and therefore we still have no value for the fraction when 
x = 3. [ Sec further Art. 17 (5).] 

The above discussion furnishes a good illustration of the way in 
which a fraction may tend to a finite value when its numerator 
and denominator noth tend to zero and, although in this case the 
value (of the limit when x — ♦ 3, not the value when x = 8) might 
have been obtained more simply by cancelling out the non- vanishing 
factor x— 3, yet there are many cases in 'which there is no such 
common factor. It will be seen that differential coefficients are 
limits of fractions whoso numerator and denominator both —►0. 

{2) Recurring decimals furnish good illustrations of the meaning 
and nature of limits. We find, by arithmetic, the * value' of *i 
to be Jr. 

Now # 1 = *1111 ... = ~ ™ + ~3 + ... to infinity, and what 

is really meant is that the sum of n terms of this series, as n — ■ » oo, 
approaches the limit J. 

♦Generally, taking x * 3 + <, we get y - — S’ - ( 8 ±0 + 3 « 6 + •; 

+ — O “ 

the difference between y and 6 is equal to the difference between x and 8, and 
therefore, in order to make y differ from 6 by less than any assigned quantity, 
it is only necessary to make x differ from $ by less than the same assigned 
quantity* 
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The difference 

between j and the first term *1 is 1/90 ; 

„ ,, sum of the first 2 terms *11 is 1/900 ; 

ft „ „ „ 8 terms "111 is 1/9000; 

tr .. ,, 10 terms is 1/(9 xlO 10 ); 

ft 9 , tt m 100 terms is 1/(9 x 10 100 ) ; 

and so on. 

The difference between ^ and the sum of n terms of the series can 
he made less than any quantity that may be specified, however 
small it may be, by taking a sufficient number of terms. 


(8) Find 




The scries in the brackets is a geometrical progression; its sum 
to n terms is, by the ordinary formula a (1 —^/(l — r), equal to 
1 — 1/2* As n becomes very large, 1/2* approaches the value zero, 
and can be made as small as we please by taking n sufficiently large ; 
hence the sum of n terms of the series can be made as near 1 as 
we please. 

Therefore \ + g + ••• + L i] = 1- 

r* -► jo J 


Geometrically, if AB (Fig. 19) be a straight line of unit length, and if AB 
be bisected in 1 \ , 1\B in P if 1\IS in P 9 , 1\B in P 4 and so on, 




P, P* P 3 P 4 Rf 

- J < i b 


Fig. 19. 

the sum of n termB of the given series is represented by 

AP y + J\ 1\ 4 l\ /; 4- P a P 4 4- ... + P m ^P nt i. e. AP nf 
<md it is obvious that, as n increases, P n tends to coincide with B . P n may 
be made as near to B aB we ph ase by performing a sufficient number of 
bisections, but since there is always a distance between P n and B equal to 
half the last segment bisected, no finite number of bisections, however great, 
can make P n coincide with B. B is the ‘limiting position ' of P n , and AB 
is the limit of AP n as n 00 , i.e. 1 is the limit of 

4+1+S+-+ & a * *»-»■«• 

It follows, from the definition of a limit, that tho sum of n terms of the 
series can bo made to differ from 1 by less than any assignable quantity. 
In this case, it is quite easy to determine how many terms must be taken 
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in order to make the turn differ from 1 by a given small amount. If the 
difference is to be less than 

then 1/2* is to be less than or. 

•\ 2 n must be >l/cr, i. e. >o— 1 . 

•\ taking logarithms, » log 2 > — log a, and » > — log it /log 2. 

If *r - this gives n > 3321*9 .... 

Therefore the sum of 8322 terms of the series will differ from 1 by a quan- 
tity less than 10" looa , and evidently any larger number of terms will have 
a sum still nearer to 1. 




6—3* 

m ~+ * 

If 2 be substituted for x in this expression, the numerator and 
denominator both become zero, and we again get the meaningless 
expression 0/0. If the numerator of the given fraction be rationalized 
by multiplying numerator and denominator by — x) + V[x— 1 ), 

the result is 




(6-3x){</(3-*) + V(x-1)} 


2 (2 — a?> 


3(2-*) {V(3-*)+ V(s-1 )) 

2 


3 { V (3 ■— *) + — 1) ; 

provided * is not exactly equal to 2 [see Example (1)]. 

2 

As * approaches the value 2, this approaches the value - (x-H l V 

i.e. J. Therefore the limit of the given expression, as *—**2, is 
but the expression has no value when x is equal to 2 exactly, or it 
is undefined for the value * = 2. 


(6) Limits of %/a and a/x when x —► 0 and when * — ► ao . 

It is evident that the value of the fraction x/a diminishes with *, 

and can be made as small as we please by taking * sufficiently 

small ; this is expressed by the statement Lt x/a = 0.* 

s-+ 0 

Similarly, the value of the fraction x/a can be made as large as 
we please by taking * sufficiently large ; this may be expressed 
as Lt x/a — 00 . 

* -► 00 

Infinity, not being a definite value, is not a limit in the sense of 
the definition at the beginning of this article: strictly, x/a has 
no * limit* as but Lt x/a = go is a convenient symbolic 

X ♦ tu 


* In this case the limit coincides with the value when x is actually equal to 0* 
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statement of the fact that x a can be made as large as we please 
by taking x sufficiently great. 

Similarly, we may say that Lt z!{x—a) = co. 

z a 

Again, the value of the fraction a fx can be made less than any 
assignable quantity by taking x sufficiently great, and greater than 
any assignable quantity by taking x sufficiently small. These facts 
are expressed symbolically as follows : 

Lt a/x = 0 ; Lt a/x = oo. 

*-♦ » ec * 0 

(6) Find Lt x n /nl [x a fixed number]. 

n -*> oo 

This may be written 

XXX X 

T x o * O * ... X - • 

1 2 d n 

Now, however large x may be, since it is fixed, and n undergoes 
unlimited increase, these factors continually diminish, and after a time 
will be very small. As soon as n > 2x y x/n will be < and all 
the succeeding factors, since they continually diminish, will be < 

If A be the product of all the factors up to this stage, then after m 
more factors (each < ^), the total product will be < A/2 m . Now 
since A , although it may be a large number, is yet finite , and l/2 m 
can be made as small as we please by inci easing m sufficiently, it 
follows that the value of this product may bo made as small as we 
please by taking w, and tlierefoie t? } sufficiently large, 

i.e. Lt x n /nl — Q, 


(7) Limiting values oj rational algebraical fractions ichcn x—+0 
and when x — > oo. 

First consider a fraction whose numerator and denominator are 
each of the second degree. 

T ax 2 -t-bx+c 

e ^ ~~ a'x? + b'x ’rc' 

It is evident that the terms which contain x can be made as small 
as wo please by taking x sufficiently small ; thoreforo the numerator 
and denominator approach the values c and c ' respectively as x— >0. 
In fact in this case we can ]Hit x = 0 exactly, and obtain the limit 
when a;— ►O, agreeing with the actual value of the fraction when 
x = 0, as c/c\ 
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To find the limit when a? — ► oo, we have, on dividing numerator 
and denominator by # a , 

a + b/x + c/x* 

^ a' + b'/x+c'/x 2 

The terms with a or a; 2 in the denominator can be made as small 
as we please by taking x sufficiently large ; therefore the numerator 
and denominator approach the values a and a' respectively as ►«. 

Hence Li y = a/o'. 

X ►to 

Any such fraction can be treated in this manner. The limiting 
value when x — ►O is obtained by substituting x = 0 in numerator 
and denominator.* The limit when x — ► oo is found by dividing 
numerator and denominator by the highest power of x which occurs 
in the fraction. If the numerator is of lower degree than the 
denominator, the value of the fraction will tend to zero as x — ► oo ; 
if the numerator is of higher degree than the denominator, the value 
of the fraction will increase indefinitely as x — ► oo ; if numerator 
and denominator are of the same degree w, the limiting value will 
be a/ a', where a and a' are the coefficients of x n in numerator and 
denominator respectively. 



The investigation of this limit is divided into three cases according 
as n is a positive integer, a positive fraction, or negative. 

(i) Let n be a positive integer. 

Then, by ordinary division, 

— — — = x” -1 4 - x n ~ 2 a + x n ~ z a 2 + ... +a M “ l . 
z—a 

As x — ■ * a, each of these terms, and there are n of them, approaches 
the value a n 1 ; t 

/. the limit == na w_1 . 

(ii) Let n be a positivo fraction p/q, where p and q are positive 
integers. 

I’ut x — y * and a — b* ; xM = (y^ = y p , and similarly 
a?/? — IP. 

* Provided c and </ (the constant terms) are not both zero, in which case it 
would be necesHu i y first to divide out numerator and denominator by some 
power of x. 

t Here, and in the succeeding cases, the results of Art. 15 are assumed. 

IMS D 
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Also when x—*a, y — ► b ; 


••• Lt-~~ = I. 


yP — bP 


tf-bp 

L y — b ,, 

t3zr^ = ( b y case *). 




yl — b'l 
y—b 


ijJji ' 1 


= *-bP 1 = "/2 ‘ 1 = ? «.”/'7 - 1 . 

'2 2 '2 


(iii) Let n ho — and eounl to — in, where m is + . 

1 1 o m -a*» 


Then T t *_ r®-_ a T * !l! = T 

, Jl x— a -*— ■ ll x—a • x— i/ 

* ® z * a x -♦ a 

L I J 

t = (by the preceding cases) - ^ •»«*”» 1 


s= — 


ml 


Therefore, for all rational values of w, 

a:’* — a n 


I %” — a n 

l(~r a = 


-1 * 


The importance of this limit lies in the fact that the differential 
coefficient of any power of x can be at once deduced from it (Art. 27), 


VP LtO+sf 


This is a limit of extreme importance, and a full discussion of it 
is reserved until Inter (Chapter X). In the meantime, we may take 
the particular case when m is supposed to becomo indefinitely great 
through a succession of positive integral values. 

Since m is a positive integer, we get, on expanding by the Binomial 
Theorem, a series of m+ 1 terms for (1 -f l/m) m , viz. 

1 \ m 1 w(m— 1) 1 m(m— \)(m — 2) 1 

nw m 1.2 m- 1 . 2 . d w? 


= 1 + 1 + — (i- 1 ) + - 1 )0- 2 )+ ... 

1 . 2 v> m f 1 . 2 . d v m ' K 


to m 4 1 terms. (i) 

As m increases, every term of this series after the first two 
increases, and moreover, additional torms, all of which are positive, 
are added on ; hence (1 + l/m) ? * increases as m increases. 


* Notice that Example (1) is a particular case of this limit, viz. a *■ 0, n *= 2. 
t This may be deferred until Chapter X is reached* 
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Again, tlie sum of this series is evidently less than the sum of the 
series 


1 + 1 + 


1 

1.2 


+ i.2.3 


+ 



(ii) 


since every term of the series (i) after the second is less than the 
corresponding term of the series (ii) ; and the sum of the series (ii) 
again is less than the sum of the series 

« , 1 , 1 1 
1 + 1+ 2 + o 7>"*~ + 2 W -1* ( 1J1 ) 


since every term of (ii) after the third is less than the corre- 
sponding term of (iii). The last series, after the first term, is a 
geometrical progression whose common ratio is $ ; hence its sum is 
equal to 


1 t 


l-(l) w 

* ! » 


i. c. 1 f 




i.e. 


3- 


1 

2 m 1 ' 


Hence 


0 + 5 )' 


< 3 ~SFi' 


and therefore, a fortiori , < 3, however great m may be. 

We have now shown that ^1 + l/w) m continually increases with 
f n and yet is always less than 3 ; hence apparently we may conclude 
(and it can be formally proved) that (1 + l/m) m approaches a definite 
limit which is not greater than 3. 

If we evaluate (1 -f 1 /m) m for increasing numerical values of 
w, we obtain a better idea of the magnitude of this limit. For 
example, 


if m - 10, (1 + l/m) m » 1-1« - 2 5937 ; 

if m = 50, (1 4 l/«)- - l'02 r>0 - 2*6916 - r 

if m - 100, (1 + 1/mr “ l‘01 lo ° “ 2-7048; 

if m - 1000, (1 + 1/mr «= (1*Q01) 10M - 2*7169 ; 

if w - 10000, (1 + l/m) m - (FOOOl) 10000 * 2*7181 ; 


if m - 100000, (1 4 1 /m) m « (1*00001) 100300 - 2*7183, and so on ; 

from which it appears that, as m increases indefinitely, (1 + l/m) m 
approaches a limit which is a little greater than 2*718. 

This limit is a perfectly definite but incommensurable number 
(i.e. its value cannot be expressed in the form a/5, where a and b are 
integral) which is denoted by the letter e. It is one of the most 
important numbers in mathematics, and is continually occurring 
in all its branches, both pure and applied. Its value to ten places 
of decimals is 2*7182818285..., and it lias actually been computed 
to more than 500 places of decimals. 

i) 2 
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(10) Examples from Trigonometry . 

L ein x 
t — • 

»-* o 

This is a very important limit, since the differential coefficients 
of all the circular functions can be deduced from it. 

Let AOP (Fig. 20) be an angle of x (< \ w) radians at the centre 
of a circle of radius r; and let the tangent at A cut OP produced 
in T. Draw PN perpendicular to 0A . 



It is obvious that 

area of A AOP < area of sector AOP < area of A A0T f 
i. e. J r . r sin x < Ir^x < \r.r tan x ; 

whence, dividing by \ r 2 , sin x < x < tan x, 

x 1 

and, dividing by sin x. 1 < — : — < • 

BUI X COS X 

Hence, inverting and therefore reversing the inequality signs, 


1 


sin x 

> > CoS Xm 

X 


Now, as x approaches the value 0, cos a; approaches the value 1 
and can be made to differ from 1 by as small a quantity as we please 
by taking x sufficiently small. 

Therefore (sina:)/a;, which is between 1 and cos a*, also approaches 
the value 1, and can be made to differ from it by as small a quantity 
as we please by taking x sufficiently small ; hence 
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It is interesting to notice how the ratio (sin a:)/# approaches 1 as 
For an angle of 5°, sin x - *0871557, x - *0872665, (sin x)/x « *99873 ; 

„ „ 2°, sin a; - *0848995, a* - *0349066, (sin x)/x - *99980 ; 

„ „ 1°, sin x « *0174524, a? - *0174533, (sin x)/x « *99995 ; 

» 30', sin a? ■■ *0087265, x = 0037266, (sin ar)/a; — *99999 + ... 

»« tt 10', sin x « *0029089, a: «= *0029089, in this case at least 

the first seven figures coincide. 

It must be carefully noticed that it is the ratio of the sine of an 
angle to the circular measure of the same angle which approaches 
unity as the angle is indefinitely diminished. Thus Lt(sin2j)/® 

x-f 0 

is not 1, but it is evidently the same as 2 x Lt (sin 2x)/2x as x — ► 0, 
and the second factor of this tends to the limit 1. 


Therefore 


Lt 

x * 0 


sin zx 


o 




Similarly, 


Lt 


sin ax 
x 


-Li 


sin ax 
ax 


X 


a = 1 x a = a, 


L siii£° y sin x° 

* J-£ wir/180 

• -►0 0 ' 


X 


7T 71 7T 

180 “ x i 80 “i 80 ’ 


I sin ax _ j (sin ax) fax a _V a __ a 
^ sin bx ~~ -L*t (sin bx)/bz X b~ 1 X b ~~ b' 

x -+0 x -+0 v " 

and so on. 

Geometrically, it follows from this limit that, when an arc of a 
circle is indefinitely diminished, tlio ratio of the chord to the arc 
approaches the limit 1. 

For the length of the arc PAP' (Fig. 20) which subtends an angle 
2x radians at the centre 0 is 2 rx ; and the length of the chord of the 
arc = 2 PN = 2 r sin x , 


chord 2rsinrc sin# 

• ^ ~ — z ■ — - • 

arc Zrx x 


As the arc is indefinitely diminished, 0, and this ratio — ► 1. 
This ratio rapidly approaches its limiting value, so that for a small 
angle, the length of the chord is a good approximation to the length 
of the arc. 


Two important limits involving the cosine can be deduced from 
the preceding limit. 

We have (1 — cos x) (1 + cos x) = sin 2 x, 


• cos x = 


1 -f cos x 


• This assumes the results of Art. 15, q.v* 
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(10) Examples from Trigonometry. 

L smx 

t — • 

*-+ o 

This is a very important limit, since the differential coefficients 
of all the circular functions can be deduced from it 

Let AOP (Fig. 20) be an angle of x (< £tt) radians at the centre 
of a circle of radius r; and let the tangent at A cut OF produced 
in T. Draw PN perpendicular to OA. 



It is obvious that 

area of A AOP < area of sector AOP < area of A AOT 9 
i.e. { r. rsinx < \ r^x < £ r.rtanx; 

whence, dividing by \ r 2 , sin x < x < tan x> 

x 1 

and, dividing by Bin a:, 1 < -r — < 

sini cos# 

Hence, inverting and therefore reversing the inequality signs, 

- sin a? 

1 > > cos x. 

x 

Now, as x approaches the value 0, cos a? approaches the value 1 
and can be made to differ from 1 by as small a quantity as we pleaso 
by taking x sufficiently small. 

Therefore (sin x)/x, which is between 1 and cos x t also approaches 
the value 1, and can be made to differ from it by as small a quantity 
as we please by taking x sufficiently small ; hence 
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It ia interesting to notice how the ratio ( sin®)/® approaches 1 as ®-*0. 
For an angle of 5°, sin x - -0871557, x - ‘0872665, (sin ®)/® - ‘99873 ; 

„ „ 2°, sin ® - ‘0348995, x - *0349066, (sin x)(x - *99980 ; 

„ „ 1°, sin x - *0174524, x « *0174538, (sin x)fx - ‘99995 ; 

„ „ 30', sin a? - *0087265, a: - 0087266, (sin x)/x - ‘99999 + ... 

„ „ 10', sin a? - *0029089, x - ‘0029089, in this case at least 

the first seven figures coincide. 

It must be carefully noticed that it is the ratio of the sine of an 

angle to the circular measure of the same angle which approaches 

unity as the angle is indefinitely diminished. Thus Lt(sin2®)/® 

•-♦o 

is not 1, but it is evidently the same as 2 x Lt (sin 2®)/2® as a?— *■ 0, 
and the second factor of this tends to the limit 1. 


Therefore = 2. 

x + 0 


Similarly, 


L sin ax T sin ax 

t ~ x Lit "sr x 

ft 0 X -* 0 


a 


lx a — a, 


L sin x° _ j sin x° ^ _w t ^ _w_ _ 

t Lt 7735/180 180 180 “ 180 * 

ft-*- 0 «-**0 ' 


L sin ax __ r (sin ax) fax a __ l 1 T a _ a, 

^ sin bx 1^^ (sin bx)/bx h i b b 

and so on. 

Geometrically, it follows from this limit that, when an arc of a 
circle is indefinitely diminished, the ratio of the chord to the arc 
approaches the limit 1. 

For the length of the arc PAP / (Fig. 20) which subtends an angle 

2x radians at the centre 0 is 2rx ; and the length of the chord of the 

arc = 2PN = 2r sin x , 

chord 2rsin® sin® 

• = ~ ■' - • 

arc 2rx x 

As the arc is indefinitely diminished, x — ► 0, and this ratio — ► 1* 
This ratio rapidly approaches its limiting value, so that for a small 
angle, the length of the chord is a good approximation to the length 
of the arc. 


Two important limits involving the cosine can be deduced from 
the preceding limit. 

We have (1 - cos x) (1 + cos x) = sin 2 ®, 

sin 8 ® 


1 — cos® = 


1 + cos® 


• This assumes the results of Art. 15 , q.v. 
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1 — coax Bin 1 # sin* sin® 

________ — . _____ ^ - - 

x a;(l + cos:r) x 1 + cosa 

0 * 

which — ► 1 x i.e. 0 as x— *0; 

, 1— cosa? /sina\ a 1 1 . 1 ~ 

and r — = ( ) x which — *l 2 x i.e. 5 aas-»0. 

a? v x ' 1 + cos* 2 2 

1 — cos x - T 

— = 0 ; 


Hence 

Also 


Lt — 

* ♦ o 

t tana; 

■Lft x 
*-♦0 


1 — cos a? _ 1 
it ** - 2 ' 


=1 


Bin a; 1 - - - 

I A X =1x1 = 1. 

U/t x COS X 

*-► 0 


14. Geometrical examples of limits. 

(1) Tangent to a curve . Let TFT (Fig. 21) be a tangent to a circle at 
a point P, and let Q, Q ' be points on the circle, one on either side of P ; join 

PQ, PQ' and produce them. 
If the points Q and Q ' he sup- 
posed to move along the circle 
towards P, the angles TPQ, 
TPQ' will diminish, and will 
be very small when Q and Q' 
are very near to F; they can 
be made as small as we please 
by taking Q and Q sufficiently 
near to P. Henoe the tangent 
TFT is the limiting position 
of the chords PQ , Q'F as Q 
and Q' approach the limiting 
position P. This is the defi- 
nition of a tangent at a point 
of a curve in general, viz. The 
tangent to a curve at a point 
F is the limiting position of 
a chord PQ of a curve, when Q approaches indefinitely near to P, 

It will be noticed that with this definition it is possible for the tangent 
to a curve at a point to cross the curve at the point (see Art. 59). 

If PM, QN be perpendiculars from P and Q to the axis of x , and PK 
perpendicular to QN, then KQ/PK ■» tan QPK «= the tangent of the angle 
PLX which PQ makes with the axis of x ; this is called the slope of the 
secant PQ, 

As Q approaches P, QP approaches TP and the angle PLX approaches 
thQ limiting value FT X. KQ and PK both become indefinitely small, but 

* This assumes the results of Art. 15, q. ▼. 
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their ratio KQ/PK, being tan PLX, tends to the limiting value tan PT X, 
i. e. the slope of the tangent. 

In the case of the circle, and usually in the case of any curve, the limit 
is the tame from whichever side the point Q approaches the point P. It is 
possible, however, for the limit to be different in the two cases. This 
is the case at a point such as P shown in Fig. 22, where a curve iB drawn 
consisting of two branches intersecting at an angle. 



If Q approaches P from above, the chord QP approaches the limiting 
position PT, and its slope the limiting value tan PTX ; if Q f approaches P 
from below, the chord PQ* approaches the limiting position PP, and its 
slope the limiting value tan PT'X . In such a case the slope is said to be 
discontinuous at the point P (Art. 17 (1)). 

(2) Perimeter and area of a circle. Let a regular polygon with » sides be 
inscribed in a circle of radius r, and let tangents be drawn at its angular 
points, forming a regular circumscribed polygon with » sides. Then it is 
evident that the perimeter of the inscribed polygon increases, and that of 
the circumscribed polygon decreases as n increases. 

A side of either polygon subtends an angle 2n/n radians at the centre of 
the circle, so that the length of a side of the inscribed polygon (Fig. 23) 

- 2 PM ■» 2 OPsin MOP 2 r sin (ir/n), 

and the length of a side of the circumscribed polygon 

■» 2 BQ ■* 2 OQ tun QOR — 2rtan (rr/n). 

Hence 


perimeter of inscribed poly gon PQ 2rsin (rr/n) 
perimeter of circumscribed polygon ' ' BS 2rtan (n/n) 


cos (rr/n). 


Now, as n-^oo, cos {rr/n) -► 1, therefore the limit of the ratio of the 
perimeters is 1. Hence the limit of the inscribed perimeter is the same 
as the limit of the circumscribed perimeter. This common limit of the 
two perimeters is defined as the perimeter or circumference of the circle. 

This gives an excellent illustration of the meaning of a ‘ limit \ We have 
the two series of perimeters each gradually approaching the same definite 
value as n increases, so that either of them may be made to differ from 
it by as small a quantity as we please by taking n large enough ; but no 
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matter how great n may be, the insoribed and circumscribed perimeters 
never coincide. The limit, the perimeter of the circle, separates the 
inscribed and circumscribed perimeters; it is greater than the perimeter 
of any inscribed polygon and less than the perimeter of any oiroomscribed 



Fig. 23. 

polygon, however great the number of sides may be.* The value of the 
limit is 2n-r. 

In the same way, the area of the inscribed polygon increases and the area 
of the circumscribed polygon decreases as n increases. 

The inner area 

— n . APOQ *= nPJf . MO — nr a sin (rr/n) cos (ir/n) 9 
and the outer area 

— n . A EOS ■= nRQ . QO nr* tan (/r/n). 
area of inner po l ygon mjjiin (tt/m)cos (7t/m) •/ / \ 

area of outer polygon "" nr* tan (rr/n) 008 l 7r / w )* 

This approaches the limit 1 as »-»-oo ; and therefore the limit of the 
area of the inscribed polygon is the same as the limit of the area of the cir- 

* This is the prinoiple of the method which was used by mathematicians for 
many hundreds of years up to the early part of tho seventeenth century in 
their attempts to solve the jjroblem of * squaring the oircle’, which is equivalent 
to finding the value of it, They calculated the perimeters of insoribed and 
circumscribed polygons with large numbers of sides, and assumed the length 
of the circumference to be intermediate between them. In this way, Van 
Ceulen obtained the value of it to 32 places of decimals by calculating the peri- 
meter of a polygon with the enormous number of 2 6 *, i.e. 4,611686,018427,387904 
sides! The perimeter of the circle is greater than the perimeter of this 
inscribed polygon and less than the perimeter of the corresponding circum- 
scribed polygon. 
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cumscribed polygon. This common limit is defined to be the area of 
the circle. Both areas get nearer and nearer, and can be made as near 
as we please, to the ‘area of the circle ’ by taking n sufficiently large; 
but the area of the circle is greater th~ the area of any inscribed polygon 
and less than the area of any circumscribed polygon, however great be 
the number of sides. It is equal to 

J t nt* tan ( n/n ) 


- T ****.- , 

J—rft n/n 

r 1 x 1 x ir 

■*7 ri*. 

It is interesting and instructive to seo how the perimeters and areas 
approach their limits, and a few of their values are appended. The polygons 
are inscribed in a circle of radius r. 






inscribed 

circumscribed 

inscribed 

circumscribed 





perimeter 

perimeter 

area 

area 

^olygon with 

4 sides 

5*6569r 

8 r 

2/* 

4 f* 

f y 

tt 

8 


61229 r 

66274r 

2 '8284 r 3 

3*3137/* 

ft 

tt 

16 

»> 

6'2430r 

6-3652 r 

3-06157* 

8*1826 7* 

t> 

tt 

32 

M 

62731 f 

6-3035 r 

312157* 

31517/* 

»J 

tt 

64 

tt 

6-2806 r 

6-2883 r 

3‘1S65 /* 

31441 r a 

n 

if 

128 

ft 

6*2S25r 

6-2844r 

3-1403r* 

31422/* 

if 

it 

256 

ft 

6 ‘2830 r 

62835 r 

314127* 

31418/* 


We see that the first and second columns are closing in on 2 tt r, i. e. 6’2832 r, 
jid the last two columns on nr 2 , i.e. 31416/*. 


(3) Area and length of any curve. Let (Fig. 24) PQ be an arc of a curve, 
and PAf, QN perpendiculars from P and Q to the axis of x ; let MN be divided 
into n equal parts, each of length h, and let the ordinates at the points of 
division M x , ..., meet the curve in P n P |f .... Through each of these 
points draw parallels to the axis of x to meet the adjacent ordinates on 
either Bide. 

Then the sum of the inner rectangles PM Xy P a Af 3 , ... increases, and 

the Bum of the outer rectangles P,Af, P%M iy P 5 M 9 , ... decreases, as n in- 
creases. Moreover, the difference between the two sets of rectangles is equal 
to the sum of the small rectangles PP ly PjP 8 , and this sum is equal to 
the area of a rectangle pq whose base is h , and height NQ—MP ; as is obvious 
by moving them all parallel to the axis of x until they are between QN and 
the next ordinate ; i. e. the difference between the two sets of rectangles 
■■ h(NQ— MP). Now this can be made as small as we please by taking h 
sufficiently small, i.e. by making n sufficiently large. Hence both sets of 
rectangles tend to a common limit, as n increases indefinitely. This limit 
is defined as the area between the curve PQ, the axis of x and the ordinates 
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MP and NQ. It is greater than the earn of the inner rectangles and leal 
than the sum of the outer rectangles, however great n be taken. 



Fig. 24. 

In proving the limits of the two sums identical, we have supposed the 
ordinates to increase continually or to decrease continually throughout the 
arc PQ. If this is not the case, the arc can be divided up into a finite 
number of parts, throughout each of which the ordinate either continually 
increases or continually decreases. 

It is not essential that the parts into which MN is divided should be 

equal. It can be shown that the 
limit is the same however MN 
be divided up, provided each of 
the parts tends to zero , when the 
number of them ia indefinitely 
increased. 

Similarly, if the chords PP,, 
PjP,, P,P 8 , ... be drawn (Fig. 25), 
and if tangents be drawn to the 
curve at P, P, , P 3 , . . . Q, intersecting 
at P, , P a , P 8 , the sum of the 
chords PPj, PiP,, P 3 P S ... and 
the sum of PT ly P,Pj, P 2 P 8 , ... 
both tend, as oo, to a common limit, which ia defined as the ‘length of 
the curve 1 from V to Q . 

(4) Volume of a solid of revolution. First consider the case of a right 
circular cylinder. By inscribing regular polygons in tbe circular ends and 
circumscribing regular polygons about them, and joining their angular 
points by lines parallel to the axis, two right prisms can be obtained of 
which the volume of the inner increases and the volume of the outer 
decreases as the number n of sides of the polygons is increased. Also the 
difference between their volumes can be made as small as we please by 
taking n large enough. Hence they tend to the same limit as n -► oo, and 
this limit is defined to be tbe ‘volume * of the cylinder. 

Next let the area MPQN of Fig. 24, together with the sets of rectangles, 
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rotate about the axis of m. The figure produced by the rotation of MPQN, 
which is such that the section of it by any plane perpendicular to the axis 
of x is a circle, is called a solid of involution. Each rectangle traces out 
a thin fiat cylinder of thickness h. The difference between the sum of the 
cylinders generated by the inner rectangles and the sum of the cylinders 
generated by the outer rectangles is equal to the volume generated by the 
rotation of pq about the axis of x. This volume is 

nN<?.h-7TMP*.h f i. e. irh(NQ*-MP*) 9 

and this can be made as small as we please by taking h sufficiently small, 
i.e. by making n sufficiently great Hence both sets of cylinders tend to 
a common limit as n-»oo. This limit is defined is the 4 volume* of the 
solid of revolution. 

As an example, let us find in this way the volume of a right circular cone, 
the solid of revolution formed 
by the rotation of a right- 
angled triangle about one of 
the sides containing the right 
angle. 

Taking this side as axis of x, 
and dividing it into n parts 
each of length h, consider the 
volume of the cylinder formed 
by the rotation of the inner 
rectangle which stands upon 
the (r+l) %h segment of the 
base. 

Its height (Fig. 26) 

JfP mr OM tan OC » rh tan OC ; 
therefore its volume — n MP % .h — nt*h* tan* Ot, 

and the sum of all such volumes is obtained by adding together these terms 
for all values of r from 1 to n — 1 ; 

i. e. sum of volumes formed by inner rectangles 

- tt h* tan* a {l 1 + 2 1 + 8 # + ... + (n - 1)»} 

- irHHan’a . J (n- 1) n(2n-l) 

•• it tan 1 a (nfc) 8 $ (1 - l/n) (2 - l/n) 

- ir tan 1 * . \ (1 - l/n) (2 - l/n), 

if b be the length nh of the axis of the cone. 

As n -► oo , l/n -*>0, and this expression tends (in increasing value) to the 
limit 

ir tan 1 Of. 6* . J .2, i.e. firPtan'OE, 
which may be written \ira % b, if a be the radius of the base. 

Hence the volume of the cone is equal to J of the area of the base x the 
height. 




44 LIMITS AND CONTINUOUS FUNCTIONS 

If the sum of the outer cylinders be taken, the volume, in exaotly similar 
manner. 

- it V tan* a (1 * + 2* + 3* + ... + w») 

« rrfc*tan*a. $n(n + l)(2n + l) 

«* 7r tan 1 a . b * . } (1 + 1/n) (2 + 1 /»), 

which also tends (this time in decreasing value), as n -> oo , to the limit 
}t ro ? 6. 

(5) Area of surface of solid of revolution. 

First consider a frustum of a right circular cone. Let similar and 
similarly situated polygons with n sides be inscribed in the circular ends of 
the frustum; then, by joining corresponding vertices (Fig. 27) PQ , P’Q\ 
we get a number of trapeziums such as PP' Q'Q. As n-»oo, the sum of the 
areas of these trapeziums tends to a limit which is defined as the area of the 
curved surface of the frustum. 

The area of PP' Q'Q 

«= $ (sum of parallel sides) x (perpendicular distance between them) 
-\(PP' + QQ’)MN. 




Therefore the sum of the areas of the trapeziums is 

\n (PP *f QQ r ) MN ~ £ (sum of perimeters of polygons) x MN. 

When n oo , the perimeters tend to the circumferences of the circles, 
and MN tends to the limit PQ , therefore the area of the curved surface of 
the frustum is 

| PQ (sum of circumferences of ends) « PQ x mean circumference. 

By drawing circumscribed polygons to touch the ends of the frustum at 
P, Fy ..., Q y Q\ ...» another set of trapeziums is obtained, the sum of whoso 
areas tends to the same limit as n -*■ oo . 

We can now define the area of the curved surface of any solid of revolu- 
tion. In Fig. 25, when PQ rotates about the axis of x, the chords PP lt P x P af 
P,P if ... and also the lines PT tJ T x T it T t T t , ... describe frusta of cones. 
The sums of the areas of the curved surfaces of these two series of frusta 
tend, as n -*oo , to a common limit; this limit is defined as the ‘area’ of the 
curved surface of the solid of revolution. 
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Am an example, lei tie find the area of the aurface of a ephere, the solid of 
revolution formed by the rotation of a semicircle about its bounding 
diameter. 

Let PQ (Fig. 28) be a side of a regular polygon inscribed in the semicircle 
(of radius r), and let B be the middle point of PQ ; draw the ordinates 
PN \ BL , QM, and join OR. Draw PK perpendicular to MQ. 

The area of the frustum generated by the rotation of PQ is, as just proved, 
PQx2nRL. Now the right-angled triangles QPK and BOL are similar, 
since the sides of one are perpendicular to the sides of the other. Therefore 
PQ/PK mm OR/RL , i.e. PQ . RL ■■ PK. OR. Hence the area traced out by 
PQ is 

2 nPQ.RL « 2 rrPK. OR =* 2 nNM. OR, 
and the sum of the areas of the frusta is 

2 (2tt NM . OR) - 2 7T OR . 2 (NM ), 

since OR is the same for every side of the polygon. Taking all the sides of 
the polygon from A to B, 2 (NM) ■* AB *2 r, and therefore the sum of the 
areas of the frusta « 2irOR x 2 r. 

Now as n -► oo , OR the limit r, and therefore the area of the surface of 
the sphere is 

Lt 2ttOR x 2r ■» 2rrr x 2r *rz4irr*. 


15. General theorems on limits. 

These have been tacitly assumed in the preceding examples. 

(i) The limit of the algebraical sum of a finite number of quantities 
is equal to the algebraical sum of their limits. 

For if Lt y = b and Lt m = c, then y — b + a and % = c -h /3, 
where a and ► 0 ; 

• V±* = &±c+(a±/3), 

and since <* + £—► 0, y±s approaches the limit b±c. “ 

Similarly for any finite number of quantities. 


This theorem is not necessarily true for an infinite number of quantities, 
as is shown by the following example : 

In the series 



the limit of each term as n-» oo is 0. Therefore the sum of the limits is 0. 
But the sum of the series 


— s (1 + 2 4 8 + ... 4 - n) 


1 njn+j) 
»* ' 2 



and the limit of this, as n oo , is 

Hence the limit of the sum of an infinite series is not always equal to the 
sum of the limits of the separate terms. 
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in y is numerically < <r for all value® of | h | which are < €, then 
the function /( x) is said to be continuous for that value of x . If 
this property holds for all values of x between a and fc, the function 
f(x) is said to be continuous from x = a to x = b. 

It is not easy to grasp at once what is involved in this definition ; 
we will illustrate it by some examples. 

(i) y-x 2 . 

If x becomes x + h, y becomes (x -I- h) 2 , i. e. x* + 2 hx -f h 2 ; therefore 
the increase in y = 2 Jix + h 2 . 

Now 2hx+ h 2 < <r if (adding x 2 to both) (h -t- x) 2 < ar + x 2 , 
i.e. if h+x<+V(cr + x\ 

Le. if h<V{ <t+x 2 )-x. 

This is + , since cr is + and therefore 4-x 2 ) > o, and is the ‘ « * 
of the definition. Any value of h smaller than this number makes 
the increase in y < <r, however small tr be taken and whatever be 
the value of x . 

Hence the function y = x 2 is continuous for all values of x. 

(ii) y = (x-3)/x. 

In this case, if x becomes x+h, y becomes X + 


the increase in y = 
This will be < <r if 


x + h — 3 


x + h 
_ 8 h . 
x 2 + xh 


x-3 3 Ji 

x ~~ x (x + h ) 

in numerical value, 


i.e. 

ie. 


if Qh<<rx 2 + <rxh t 


if h< x 


C 7X * 


3— (TJJ 


Now, however small <r is, h can always be taken smaller than this 
expression, except in the one case x = 0 ; the number on the right-hand 
side is then equal to zero, and no positive value for h can be found. 
Therefore the given function is continuous for all values of x , except 
x = 0 ; it is discontinuous when x = 0. 

Similarly, any function of x is discontinuous for a value of x which 
makes it infinite. 

(iii) y = tan x . 

If x becomes x + h, the increase in tan x 
= tan (x + ft) — tanx 
tan x + tan h 

— z — t — r — tan x 

1 — tail x tan h 

— ^ an ft (1 + tan 2 x ) 

1 — tan x tan h 


tan h sec 2 x 
1 — tan x tan h 


tan Ji 

cos 2 x — sin x cos x tan h 
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This will be < <r if tan ft < tr (cos 2 a?— sins cos# tan ft), 

i.e. if tan ft < ---■ ■ (70 . 0S x in numerical value, 

1+cr sms COBS 

and ft can always be chosen so as to satisfy this condition except when 
cos x = 0, i.e. except when s is an odd multiple of £ w. 

Therefore tans is a continuous function of s, except when 
3 = ± 1 7T, ±|ir, ±$TT, .... 

This gives us an example of a function which is discontinuous at 
an infinite number of isolated points ; it is continuous throughout 
the ranges — to + £u, to }t r, and so on, but not throughout 
the range 0 to it, or any range which includes one or more of the 
points mentioned above. 

17. Properties of a continuous function. 

(1) If y be a continuous function of s, an indefinitely small change 
in the value of x produces only an indefinitely small change in the 
value of y . 

This is involved in the definition above, since <r is to be arbitrarily 
small, and this statement is sometimes given as a definition of 
a continuous function. 

Examples of discontinuities, (i) y « 1/a? [see Fig. 3]. 

In this case, if x «= -a, y *= -1/a, and if x •» +a, y — 4- 1/a ; 

Therefore an increase of 2a in the value of x (from —a to +a) produces 

an increase of 2/a in the value of y . If a be indefinitely small, 1/a is 

indefinitely large ; therefore an indefinitely small change in the value of x 
as it passes through the origin produces an indefinitely large change in the 
value of y . Hence the function 1/x is discontinuous when a?«0. It is 
continuous throughout any range which does not include the origin, for if x 
increases to a? + ft, y changes from 1/a? to l/(a? + ft), i.e. y increases by 
1 1 . -ft 

x + h x ' 1,e * x (x + h) 

and this -► 0 as ft 0, provided a? iB not zero [cf. Art. 16 (ii)J. 

(ii) y = tan x . 

If x iB very slightly <\n, tan* is very large and positive ; if * is very 
slightly >$7r, tana? is very large and negative. Therefore a very small 
increase in x from one side of to the other produces a very large increase 
in tan x ; the function tan x is discontinuous when a? ■■ \ n ; and similarly 
when x is equal to any odd multiple of Tana? has an infinite number 
of discontinuities, isolated values occurring at intervals of it [cf. Art. 
16 (iii)]. 

(iii) y -■ the principal value of tan^l/a?), i.e. the angle between — Jir 
and + whose tangent is 1/*. 

As x increases from — oo to 0, 1/a? decreases from 0 to — oo , and tan" 1 (1/a?) 
decreases from 0 to — ; and as a? increases from 0 to + oo, l/x decreases 

from +oo to 0 and tan^l/a?) decreases from + \tt to 0. 
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When x passes through the value 0, y takes a sudden jump from -jir to 
4 Jtt without passing through the intermediate values; an indefinitely 
small increase in the value of x on passing through the origin produces 
a finite inorease it in the value of y . The function is discontinuous when 
# 0 (Pig. 29). 



A similar kind of discontinuity has already been mentioned in Art. 14, 
Ex. 1, where, at the point P, the gradient undergoes an abrupt change 
from tan PT'X to tan PTX in passing through the point P (Pig. 22). 

(iv) An example from Mechanics Consider the motion of two unequal 
masses connected by an inextensible string passing over a smooth pulley 
and hanging vertically. The larger mass M will descend with constant 
acceleration. Now suppose that at a certain instant the ascending mass 
suddenly picks up another mass, equal to the descending mass, Bay. At this 
instant its velocity will suddenly be diminished, and afterwards M will 
continue to descend for some time with constant retardation, come to rest, 
and then begin to ascend again. 

If we draw the velocity-time graph of the motion of M (Fig. 30), the 



straight line OP corresponds to the first stage of the motion when the velocity 
is increasing ; there will be a discontinuity at A corresponding to the instant 
when the additional mass is picked up (and the velocity suddenly reduced 
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from AP to AQ), and the straight line QRS corresponds to the second stage 
of the motion when the velocity is decreasing ; QR belonging to the interval 
during which M continues to descend, R to the instant when it is momen- 
tarily at rest, and RS to the time when it is ascending again (and therefore 
the sign of its velocity is reversed). 

(v) Again, if we represent graphically the relation between the weight x 
in lbs. of a parcel and the cost y in pence of sending it by Parcel Post 
[3d. for any weight up to 1 lb., 4 d. for any weight between 1 and 2 lb., 5d. 
for 2-8 lb., 6d. for 3-5 lb., 7d. for 5-7 lb., and Id. for every additional lb. or 
fraction of a lb. up to 11 lb.], as x increases from 0 to 1, y remains constant 
and equal to 3 ; as a? increases through the value 1, y takes a sudden jump 
from 3 to 4 and remains equal to 4 until x reaches 2 ; y then takes another 
sudden jump from 4 to 5 and remains equal to 5 until x reaches 3, and so on. 
The graph consists of 9 straight portions parallel to the axis of x , of which 
the 4 th and 5 th are of length 2 units and all the others of length 1 unit, and 
it is discontinuous when x — 1, 2, 3, 5, 7, 8, 9, 10 (Fig. 31). 
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Fig. 81. 


(2) The graph of a continuous function is a continuous curve 
without any breaks in it. 

Compare the graphs in the preceding examples with those of 
functions which are everywhere continuous, e. g. sin a?, a? 3 , a? 2 /(l 
(Figs. 4, 6). 

(8) In passing from any one value to any other value within 
a range throughout which it is continuous, a function must pass 
at least once through every intermediate value. 

Let e (Fig. 82) be a value intermediate between two values a and 
b represented by the ordinates AM, BN. Draw the graph of the 
function, and the line y = c ; then graphically it is obvious that 
a continuous curve cannot be drawn from A to £ without crossing 
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the line at least onee. It may of course cross it any odd 

number of times. 



(4) A very important particular case of the preceding is that 
a continuous function cannot change sign without passing through the 
value zero ; i. e. graphically, a continuous curve, in passing from one 
side of the axis of x to the other side, must cut that axis at some 
intermediate point. 

This is obviously not necessarily true for a discontinuous function ; 
e. g. secx, in changing from 4- 1 (when x = 0) to —1 (when x = tt) 
does not pass through the value 0; it has a discontinuity (when 
x == 1 1 n) between these points. Similarly, l/x t in changing sign, 
does not vanish ; it is discontinuous at the origin [(1) (i)]. 

This theorem is very useful in dealing with algebraical equations. 
It will be seen [(6) below] that the expression 

oa^ + 6a^ _1 + ... -f & [where n is a positive integer] 

is continuous ; therefore, if such an expression be positive when 
x = a and negative when x = /3, it must be equal to zero for some 
intermediate value of x. Hence the equation 
ax n +lx n * + ...+& = 0 

will have at least one root (it must have an odd number) between 
two values of x which make the left-hand side take opposite signs. 
For instance, in the equation 

ar 3 — 8a 2 + 4# — 10 = 0, 

x = 2 makes the left-hand side equal to —6, and x = 8 makes it 
equal to + 2 ; therefore the equation has at least one root between 
2 and 3. 

(5) If f(x) he continuous when x = a, then its value when x = a is 
equal to the value of Lt f (x) as x — ► a from either side, 
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i-e. Lt/(*)=/(o). 

This may be, and often is, taken as the definition of eon* 
tinuity, i.e. a function f(x) is said to be continuous when x = a, 
if Lt f{x) = the definite number /(a). It is not true if /(a) = oo 

a 

a*-« 

and Lt f(x) = oo, for infinity is not a definite value. This latter 

gt-+a 

statement simply means that the value of f(x) can be made larger 
than any assignable value by taking x sufficiently near a, not that it 
gets nearer and nearer to a certain definite value. 

It is not true in such cases as (1) (iii) and (iv) ; here the function 
tends to a different limit as x approaches a from the one side or the 
other, and whatever value be assigned to the function when x = a, 
it cannot be equal to both these limits. 

Returning to the example of Art. 13 (1), it was found that the limit of 
(a?* — 9)/(ar— 3), as x-> 3, is 6 whether x approach the value 3 from above or 
below ; when x =» 3, the value of the function is at present undefined (since 
the zero factor x—3 cannot then be cancelled out), and can be assigned at 
will. If the value 6 be assigned to the function when x «■ 3, then the 
function will be continuous when x ■» 3, since the value will then coincide 
with the limits on either side. If any other value than 6 were assigned, the 
function would be discontinuous. 

If we draw the graph of y ■» (x* — 9)/(a? — 3), we see that it consists of two 
straight lines, since either x is equal to 3 and then y is indeterminate, or x 
is not equal to 3 and then y = x + 3. 

In the first case, x = 3 is the equa- 
tion of a straight line parallel to 
the axis of y ; in the second case, 
y*»a? + 3 is the equation of a 
straight line equally inclined to 
the axes. The graph therefore 
consists of these two straight lines 
(Fig. 33). For any value of x other 
than 3, we get a single point on 
the graph, giving one definite value 
of the function for that particular 
value of x ; but when x «= 8, we 
have an unlimited number of points 
since the whole of the line x ■* 8 
constitutes part of the graph, and 
therefore y is quite indeterminate. 

If the value 6 be assigned to the function when x ■■ 3, we are selecting 
the point on the line x — ■ 1 8 where it is cut by the other line y ■■ a?+8, but 
this is quite an arbitrary selection. 
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Similarly. J ^ «■ 1, whether * approach zero from the positive or 

*-*o 

the negative tide. The function is undefined for the value * » 0. If the 
value 1 be assigned to the function when x 0, (sin x)/x will be continuous 
when x — 0, since the value then coincides with the limits on either side. 

(6) It can be proved, by a method similar to that of Art. 15, that 

(i) The algebraical sum and the product of any finite number of 
continuous functions are themselves continuous. 

(ii) The quotient of two continuous functions is continuous except 
for values of the variable which make the denominator zero. 

The functions which are met with in elementary applications of 
the calculus are usually either continuous for all values of x , or have 
discontinuities only at a number of isolated points, e. g. tan r, 
x/(x 2 * — 4) ; and such functions are of course continuous throughout 
any range which does not include a point of discontinuity. For 
instance, the function r/(x 2 — 4) is continuous between x = — oo and 
x = —2, between x = —2 and x = + 2, and between x = +2 and 
x = + oo ; it is discontinuous for two values of x only, when x = — 2 
and when *= + 2, both of which values make the function infinite. 


Examples IV. 

X. Prove, from the definition, that the following functions are everywhere 
continuous : 

a + bx; 2 + *-* 8 ; cos a?; 1/(1 + *■); Bin* a?. 

2. Deduce, from Art. 17 (6) that the following functions are continuous: 
a?; x* ; ax* + bx n ~ l + ... + &[» a positive integer] ; */(* * + 1) ; sin 8 x ; 
sin */(4 + cos x) ; sin m * cos M * [m and n positive integers]. 

Where are the following functions discontinuous ? 

** * , 0 1 1 + sin** 

cot*; Bee*; cosec2*; 


3 , 


2*— 3 ’ 
tan 3* ; 


(*+l) 8 ' 
2 + sin * 


a^-lS^ + SG’ 
the principal value of cot -1 *. 


cos* 


1 + cos * ’ 

4. What value must be assigned to the function (* 8 4* 27)/(* + 3) when 
* * —3 in order that it may be everywhere continuous? 

5. Trove that the equation *® + 8* 8 -5*-3 — 0 has a root between 0 
and 1. 

6. Show that the equation *”-7* 4 + 9* 3 -l«0 has one root between 

0 and 1, and another between — 1 and 0. 

7. Prove that the equation 24* 4 * -68* 8 -26** + 153* — 63 ■* 0 has roots 
between —2 and — 1, 0 and 1, 1 and 2, 2 and 3. 

8. Prove that (*— a)/(V*— Va)* is discontinuous when *■»«. 

9. Prove that 2V* is discontinuous when * = 0 ; draw its graph. 

10. Show that the principal value of tan -1 {l/(*+ 1)} is discontinuous when 
*«■ — !; draw its graph. 
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DIFFERENTIATION OF SIMPLE ALGEBRAICAL 
FUNCTIONS 

18. Rate of Increase of a Function. 

We now proceed to consider how to find the rate of increase, with 
respect to x, of a given function of x. As already pointed out 
(Art. 11), this rate of increase is constant only for the linear function 
ax+b-, for all other functions, it varies from value to value of the 
function. 

In the first place, instead of considering a number of disconnected 
values of y corresponding to disconnected values of x, as we do in 
actually plotting a graph from its equation, we imagine x to be 
growing or increasing continuously just as, measuring from a 
particular instant, time goes on, or aB, starting from a particular 
position, a train travels onward, so that, in changing from one value 
to another, x passes through all the intermediate values, just as the 
train in passing from one point to another passes all intermediate 
points. As x changes thus, the function y will generally change in 
a similar manner, sometimes increasing, sometimes decreasing, 
sometimes changing rapidly, sometimes slowly, sometimes for an 
instant stationary (Art 54), but occasionally, at a point of discon* 
tinuity, taking a sudden jump from one value to another (Art 17). 

A given increase in the value of x from a to 6 produces an increase 
in the value of the function y ; and it is obvious that the resulting 
increase in the value of y depends not solely upon the increase in 
x, but also upon the actual value of x before the increase (Art 11). 
The ratio of the increase in the function to the increase in x gives 
the average rate of increase of the function per unit increase of x 
throughout this particular interval a to 6; but the average rate 
of increase throughout a finite interval will probably be quite 
different from the rate of increase at, say, the commencement 
of the interval, just as the average velocity of a train during any 
interval of time may be quite different from its actual velocity at the 
commencement of the interval. 
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Consider further the analogy with the motion of a train. The 
value of the function for any particular value of x corresponds to 
the distance of the train from some fixed point of the line (which 
distance is a function of the time) at any particular instant ; the rate 
of increase of the function with respect to z corresponds to the rate 
of increase of this distance with respect to the time, i. e. to the 
velocity of the train. This velocity may be constant for a time, but 
probably it will not be eonstant for a very long time; it may be 
large or small, increasing or decreasing rapidly or slowly; and so 
with the function (except that its rate of change is never constant for 
a finite range of values of as, unless it is linear, and then it is always 
constant). 

In the case of the train, if we take any interval of time and divide 
the distance therein travelled by the length of the interval, we get 
the 1 average velocity* during that interval. This average velocity 
may be quite different from the velocity at the commencement of 
the interval, but the distance of the train from the fixed point will 
be a continuous function of the time, so that a very small increase in 
the time will produce only a very small alteration in the distance, 
and if the length of the interval — ►O, this average velocity will 
approach some fixed limiting value. This limit is defined as the 
velocity at the commencement of the interval. 

This is what is meant when it is stated that the velocity of a train 
is, at a particular instant, 80 miles per hour (which is 44 feet per 
second) ; it does not mean that in the next minute it will go half 
a mile, because even in a minute there is time for the velocity to 
change appreciably ; but in a second the distance that the train 
goes will be nearly 44 feet, and in ^ of a second the distance will 
be still more nearly 4*4 feet, and so on, because in a second the 
velocity will change very little, and in ^ of a second still less. 

Again, if the train travels 80 miles between 5 o’clock and 6 
o’clock, the average velocity during that hour is 80 miles per hour, 
but this gives us no information as to the velocity at 5 o’clock. If the 
distance travelled between 5 o’clock and 5.10 be divided by £ hour, 
we get the average velocity between 5 and 5.10; if the distance 
travelled between 5 o’clock and 1 minute past be divided by ^ hour, 
we get a result nearer to the velocity at 5 o’clock, and if we could 
measure the distance travelled between 5 o’clock and 1 second past 5, 
this, divided by bour, would be nearer still. This series of 
average velocities through diminishing intervals of time, all com- 
mencing at 5 o’clock, tends to a limiting value, and this limiting 
value is ‘ the velocity at 5 o’clock ’• 
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We proceed in exactly the same manner with any function of x. 
We find the average rate of increase of the function with respect 
to x for a given increase in % ; and then we find the limit to which 
this average rate of increase tends when the increase in x — ► 0, 
Le. the actual rate of increase for any value of x is the limit of the 
average rate of increase throughout a range commencing at that value f 
when the range is indefinitely diminished. As the range decreases, we 
get values for the average rate of increase which approach nearer 
and nearer to the actual rate of increase at the beginning of the 
range, and (from the definition of a limit) we can get as near as 
we please to this actual rate of increase by taking the range 
sufficiently small. This limit is called the differential coefficient of 
the function with respect to x . In the illustration above, the 
velocity of the train is the differential coefficient, with respect to 
the time, of its distance from some fixed point of the railway line. 


19. The function y = x 1 . 

Let us consider in detail the very simple function y = x\ 

If x = 10, y = 100 ; if x becomes 11, y becomes 121. If x becomes 
10% y becomes 102*01 ; if * becomes 10*01, y becomes 100*2001. 

In the first case, the average rate of increase of y per unit increase 
of x = 21/1 = 21 ; in the second case, it is 2*01/*1, i.e. 20*1 ; in 
the third case, it is *2001/*01 = 20*01. These numbers 21, 20*1, 
20*01, ... tend to the limit 20. 

Generally, if x becomes 10 + h, y becomes 100 + 207* + h*. Therefore 
increase in y 20 h + h 2 _ 

increase m x h 


Clearly, as the increase h in x gets less and less, this ratio gets 
nearer and nearer to 20, and we can make it as near to 20 as we 
please by taking h sufficiently small ; therefore when x = 10, the 
limit of the average rate of increase of the function x 2 is 20. 

This means that, when x has the value 10, x 2 is increasing at the 
rate of 20 units per unit increase of x f just as the statement, that 
at a given instant a train is travelling at 20 miles per hour, means 
that its distance from some fixed point on the line is at that instant 
increasing at the rate of 20 miles per unit increase of the time 
(measured in hours). 

Similarly, in the general case, if x is increased to a?+ A, y becomes 
(x + A) 2 , i. e. a? + 2hx+h\ Therefore the ratio 


increase in y 2hx + h* A 

. - =2 s+A, 

increase in x ' 
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which, when h — * 0, tends to the limit 2x. That is, the rate of 
Increase of the function with respect to x is 2x, or the differential 
coefficient of x 2 = 2x. 

It should be noticed that if re is increased by a very small amount, 
y is increased by approximately 2x times as much ; approximately, 
not exactly, because x is here stated to increase by a very small 
amount but not an indefinitely small amount. The smaller the 
increase in x, the more nearly is the statement true (because the 
actual amount of the increase in y is (2 x+h) times the increase 
in x, and the smaller the increase in x , the nearer is this to 2a?)* 

20. Gedmetrical Illustrations. 

The preceding results can be illustrated geometrically : 

(i) If the length of the straight line OX represents x, y will be 

represented by the area of the square 
OM which has OX as side ; if OX is 
increased to OX', the resulting increase 
in y is represented by the shaded area 
in Fig. 84. This is equal to twice the 
rectangle M X* + the square MM'. 

If XX' is very small, the square 
MM' is very small compared with the 
rectangle MX' (the ratio of their areas 
r = XX' /MX, which can be made as 

small as we please by taking XX 9 
small enough). 

Therefore the increase in y is represented approximately by twice 
the area of the rectangle MX', which 

= 2 MX . XX' = 2x x the increase in x. 

(ii) Again, referring to the graph of y = x 2 (Fig. 86), let P be 
any point (x, y) on the graph, and let Q be the point on the graph 
whose abscissa is x+h. Draw PN, QN' perpendicular to the axis 
of x, and FAT perpendicular to QN. Then MQ represents the 
increase in y due to the increase NN' in x, and the average rate of 
increase of the function in the interval NN' 



o xx 

Fig. 34. 


increase in y 
increase in x 


' = tan QPM = tan PKX } 


so that the average rate of increase of the function between any two 
values is represented geometrically by the tangent of the angle which 
the chord joining corresponding points on the graph makes with the 
positive direction of the axis of x. 




ALGEBRAICAL FUNCTIONS 


69 


As NJN', the increase in 2 , is taken smaller and smaller, the point 
Q moves nearer and nearer to P, and when the increase in 2 is 
indefinitely small, Q is indefinitely near to P. The limiting posi- 
of the chord PQ when Q approaches indefinitely near to P is 
(Art. 14 (1)) the tangent to the curve at P, and therefore the limiting 
value of tan PKX is tan PTX, if the tangent at P meets the axis 
of x in T. This is called the slope [or sometimes the gradient] of the 
curve at the point P. Hence, /or any value o/x, the rate of increase 
of the function per unit increase of x is represented geometrically by the 
slope of the graph of the function at the corresponding point. 

This result is true in general. In the case of the function at 
present under consideration, y = 2 ® the slope of the graph at any 
point ( 2 , y) is 2x. 

Taking numerical cases, when 2 = 3, y = 9 and the slope = 6 ; 



therefore the tangent at the point (3, 9) is inclined to the axis of 2 
at an angle whose tangent is 6, i. e. a little more than 80£°. 

When 2 = —2, y = 4, and the slope = —4 ; hence the tangent 
at the point (—2, 4) is inclined to the axis of 2 at an angle whose 
tangent is — 4, i. e. 104° 2 / . 

21. Another illustration. 

Ab a further illustration of the meaning and use of the differential 
coefficient of the function y » x\ let us consider the following example : 

The radius of a circle is increasing at the rate of 1 inch per second ; find 
the rate of increase of the area of the circle at the instant when the radius 
is 20 inches. (The circle is supposed to he continuously increasing in the 
same way as the oircular ripples caused by dropping a stone into water.) 
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decrease], in the value of\y. These increments are generally denoted 
by the symbols hx and by respectively ; by is + or — according as y 
increases or decreases, and similarly for bz. [Notice carefully that 
the b in lx and by is not a quantity, but a symbol ; bx has nothing 
to do with b x x, but merely stands for 4 the increment of x ’.] 

If bx 9 the increase in x } is indefinitely small, by, the resulting 
increase in y 9 will also be indefinitely small, since y is a continuous 
function of x [Art. 17 (1)]; but usually the ratio by/bx 9 i.e. the 
average rate of increase of y with respect to x, tends to a definite 
finite limit * as bz — * 0. This limit is called the differential coefficient 
(sometimes the derivative) of y with respect to x, and is denoted by 

the symbol or dy/dx . 

It must be carefully borne in mind that dy/dx is not a fraction 
whose numerator and denominator are dy and dx respectively, but it 
is the 4 limiting value’ of the fraction cy/bz ; the d/dx is a symbol 
which, placed in front of y denotes the result of performing a certain 
operation (described above) upon the function y, in the same way 
that the symbol V 9 placed in front of a number y, denotes the 
result of performing a certain operation upon the number y 9 viz. 
the extraction of its square root. 

This particular symbol is used in order that it may be possible to 
indicate both the function y whose differential coefficient or rate of 
change is to be evaluated, and also the variable x with respect to 
which it is differentiated, i.e. the variable whose variation causes the 
change in y. For instance, the velocity v of a moving point may be 
regarded both as a function of the time t it has been in motion, and 
also as a function of the distance s it has travelled. Hence dv/dt 
represents the rate of increase of the velocity per unit increase of 
time, Le. the acceleration, and dv/ds stands for the rate of increase 
of the velocity per unit increase of distance, which is quite different. 

Similarly, if V cubio inches be the volume of a sphere of radius 
r inches and surface 8 square inches, d V/dr is the rate of increase of 
the volume per unit (inch) increase of radius, dS/dr is the rate of 
increase of the superficial area per unit increase of radius, dV/dS is 
the rate of increase of the volume per unit (square inch) increase of 
surface. Again, dr/dV and dS/dV represent the rates of increase 

* For all the functions considered in this book, this limit exists, and is the 
same whether Sx be positive or negative. Continuous functions, which do not 
possess a definite differential coefficient, can be constructed, but such functions 
are very seldom met with. 
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of the radius and surface respectively per unit (cubio inch) increase of 
volume. 

Sometimes the differential coefficient is denoted by the symbol 
or simply Dy } if there can be no doubt as to what is the 
independent variable. Sometimes the actual function, in terms of x 9 
is written after the symbol d/dx ; e. g. the differential coefficients * 
of aF and sin x may be written 

- „ d(x n ) d _ , • d (sin x) d . 

Dx n or — or T~ x > and Dsm# or — ^ — ' or smx. 
dx dx dx dx 

If a function of £ be denoted by the symbol f(x) 9 its differential 
coefficient is usually denoted by the symbol /' (x), and is often called 
the derived function. 

The differential coefficient of a function gives an exact measure of 
the rate of change of the function with respect to the variable for 
any particular value of the variable. In exactly the same sense 
that the velocity of a moving point is said to be so many miles 
per hour or so many feet per second at a particular instant, so the 
rate of increase of a function of x y for any particular value x 1 of x, 
is equal to the value of its differential coefficient when x = x lf 
per unit increase of g. 

28. Geometrical meaning of the differential coefficient. 

This has been found in the case of the function x 2 in Art. 20 (ii). 
The reasoning given there is quite general, and applies to all 
functions whose graphs are con- 
tinuous curves; the form of the 
curve is immaterial. Hence, if the 
graph of a function be drawn, 
the differential coefficient of the 
function is represented geometri- 
cally by the tangent of the angle 
which the tangent to the curve 
makes with the axis of x; i.e. 
if the tangent to the graph at a 
point (x, y) makes an angle ^ with the positive direction of the axis o/x, 
the corresponding value cf dy/dx is equal to tan 

This result can also be stated in the alternative form : the value 
of dy/dx, for any value of x, is equal to the slope of the graph at the 
corresponding point 

• The letters d. e. will often be used as an abbreviation for the term 
* differential coefficient ’• 



Fig. 88, 
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indefinitely small compared with BP ; i.e. it is an infinitesimal of higher 
order. Since MB/BP * — 1/AB, whioh is finite, it follows that, if BP be 
regarded as of the 1st order of small quantities, MB will be of the 
2nd order. Also MP/BP — AP/AB, which tends to 1 as P approaches B 5 
therefore MP and BP are small quantities of the same order, and moreover 
become ultimately equal. Since BP and MP are of the same order and MB 
is of the 2nd order compared with BP, it follows that MB is also of tho 
2nd order compared with MP, as is easily seen independently by taking 
the relation MP* — AM. MB. 

Again, if PN be perpendicular to TB, TN/PN — PM /AM, which -► 0 
as P approaches B; therefore TN is an infinitesimal of higher order 
than PN. 

Also TN.NB - PAT* - BM* - MP*/AM* - BN*/ AM*. 

Therefore TN/BN*m* 1/AM 9 , which tends to the finite limit 1/d 9 . 

Hence, since BN is of the 1st order, TN is an infinitesimal of the 3rd 
order. 

Examples from Trigonometry are furnished by the results of Art. 13 (10), 
where it was shown that the limits, as x -*0, of (sin x)/x and (1 — cosx)/a^ 
are respectively 1 and It follows that, if x be taken os an infinitesimal of 
the 1st order, sin a? will also be an infinitesimal of the 1st order, and 
1 —cos x an infinitesimal of the 2nd order, or, as it is sometimes expressed, 
4 of the second order of small quantities.’ 

The geometrical meaning of the differential of y should be noticed 



If NN* represents lx, the resulting by is represented by MQ. 
Now, if the tangent at P makes an angle \f/ with OX and meets MQ 
in T f the differential of y 

:^.8*=tan*.PJf = MT. 
dx 

Equation (i) therefore is equivalent to the statement that, if Q be 
taken very near to P, MQ and MT become approximately equal, 
their difference TQ (this will be the e . lx above) becoming very small 
compared with either of them, i. e. TQ will be an infinitesimal of 
order higher than the first. 


ALGEBRAICAL FUNCTIONS 


67 


25. Sign of the differential coefficient. 

We have, from the preceding article, 

as + €, where < — ► 0 as *0. 
lx dx 

Suppose that dy/dx is not zero. Then it follows that, if da? be 
taken sufficiently small, the sign of dy/dx + « will be the same as the 
sign of dy/dx f since * can be made as small as we please (and there- 
fore certainly numerically smaller than dy/dx) by taking lx small 
enough. Hence, for such values of lx, the sign of ly/lx is the same 
as the sign of dy/dx . Therefore, if lx be +, ly will be + or — 
according as dy/dx is + or — . Now y increases or decreases 
according as ly is + or — ; therefore y increases as x increases if 
dy/dx is +, and y decreases as x increases if dy/dx is — . 

Geometrically, if dy/dx is + , tan \fr is + , and the angle is an 
acute angle as at the point B in Fig. 37 ; in this case the ordinate y 
increases as the abscissa x increases. If dy/dx is — , tan \fr is — , and 
^ is an obtuse angle as at the point 8 in Fig. 87 ; in this case, the 
ordinate y decreases as the abscissa x increases. 

The case when dy/dx = 0 will be discussed later (Art. 58). 

Hence, a -function of x increases or decreases when x increases accord- 
ing as its d c. is + or — ; and, conversely, the d. c. of a function is + 
or — according as the function increases or decreases when i increases. 


26. General method of finding differential coefficients from 
first principles. 

Theoretically, the method followed in finding the differential 
coefficient of z 2 may be employed for any function of x , as follows : 

Let y be any function of x, denoted by f(x). If x is increased to 
a? + h y then y becomes f(x + h) ; 

.\ the increase in y = f(x + h) —/(a?), 


and the ratio 


*>y^ f{x+h)-m 

hx h 


The d. c. of f(x) is the limit to which this tends as h — ► 0, and 
the method to be adopted in evaluating this limit depends upon 
the nature of the function f(x). This process of calculating the 
d. c. directly from the definition is generally referred to as differen- 
tiation from first principles. It consists of four stages: we first 
take an arbitrary increment for x, next calculate the corresponding 
increment of y, then find their ratio, and lastly the limit to which 
this ratio tends as tbe increments — ► 0. 

f 2 
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As a matter of fact this method is employed only in a few simple 
cases; it would generally be long and tedious in other than the 
simplest functions. 

These few simple cases are known as standard forms, and general 
rules are obtained which enable the d. c/s of more complicated 
functions to be deduced from these standard forma At the same 
time it is advisable, and the student is strongly recommended, to 
work out a number of differential coefficients from first principles ; 
the process serves to fix in mind the meaning of the differential 
coefficient which is otherwise rather apt to be forgotten. A few 
examples are appended. 

(i) y — i/* 8 • 

If x is increased to * + h, y becomes 1/(2 + A ) 3 ; 

Al _ . . 11 arMs+A ) 3 

* * the increase in y = (aT+Ap ~ *t(x + h)> 

_ -3 x*h-Sxh*-h» 
x? (x + ft) 3 

Dividing this by ft, the increase in x , 


we have 


by — 8 x a — 8 xh—k 2 

bx~~ 3®(£+ft ) 3 


— 8^ a 8 

which, as ft— ►O, approaches the limit —-- 3 > i.e. j. 

Therefore the differential coefficient of 1/x 3 is — 8 /a: 4 . 

It could have been foreseen that a negative result would be obtained 
in this case, since it is obvious that l/x 3, decreases as x increases ; 
hence its d. c. is — (Art. 25). 


Consider a numerical illustration. It follows from this result and Art. 24, 
that if x is increased by a very small amount, l/x* will decrease by approxi- 
mately 3/a 4 times as much, and the smaller the increase in x , the more 
accurately will this statement be true. 

Now, if x « 2 , y — ^ — *125, and dy/dx — — 3/2 4 ; therefore, if x be in- 
creased by *001, y will decrease by (approximately) 3/2 4 x *001, i.e. '0001875. 

Therefore, when x » 2'Q01, y *» '125 — '0001875 

- '1248125, 

which can be verified by working out the value of 1 /( 2 * 001 )*; the exact 
result to 7 figures thereby obtained is '1248127 — , giving a difference from the 
previous result of less than *0000002. This slight discrepancy is due to the 
fact that the increase in the value of x , although small, is not indefinitely 
small ; if a smaller increase in x were taken, the results would agree even 
more closely. 


(ii) y = 


4s5+ 5 
3 x + 4 


In this case, when x is increased to x + ft, y becomes 


4 (a? -t- ft) + 5 # 
8($+A) + 4 
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the increase in y = 


4a?+4ft + 6 4a?+6 


(after simplification). 


8x+3A + 4 8 a: +4 

h 

”( 3*+8A + 4)(8*+4) 

. h _ 1 

*• bx (3*+8A+4)(3*+4) > 
which, when h—+0, tends to the limit 

(8a? 4- 4)* 

Since this, being a perfect square, is always + , it follows that the 
given function always increases when x increases. If its graph be 
drawn, it will be seen that as x increases from — qo to — $ , y increases 
from i to oo ; when x = — $, y is infinite and the function is discon- 
tinuous; as x increases from — £ to oo, y increases from — oo to £. 
[The graph is a rectangular hyperbola whose asymptotes are the 
straight lines x = — £, and y = £.] 

As a numerical illustration, find, approximately, the value of y when 
x - 2*0135. 


When flr»2, 1*3 and dy/dx = .,$ 3 . 

The increase in y ® dy/dx x increase in x , approximately 
- *01 x 0135 - -000135. 
y =■ 1*300135 nearly, when x — 2*0135. 


(iii) y—Vx. 

When x is increased to x + h, y becomes 7*) ; 

. * . the increase in y = 


and 


by _ V(x+h)—<Sx 
lx ~ h 


Before making A tend to zero, it is necessary to transform this 
expression into such a form that the numerator and denominator 
do not both —►0 with A ; in the case of algebraical expressions, this 
generally means that the expression must be transformed until the 
A (which is not exactly 0) divides out. 

In this case, the desired result is obtained by rationalizing the 
numerator; multiply numerator and denominator by </(x + h)+ Vz* 
by x + li-x 1 

inen bx** h{V(x + Ji) + Vx} ~ V(x+h)+ y/z' 

which, as A— > 0, approaches the limit l/( /a? 4- </ x), 

• \ the d.c. of V x = ttt- • 

2vx 

As a numerical illustration, find */2h7. 

Since 256 16*, thiB can be written 16v^H, i.e. 16 */(l +?W 

To find */(l +aK)* w © take y “ if x « 1, y -* 1, and dy/dx « £. 

Hence, if x be increased by y will increase by, approximately, £ x *}*. 
</(l + xfo) — 1 + xh approximately, 
and Jlhl — 16(14*1,) — 164^* « 16*03125 approximately. 

The true value is 16*031219 .... 
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Examples VI, 

Find from first principles, the differential coefficients of : 

1. a? 4 . 2. (1— a?)*. S. 1/a?. 4. 1/x 1 . 5. I/(p-#r). 

e. (4a?-5)/(8«-2). 7. (a+bx)/(c+dx). 6. 2a?*-7a?. 

9. oa^ + lw + G. 10. a?/(a?*+l). 11. l/</x. 12. 1 /</(a-bx). 

13. VV-* 1 ). 14. (a?* + a*)*/*. IB. lMl-4 

16. Use the d. c. of l/*/x to find the approximate value of l/v^Ol. 

17. Use the d. c. of 1/ar* to find the approximate value of 1/(10‘07)*. 

18. Find the slope of the graph of y ■■ l/*/x at the point (4, J). 

18. H H M F- l/«* »» FI (1^1 01). 

20. ii ft , t y«a?/(a? 2 +l) » (2» 4). 

21. Find the d.c. of 3 a? 1 -7 a? + 8, and deduce the approximate nnmeric&l 
value of this expression when a? = 2*015. 

22. Find the d.c. of (7a?— 4)/(10 + 5ar), and deduce the approximate 
numerical value of this expression when a? — 18'03. 

23. Find the d.c. of l/(a?* — 1), and deduce the approximate numerical value 
of this expression when x — 8*96. 

24. Prove that the function (3 — 5a?)/(7a?— 2) decreases as a? increases [save 
in passing through the value a? *= f], 

26. Prove that the function (o + bx)/{c + dx) increases or decreases as x 
increases according as 5c — ad is + or — [save in passing through the 
value x «* —c/d]. 

26. Find the slope of the graph of y — cut? + fex+cat any point. At what 
point is the tangent to the graph parallel to the axis of a?? 

27. Where is the slope of y x/{x* + 1) *ero ? Draw the graph. What are 

the greatest and least values of the function ? 

28. Where does the function y a?* — 3x increase, and where does it decrease, 
as x increases from — oo to + oo ? 

29. Express in symbols the following statements : 

(i) The rate of change of x per second is equal to n times the rate of 

change of * per second. 

(ii) The rate of change of y per unit increase of x is n times the rate 

of increase of y per unit increase of s. 

(iii) The rate of increase of y is equal to the sum of the rates of increase 

of u and t> with respect to x . 

80 . Express in symbols : 

(i) The velocity of the point (x, y) parallel to the axis of x is equal to 

n times the velocity parallel to the axis of y . 

(ii) The acceleration of a point moving in a straight lino with velocity 

v is proportional to its velocity. 

(iii) The retardation of such a point is proportional to the time. 

81. Express in symbols : 

(i) The rate of increase of the area of a oircle per unit increase of the 

radius is proportional to the radius. 

(ii) The rate of increase of the volume of a cone of constant height, 

per unit increase of the radius of the base, is proportional to the 
radius. 

(iii) The rate of increase of the volume of a cube is proportional to 

the square of the rate of increase of the area of the surface, with 
respect to the length x of the edge. 
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(iv) The rate of increase of the volume per second is proportional to 
the rate of increase of the area per second. 

82. Express in symbols : 

(i) The slope of a curve at any point is proportional to the abscissa. 

(ii) The ordinate of a curve at any point varies as the square of the 

slope. 

(iii) At any point P of a curve, the slope of the curve is equal to half 

the slope of the line joining P to the origin. 


27. Differential coefficient of z n . 

We have found the d. o. of a? 1 for several particular values of n 
[for n = 2 in Art. 19 ; for n = — 3 and n = — £ in Art. 26] ; we now 
proceed to the general case. * 

If x is increased to x + h, y becomes (x + h) n ; 


•\ the increase in y = (a; + A) w — af 1 ; 
dy T T (^ + A) n —® n _j (x+h) n — & 

••• di-lu {H-L* h -fef {.+*)—• 

It has been shown in Art. 13 (8) that the limit of (a? 1 — a n )/(x— a), 
when z—+a, is na n " 1 for all rational values of n; applying this 
to the expression just obtained, since x + h — ► x when h — ► 0, we have 


L pr-f ft) w — a? 
„} (x + h)-X 


ns* -1 . 


Therefore, whether n be + or — , integral or fractional, 
the d . c. qf x n = nx 11 " 1 . 


E. g. the d. c. of a* - 6x* ; d. c. of a?*® - 20*” ; 

d. c. of i.e. of a; 1 /*— JaTV 4 « 1/(3 ^x 7 )\ 
d. c. of 1/rc 4 , i.e. of aT 4 ■» — -4/ar 6 ; 

d. c. of 1/V#» i.e. of a?” 1 / 3 * — — — l/(2y'a^). 


Two particular cases + are of special importance : 

(i) if y = Va? = £ l/a , then ^ = iaT 1 / 2 = ^“7^ # [Cf. Art. (3)0 


(ii) if y = 1/* = x 1 9 then 



1 


a 1 * 


28. An important approximation follows from the preceding 
result 


We have 


Lt 


(x+hy'-at* 

h 


= «r»- 1 ; 


* For another method of differentiating i”, which does not require the use of 
the limit of Art. 18 (8), see Art. 82. 

1* These two cases ooour so frequently that it is advisable to commit th em to 
memory as separate standard forma. 
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.\ as in Art. 24, ' r = nxP~ 1 + t f where e— ♦ 0 as ft— *0, 

n 

i.e. (tf + A) n = oP + nx n ~ l h + *h. 

when ft is very small we have, neglecting terms of the 2nd 
order (Art 24), 

(x + A)" = x n + ‘ 1 ft, approximately. 

If x = 1, then (1 + ft) w = 1 + nft approximately, when ft is very small. 

e.g. ^1002 = (1000 + 2)V» = 10 (1 + ^)>/» 

= 10(l4* Ty Vu) using the approxima- 
tion just obtained 

= 10(1+ *00067) 

= 10-0067 nearly. 

The illustrations given in Art. 26, Ex. (i) and (iii) are also particular 
cases of this approximation. 

Examples VII. 

Write down the differential coefficients of; 

1. a* x 80 , a?” 2. j/x, Vx, Vx\ f/x\ y*. 

3. l/*» t l/x\ 1/a? 10 , 1/x™, l/x n . 

4. l/Vx\ 1/tfx, l/Vx>, 1/Vx, l/f/x p . 

6. Find approximately the values of 127, 4/623, v/1030. 

0. Also of 1/^99, 1/^995, 1/^245. 7. Also of (j J/°, 1*001*°, (,%)» 

29. General Theorems on Differential Coefficients. 

Theorem (i). The d. c . of a constant is zero. 

By the term Constant* here we mean a quantity which has the same 
value for all values of x. An increase in the value of x produces no 
change in the value of a constant, therefore by/bx is in this case 
a fraction whose numerator is zero and whose denominator (although 
ultimately very small) is not zero. Its limit is therefore zero. 

Graphically, if y is a constant, the graph is a straight line parallel 
to the axis of x ; its slope is always zero, i.e. dy/dx is zero (Art. 23). 

Theorem (ii). The <L c. of the algebraical sum of a finite number of 
functions is equal to the algebraical sum of their d. c.’s. 

If ^ = ii + o — to where u , o, to are functions of x , the total increase 
in y , due to an increase bx in x, is equal to the algebraical sum of 
the increases in u t v t and w , 
i.e. by = bu + b v—btc, 

by bu ( bv Iw _ 
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.% when tx-+0, we have, by Art. 15(i), 

— es ^ 4- — — a • 

dx dx~*~ dx dx 1 

and similarly for the algebraical sum of any finite number of 
functions of x. 

For the conditions under which the d. c. of the sum of an infinite 
number of functions can be obtained by differentiating each term 
and taking the sum of the infinite series formed by the d. c/s, the 
student is referred to more advanced works. 


Thoorem (iii). The d . c. of ay, where a is a constant, is equal to 
a x the d. c. of y. 

The increase in ay is evidently a times the increase in y, L e, 
(ay) = a. hy ; 


Hw) - a l J- 

hx dx 9 


and therefore, in the limit, (ay) = a ~ • 

dx dx 

Geometrically, this theorem shows that, if all the ordinates of 
a curve are increased in the constant ratio a:l, the slope of the 
curve at any point is increased in the same ratio. 

These three theorems, together with the result of Art. 27, enable 
us to write down at once the d. c. of any rational integral function of x . 


E.g. the d. c. of ax* + bx + c ■■ %ax + b ; 

the d. c. of ar* — 3 x s -f hx % -7x + 6 «= 4;r* — + 10a: — 7 ; 

and generally, the d. c. of 

ax n + bx n ~ l 4 cx n ~ 9 4 ... -4 kx+ l — nax n ~ x + (n — l)&r w “ 8 4 (« — 2)ar n ' B 4 ...4 k. 

Again, the d. c. of (2 — a^) 1 , i.e. of 4— Ax 1 4 x* — 8a?+4ar 8 ; 
the d. c. of (arV* 4arV s )\ i.e. of a? 3 / | + 3 a: 1 / 8 4 3 £"^4 a?' 8 / 8 
- § a ? 1 / 8 4 9 arV* - 3 - } a?" 8 /*. 


It must be carefully noticed that, although the d. c. of a? with 
respect to x is 8x 2 , the d. c. of such a function as (£ a 4-l) 8 with re- 
spect to x is not 8(a: 2 +l) a ; this is the d. c. with respect to #*+ 1, 
i. e. it is the limit of the ratio of the increase in (a^-f l) 3 to the 
increase in £*+1, not the limit of the ratio of the increase in 
(£ 2 4*1) 8 to the increase in £. In order to find the d. c. of (£*+l) s 
with respect to x , it can either be expanded as in the last two 
examples given or, as is better, it can be dealt with by Theorem 
(vii) on p. 79, which gives a general method of dealing with such 
cases. 
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Examples VIII. 

Differentiate the following functions with respect to x : 


8. pa* + qx+r. 

6 . 3#*® — 6af* + jc* 
e. (*-5) # . 

12. (a* -8)*. 

- (*-')'• 

- m‘- 

21. (a — &/*)*. 


1. — 7» + 5. 2. Sa^-ga?— 4. 8. pas* + qx+K 

4. 2ae*~9*-f6. 5. eaM-fc^ + er+d. 6. 

7. a? 4 -2o > a? > +a*. 8. * i "+2aV+a 1 '\ 9. («-5)» 

10. (Va? 11. (1 — ar)*. 12. (a* -8)*. 

“I-** 1 - «■(•-!)•• 

* (¥/■ « («£/• 

10. — 2)*. 20. (1 — </x)*/x. 21, (a — 8/*)*. 

30. Theorem (iv). To And the differential coefficient of a 
product of two functions of x. 

It is obvious, by taking two simple numerical f&ctorB such as 6 x 8, 
that the total increase in the product of two factors is not obtained 
by multiplying together the increases of the separate factors ; and 
therefore the d. o. of a product is not etpial to the product of the 
d. c/s of its factors. 

Let y = uv , where u and v are both functions of a:. When x 
becomes x+bx 9 u and 0, being functions of x, will change ; let them 
become fi + and 0+80 respectively ; 
their product, y, will become 

+ (0+80) =ut> + tt. 8t> + 0. &tt4-Su.8a 

by 9 the increase in y 9 = u. 80 + 0. 8u + 8w . 80, 

by 80 bu t bu x rx 

and rx= u Tx +v -Tx + ii- bv ' w 

In the limit, when bx and therefore ou, 80, by all — * 0 (u, 0, 
and therefore y being supposed continuous functions of 2), by/bx , 
bu/bx , bv/bx tend to limits denoted by dy/dx 9 du/da , d0/d2 respec- 
tively, so that the foregoing relation (i) becomes 

dy dv # du 

= M-r- + » 

dx dx dx 

since, in the last term of (i), the first factor bu/bx tends to the finite 
limit du/dx 9 and the second factor bv tends to the limit 0.* Therefore 
this term tends to the limit zero. 

This result must be remembered, and it is most convenient to 
remember it in the verbal form : 

the d. c. of a product = 1 st factor x d. c. of 2 nd + 2 nd factor xd.c. of UU 


* 0z, 8«, bt each separately -►O, but the ratio of a ny two of thorn tend* to 
I finite limit. 
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1 Examples: 

d. c. of (** + 1) (a^ + 2) ~ («• + 1) 2* + (a?* + 2) 8x* » 5x* + 6»® + 2a? ; 
d. c. of 

</x{<i3? + bx+c) ■■ v^(2ox4fc) + (cw:H&a? + c) . -J 

d. c. of (ax* + bx + c)\ i.e. (ost + fer+t) (<m? 9 4&t4c) 

(aa? + bx+e) (2a« + t) + (ajc* + &a? + c) (2 ax + 6) 

— 2(ax , 4fce4c)(2ax4&). 

The preceding working can be illustrated graphically as follows : 
If the values of u and v are represented by lengths OX and OT 
measured along two straight lines at right angles, y is represented 
by the area of the completed rectangle OXZY ; if XX', YY f denote 
bu and bv respectively, thon by is represented by the increase in 
the area of the rectangle, i. e. by the shaded area in Fig. 40. 

Le. by = ZY* + ZX' + ZZ' = u.bv+v.bu + bu.bv as before. 



Pig. 40. 

When fcw and St? are very small, the last term is of the second 
order of small quantities and can be neglected in comparison with 
the first two terms ; i. e. the area ZZ' is very small compared 
with the areas ZY f and ZX\ 

Therefore approximately (i. e. to the first order of small quantities) 

= u, dv-f t?. bu 

whence, dividing by bx f and taking the limit, 

dy dv du 

dx dx dx 

31. Theorem (v). Differential coefficient of a product of any 
number of functions of x. 

The rule for finding the d. c. of a product of two functions of x 
can be extended so as to apply to the product of any (finite) number 
of functions of & 
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If y = uvto, when u, v, w are all functions of x, then, regarding 
this as the product of the two factors uv and w, we have 

d(uv) 

dx 


dy dto 

£ =w di + 


w- 


dto / do du\ 

= uv te +t0 ( u Tx + v di) 


dto . dv . dw 
= mi> — 4- mm? — 4- t'to 3- » 
dx dx dx 


and similarly for any finite number of factors. 

Hence the d. c. of a product is obtained by multiplying the d. c. of each 
factor in turn by all the other factors, and adding the results. 

This result, in the case of three factors, can be illustrated geometri- 
cally. See Examples IX. 25. 

A very important result follows from these rules. The d. c. of y 2 
with respect to x may be found by regarding it as the product of two 
factors, each y , whence the d. c. of y a 


y da? y dx y dx 


Similarly, if n be any integer, by taking the product of n factors 
each y, we get the d. c. of y n with respect to x = ny 11 " 1 dy/dx. (See 
also Art. 84.) 

The d. c. with respect to # of a function of the form a?"y m , where y 
is a function of x, can now be written down, as follows : 

dy 

d. c. of a? y with respect to x *= a? . ~ +y . &x 2 ; 

ax 

d. c. of x % y 2 with respect to x = x* . 2y ~ +y l . 2a? ; 


d. c. of x* y 3 with respect to x = x* . 3 y 1 ~ +y* . 4a^ , and so on. 


32. Alternative method of differentiating a?*. 

Tt should be notioed that, from these rules for differentiating a product, 
the d. c. of x* may be deduced for positive or negative, integral or fractional 
values of », without having recourse to the limit of Art. 13 (8). 

For (i) if » be a + integer, 

X^ mm X X X X m« h factors. 

By tbe preceding article, since the d. c. of each factor is 1, and thiB, 
when multiplied by all the other factors, gives a?*- 1 , we have x n ~ l repeated 
n times, hence 

d . 
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(ii) If » be a poiitive fraction p/q, we have f «• x p f * ; 
differentiating with reepeot to x, 

... * 2 . = I? - ? a-p-i 4. = ? x p-i-i>m>/j 

dx q q V 2 


(iii) Ifnbe - and equal to -m, 

y — aT w — l/a? m ; .\ x m y * 1 ; 
differentiating with respect to x, 

x m< ^ -f y . tnx m ~ l «* 0 ; 
ax 


. dy Myx m ~* 
" dx~~ x m 


— myar 1 






sr 


«= -mi'™*- 1 - -map - "* 1 

Hence we have proved that the d. c. of x n =*nx n ~ 1 , for all rational values 
of n. 


Examples IX. 

Differentiate with respeot to x the following products : 

2 . *• (i + •/*)• 

6. (aar+6) (a:* + ca?+c*). 

8. (3* + 2)*. 

11. <Sx(x — 1) (ar— 2). 

14. (a-fcr + ca;*)". 

17. xVl *V. 

20 . * 4 +a? l y' > -t y*. 

23. (ay + 6) s . 

25. Illustrate the result of Art. 31 for three factors, by taking a rect- 
angular block with edges u, v, w respectively, and proceeding as in 
Art. 30. 


1. (x*-4)(» 4 + 3). 

4. */x{j&+ 8 a?*). 

7. a?(a? 4 -l) (ar* + 4). 
10. (3aH 2)". 

18. (a - bx + car 1 )*. 

10. a:"y; ay n . 

10. x' z + xy + y\ 

22. (ay + 5)*. 


3. (**+fl n )(/ + a w ). 

0. */x{a/x+h/x x ), 

0. (3x+2) 8 . 

12. (a — bx + cx 2 )\ 

15. xy'\ x 9 y*; x?y 9 . 

18. x n y\ 

21. aap* + bx 9 y + cxy* + dy\ 
24. (ay +6)*. 


33. Theorem (vi). To find the differential coefficient of a 
quotient of two functions of x . 

Let y = u/t?, where t* and t? are both functions of x. Proceeding 
as in the case of a product, when x becomes let u and v 

become w + 8t* and v + $i> respectively. 

Therefore y becomes ^4”’ 

9 e-f bv 


and 


Therefore 


u+fiu u ___ vhu—ubv 
v + bv v t>(v + 8t;) 
bu bv 

V — — U — 

8y _ && b x . 
ix~ w(»+8v) ’ 
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and in the limit, when bx, and therefore also bu, bv, by, 0 , 

this becomes 

du dv 
dy __ V dx u dx 


This result must be remembered, and it can be put in the following 
convenient verbal form : 

d of a uot' nt — x c « ofntim r —num r x d. c, of den r 
quo — (denominator)* 

It should be noticed that this result can be deduced from the preceding 
result as follows : 

If y «■ u/e, then u ■- vy. 

m du dy , dr dy , u dv 

• • r j- ■»/ + - ~r s 

aar dx dx dx v dx 

# du .dy , dr 
V dx~ dx U dx* 


whence 


du dr 
dy * dx U dx 


as before. 


Examples : 

The d. c. of — — (8a>+2 )2x- ae*.S _ 3 x» + 4 g 
3a; + 2 (3*+2/ (3* + 2)*' 

The d. c of xi ~ 8a!+1 _ (* J +8a: + l)(3a*-3)-(a^-3.E4l)(8g , + 8) . 

3^ + 3*+ 1 ” (j* + 3*+l)* * 

which reduce* to — 

(x' + Sar+l)* 


The d. c. of _ («* + »)/(8 _ h ~ ax _ . 

ax-\-b (ajc-t-6)* 2V a? ( flfJP + W* 


The d. c. of ~ — 


**- 2 *s -y*- 2 * 


Examples X. 


Differentiate the following functions with respect to x : 


Sar+4 

L * 5 a: — 3 ’ 

^ 1 —2a? 

2—* 

8. 

ax + b 
bx+a 

jc* + 4 
“ i*— 4 

. a^ — 2a: + 4 
** + 2a: + 4' 

0. 

x u +l 

7'~i 

, ®- . 

8.-^- 

e. 

X 

**+l 

1 — jp 

1 + V* 
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10. 


I + */x 

\^7* 


x (x-2) 

18 ' 8^T 

16. x/y. 

10. y*/* 1 . 


11 . 


At* 8 + fe#*4*c 


14. 


<ur*-&r+c 
(g+2)(s-3) 
ar(aj-l) 
17. y/*. 

20 . 


12 . 


“?+r 


is. 


g(g-i) 
(#-&) (#-8) 


18. a5*/y*. 
21. y n Jx\ 


84. Theorem (vii). To And the differential coefficient of a 
function of a function. 

Consider the function y = (a? 2 — 3) 10 . This is an expression of the 
kind known as a function of a function ; r 2 — 3 is a function of x^ 
and y is a function of # a — 3. Other examples are log sin x, cos* 1 #, 
-/(a 3 — a?\ &c. 

The d. c. of such an expression as (#*— 8) 10 cannot be conveniently 
worked out at once from first principles, but may be obtained in 
two stages by denoting x 2 — 3 temporarily by u, and writing y = u 10 . 

Generally, let y be a continuous function of u, where a is a con- 
tinuous function of x. When x is increased to x + lx, u will become 
u + fitf, and this change in the value of u will make y become y + fiy ; 
then it is an obvious identity that 

ly __ by bu 
lx ~~ fit* X lx 


When lx — ► 0, lu will — ► 0, since u is a continuous function 
of x, and hu/bx will tend to the limit du/dx ; and when fit* — * 0, 
by will — ► 0, since y is a continuous function of u, and fiy/fit* will 
tend to the limit dy/du ; also by /lx will tend to the limit dy/dx . 
Therefore, by Art. 15 (ii), the preceding relation becomes 

dy — dy du 
du dx 


For instance, in the example mentioned above where 
y = « 10 and u = # a — 3, 

T' 

dx 

The d. c. is the limit of (increase in y)/(increase in x) f and by 
thiB method it is found in two stages : 


^ X ~ = lOw’ x 2x — 20* (**— 3)*. 


It is equal to \ 
i. e. to J y 


increase m y 
increase in u 


Ltr 


10 


in crease i n u 
' increase in u 


increase in u 

; » 

increase in x 

increase in (# 2 — 3) 
^ increase in x 


i.e. to d. c. of u 10 with respect to u x d. c. of (# a — 3) with respect to #, 
i.e. to lOu 1 x2*. 
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This theorem can be illustrated geometrically as follows : 

Let jf be a continuous function of u, /(u), where u is a continuous 
function of z, F(x). 

Let AB (Fig. 41) be part of the graph of u ■■ F(x), drawn with reference 

to the axes OX, OU f and let AC be 
the corresponding part of the graph 
of y ■» /(«), drawn with reference to 
the axes OU and OY (the continuation 
of XO). Let P be any point on AB, 
and Q the corresponding point on AC L 
If 01 If, the abscissa x of P, be in- 
creased by MN, the ordinate is thereby 
increased from OH to OK, and this 
increase in one of the coordinates of 
Q produces an increase in the other 
coordinate of Q from OE to OF. Now 
EF LQ' P7> 

6x ” 31X " PD “ LQ * PD 
— slope of QQ' x slope of PP\ 

When F approaches indefinitely near P, Q' approaches indefinitely near Q, 
and PP', QQ f become the tangents at P and Q respectively. Therefore! 
taking the limits, 

— — slope of AC at Q x slope of AB at p ^ x 1 

This is a rule which has constantly to be applied, and the student 
must, by doing many examples, make himself so thoroughly familiar 
with it that he will always avoid such mistakes as giving the d. c. 
of (2z— If as 8(2x— l) 2 instead of 3(2$— l) 2 x2. 



Examples : 

if y «« («*-o*) w , i.e. u n where u « - o* ; 

% “ % ■ £ ■ • 2 * “ * 

if y ■■ V(5-4 j:), i.e. Vu where w •» 5 -4a: ; 

dy ^ dy du ^ 1 2 . 

5a? "* 5* dx ** 2^*4 X " 

if y - Le. «" 4 where w - 1 -op 8 ; 

-4«-»x 3j» r -, 12 ** 

dx du dx (1 


After a little practice, it will be unnecessary to insert the u 
explicitly, and the results can be written down at onoe as below. 
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The d. e. of (4o? + 2) 8 ■■ 3 (4a? + 2)* x cL c. of 4x + 2 ■■ 3 (ix + 2)* x 4, 

*. ft (1— a?) a •■3(1— #) a xd. o. of 1— x ■■ 3(1 — **) x - 1. 

a a («* + a*J* «• 3 d. c. of ar* + a* «• 3 (« 9 + a f j*x 2a?. 


(A/- 8 (A)' 


x - 1 


* a (a?-l)2x-ar* 3jc®fx-2) 

" Vir (x-i? “ (x-ir* 

and generally, 

the d. o. of 14 s ■* 3u a x du/dx , where u is any function of x. 
Similarly, 

the d. c. of u n = nw n " 1 x du/dx , whatever the value of n. 


This last result has already been obtained (Art. 31) from the rule for 
differentiating a product, in the case when n is a positive integer; we here 
obtain it in the more general case when n is positive or negative, integral 
or fractional. 


Taking, as another example, different powers of the same expression, 
the d. c. of (I-2* l )*-4(l-2a’;'xd. c. of 1 -2a; 2 - 4 (1 -2*’)* x ~4.r; 

.. •• ■/(! ” 2 **) — 2^7(1 -Yx*) * d ‘ C ' of 1 ” 2V^T^2?) X “ 4x; 

” ” * xd ' c ' of 1 - 2 * , = - 5 ( 1 - 2 *V‘* -4*; 

and generally, the <L c. of any power 

a-2^) T, -n(l-2x a )«* l x -4*. 


Again, the d. c. of 


vV + 


2 y> a +* 9 ) ~ ~ yV + * 9 ) 

The d. c. of iv/^+r*) (a product in which the second factor is a func- 
tion of a function) is, using the result just obtained, 

x t a ? + 2 j? s 

- * * + ^ 4 ^ K 1 " V(TO) • 


The d. c. of the quotient \/(a 2 + x 2 )/x 

x V(/h^')~' /{a ' +x ' ) 

a? 2 


which reduces to 


x 2 V^i*N r*} 


35. Theorem (viii). The relation between differential co- 
efficients of inverse functions. 

If y is a continuous function of then x is generally a continuous 
function of y . 


G 
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Let bx and by be corresponding increments of c and jr, then 
evidently 

i * 

by * bx~ *» 

and therefore, when hx and iy — ► 0, 

*? v *f-1 

dy X dx 9 


i.e. the differential coefficients of two inverse functions are reciprocals. 

This result may be regarded as a particular case of the preceding 
result, from which it may be obtained by putting y = « ; the rule 
for a function of a function then gives 


_ dx du . dx - /du 

" du X dx' Le * du" / dx* 


This theorem is also obvious geometrically. It has been seen 
(Art 23) that dy/dx is the tangent of the angle f which the tangent 
to the graph of the function makes with the positive direction of 
the axis of x ; similarly, dx/dy is the tangent of the angle v// which 
the tangent to the graph makes with the positive direction of the 
axis of y . 




The sum of these angles is either or $7r (Fig. 42), and in either 
case the tangent of one of them is equal to the cotangent of the 
other, i.e. t&n\fr = 1/tan 

• d y _ i / dx 
" dx" 1 / dy 

Examples. If y = i/x, then x- if \ dx/dy = by 4 = dx 4 / 8 ; 
•\ ■» 5 ^* * n ^is a&se the d. c. of a root is deduced from that 

of the corresponding power. 
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Again, if y a + 3y = x, dx/dy = 2y+8 ; dy/dx = l/(2w+3), 
which gives in terms of y. To find y in terms of x, and then 
differentiate, is a more troublesome operation and involves a much 
more complicated differentiation. 


Examples XI. 

Differentiate the following with respect to x : 

1. (4x-5)«; i /(4*-5); {4<J ._ 5 ).; (4ar-5)"; 

*.(8-7*)*; ^(3-7*); (3 _ 7a;) ,: (3-7*)"; ^( g -7*) 5 ^(3-7*)' 

8. (**-l)*; ■»/(*’ - 1) ; ^n: : y(*»-l )• 

4. («-*)•; V'(a-a'); 

8. 


(a-*)*' 

1 


(a-*)"; 


1 


1 


(*"-«”)* 


a-x* *S(a — x)’ ^(a— x) 

11 1 




8. (au^ + dx-t c) 9 ; ■/(<*** + i* + e) ; (o^ + tx + c)"; 


j 1 1 1 

1 - 1 //^ .,3 1 1 * n//' 9 . I. - . 9 


ax* + &x + c’ '/(ax* 

+ 5x + c) f ^(ax^fcx + c)* 

7 ‘ (a 1 — x*) n ' 

i 


1 

1 

8 - 

0. 

^(o 9 -* 9 )' 

10, 

11. ^(a 9 -**). 

12. 

■JV-* 9 ) 9 . 

■*■ (tV- 

- <'(¥)• 

15. 

Cm)’ 

VU.)- 

”• V(^). 

18. 

fe)'- 

19. x-/(2x + l). 

SO. *V(l -a-)- 

21. 

X 

22 V^ + l) 

v^x + l) 

X 

23. X ' 

24. 


25. x*</(a* — x l ). 

v'Ci-*) 

— x »— * 

20 ' v'(o ,r 7*j ' 

27. 

x a 

28. x(a-x) n . 

so. <•=*£ 

80. 

X 

81. (a-x) 8 (&-x) 3 . 

OP 

(“ -*)•* 

82. 

83. (a-*)" (6 -*)"*. 

CO 

^ 0 s 

AU 

3^5 


Find dy/dx in the four example, following. 

88. / + 3y*-*+l. 80. (3y + 2)/(3 + 2y) 

87. *(y + «)-/. 88. *y + a*4ty+y , = 0. 
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89. Prove that the d. c. of an even function of x ib an odd function of x, and 
conversely that the d. c. of an odd function ii even. 

40. Illustrate Theorem vi, Art. 33, geometrically, by taking u as the area of 
a rectangle of which <? is one side. 

41 . Find the slope of the curve + 4 ary 4 « 5 at the point (1, 1). 

42 . Find the slope of the curve y* — 8xy % + a*x >■ a 3 at the point (a, 3a). 

86. Differentiation of Implicit Functions. 

In the case of implicit functions (Art. 4), it is often difficult or 
impossible to find y explicitly in terms of a, and then by differentiat- 
ing obtain the value of dy/dx in terms of x alone ; but the value of 
dy/dx in terms of x and y can be obtained by differentiating, with 
respect to x , each term of the equation between x and y as it stands. 

It has been proved (Arts. 31 and 34) that the d. c. of y n with 
respect to x is ny n ~ l dy/dx. The terms whicli occur most frequently 
in practice, when y is given implicitly as a function of x, are terms 
of the type ax^y * ; and the d. c. of this term is equal to 

a . ny n 1 + y n • nix in ~ 1 ) , 

by using the ordinary rule for the d. c. of a product. 

One or two examples will now suffice to show how to find the 
value of dy/dx in such cases. 

Examples : 

(i) x 2 -f y s = a a . Since x % + y 1 is constant, its d. c. is zero. 

/. 2ap + 2y dy/dx « 0, whence dy/dx ^ -x/y. 

[In this simple case, y can be at once expressed explicitly in terms of x 9 
for we have y * */(<? — x % ) ; 

d L “ 2 x - 2x= “ V(^y which " “ i “ before -i 

(ii) «* + 3 axy + y 8 a 5 . 

Differentiating each term with respect to x 9 



3,’ + 3a(*£ +y ) + v2-0, 

whence 



and a f - - a y +x \. 


ax ax ■+ y* 

(hi) 

x*y* « 5 *= 0. 

Here 

ay’.Sy 2 — 4y*.2ar + y t .3ar , + « 8 .2y^ « 

whence 

dy 3 x t y i + 2 xif 3 xy + 2y s 

dx 3x*y* + 2x a y ™ Sxy + 2.r 3 
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(iv) If y i* given in the form x n ), we may write y*—a*—x" 

differentiating with respect to x, we have 


then, 


wy*- 1 


■i _ _ 


dx 


• dy « n “ 1 


Examples XII. 


Find dy/dx when x and y are 

l. 

3. + 

a. ** + *’y + ay’ + y’ — o J . 

0. (x + y) a *» ax 1 + fry*. 

11 , (a? , + y , ) > - aV^-y*). 

13. oaf 4- &**y + cay* 4 dtp = 1. 
15. 

17. a^y <l 4-a?V “ ° 7 « 

10. l4a?4y4ay«a. 

21. Find the value of dv/dp (i) 
(p + av~ % ) (c— 5) ™ k . 


connected by the following relations : 

2. Vy 181 

4. «* 4* xy 4 y a ■* 0. 

0. 1 4 afy + a?y a *= 0. 

8. a m x n mm b*y m . 

10. (x 4y) a ■» Zaxy. 

12. (ur* 4 2 &ry 4 cy* ■■ 1. 

14. y ■■ (a^—a^/*)*/*. 

16. a^" + a? n y w 4-y a " — a ,w . 

18. aa: a 4- 2/wcy 4 fey* 4 2 gx 4 2/y 4 c=0. 
20. (o4i)(fl4y)*« J 4 y*. 
when pv —» &, (ii) when pv y ■» &, (iii) when 


37. Calculation of small corrections. 

We have, in several numerical examples in Art. 26, shown how 
the result of Art. 24 can be used to find the approximate change in 
the value of a function due to a given small change in the value of 
its argument. Numerical results are frequently calculated from 
given data by aid of a mathematical formula. These data are often 
obtained by measurement or observation, and therefore cannot be 
found with absolute accuracy. An error in one or more of the data 
will produce an error in the value of any quantity calculated from 
them, and an important practical application of the 'differential 
coefficient is to determine the influence, upon the result of a 
calculation, of given small errors in the measurement of the 
quantities upon which it depends. At present, we shall confine 
ourselves to finding the effect of an error in one variable only. The 
general question of finding the aggregate effect of errors in several 
observations will be considered later (Chapter XXIII). 

It is generally the relative or proportional error (i. e. the ratio of 
the error to the calculated value), or the percentage error, which is 
of importance, rather than the actual error. 

Example 1. A given quantity of metal is to be cast into the form of a right 
circular cylinder of radius 5 inches and height 10 inches ; if the radius is made 
^ iW» too large, what will be the difference in the height 9 
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Let r and h denote the radius and height respectively. Then 

irr*h — the volume — rr25 x 10, and therefore h ■» 250/r 1 . 

We want to find the change in h due to a given change in r, therefore we 
need the d. c. of h with respect to r. 

We have dh/dr 250 x —Sr" 1 ™ — 500/r 1 . Therefore if r be increased 
by h will decrease by (approximately) ^jx 500/5*, i.e. I inch; hence 
the height will be 9*8 inches approximately. 

Example 2. The pressure p and volume v of a given mass of gas at constant 
temperature are connected bij the relation pv k (a constant). If the pressure 
of 10 cubic feet of the gas be 14 lb. per square inch t find the pressure when the 
volume is reduced to 9*92 cubic feet. 

Here we need the change in p due to a given small change in v ; therefore 
we find the d. c. of p with respect to v. 

„ * . . S. * P 

P v f •’ dv r* ~ v 9 

i.e. if the volume be increased by a small amount, the pressure will decrease 
by nearly p/v as much. 

In this case, the volume is decreased by '08 cubic foot. Therefore the 
pressure will increase by }Jx'08, i.e. *112 lb. j)er square inch, i.e. the 
pressure will be 14*112 lb. per square inch. 


Example 3. The time of oscillation t of a simple pendulum of length 1 is 
given by the formula t ■» 2rry/ (1/g*). Find (i) the percentage change in the 
value of t if the length be increased 1 per cent 


. 2 7T 


dt 2 7T ^ 1 tr 

&~Vg x ‘Wi “ TP ’ 


by Art. 24, &f — 


x 81 approximately, and 81 « 


8t 


n l * \ [l 

VW x iooToo 'V 


and the percentage error 


- x 100 


*■ n loo l 

100 ^ g * t “2‘ 


Find (ii) the percentage change in the value of t, if the pendulum be removed 
to a place where the value of g is diminished by *2 per cent , the length being 
unaltered. 


In this case we need the d. c. of t with respect to g. 

t-zwixrVi T** 

approximately, 



•\ the percentage change in t ~ x 100 »* 


and the time of oscillation is increased by *1 per cent. 
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Example 4. 7f the preceding formula he used to calculate the ralue of g 
/tvm observations of t and 1, find (i) the possible error in the value of g, if 
the error in 1 mag be *5 per cent . either wag, t remaining constant . 

We now need dg/dl 


We have 


47t* f dg 4tt* 

# <* ’ '* <« <» ' 


approximately, the error in g 


Air* 

li- 


ft the error in 7 


2 

Z 


ft hi ; 


. *0 ** 
• • ■ “r 

0 * 


±•005. 


The proportional error in the value of g is equal to the proportional 
error in the value of l t as is obvious at once from the fact that g varies 
directly as l. 

Find (ii) the relative error in the value of g owing to the observed value of the 
time of oscillation being *1 per cent . too much. 

Here we need dg/dt. 


9 


4* *Zx£; 

bg *= 


^-4tr*/x — 2r'- 

at 

— -jj- x bt approximately; 


8t tH 

<• - 


bg __ 8tt*/ t y 4 n*l 1 

g ~ IT * 1000 ( T~ “ 500’ 

i.e. the value of £ is too small by about ^ of its calculated value. 


38. Coeffloionte of expansion. 

It is a well-known fact that most substances expand when heated, and 
that the amount of the expansion depends upon the rise in temperature ; 
hence the dimensions of such a body are functions of its temperature. 
Consider a uniform bar which is of length l when its temperature is 3. Let 
the length be Z + fiZ when the temperature iB raised to 8 + bo that bl is 
the increase of length due to the increase bO in temperature. As b$ -w 0, 
bl-rO, but the ratio tl/bd tends to a limiting value dl/dd. dl/ldO is called 
the coefficient of linear expansion . This ia frequently a small constant. Denot- 
ing it by or, we have dl/d8 — Oil . If bO be small, we have approximately 
dJ-Za.ftd and Z + &Z ■» Z (1 + add); bl — a if Z and b$ are each unity, 
therefore (X is approximately the increase per unit length of the bar for one 
degree rise in temperature. 

Similarly, if A be the area of a lamina of the same material at tempera- 
ture d, and if bA be the increase of area when the temperature is raised by 
an amount b8, dA/AdS is the coefficient of superficial expansion. It is 
approximately the increase per unit area for one degree rise of temperature. 
If the lamina be a square of side Z, A *• l 2 , and we have 
l dA 1 dl 2 dl 
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Therefore the coefficient of superficial expansion is twice the coefficient of 
linear expansion. 

Again, if The the volume of a quantity of the material at temperature B % 
and if bV be the increase of volume due to a rise bO in temperature, 
dV/VdB is the coefficient of cubical expansion. It is approximately the 
increase per unit volume for one degree rise of temperature. If the volume 
be a cube of side V *■ P, and 

1 'T - 1 **!■*!_ 8 * 

V dB r» x dd l dB' 

Therefore the coefficient of cubical expansion is three times the coefficient 
of linear expansion. 


Example . A gramme of water (of which the volume at 4° C. is 1 c.c.) 
occupies at temperature 0°C. a volume 1 + &( 0 - 4 )* c.c. where & is a small 
numerical constant ; find the coefficient of expansion at 0° C. and at 10° C. 
Since V ~ 1 + k (6 - 4 )*, we have 


dV 

SB 


2* (0-4) and 


1 dV _ 2* (0-4) 
VdB “ l+*(0-4)*‘ 


When B » 0, this is equal to -8fc/(l + 16*)- When B - 10, this is equal 
to 12&/(l + 36&). Neglecting squares and higher powers of h , these results 
become -8A: and 12& respectively. 


Coefficient of elasticity of volume of a fluid. 

Again, suppose that a quantity of a fluid of unit mass changes so that the 
volume v is a definite function of the intensity of pressure p. An increase 
of pressure bp will produce a decrease of volume -» bv/v is called the 
mean compression. The ratio of the increase of pressure to the mean com- 
pression, i.e. -vfip/bv } tends, as bv-+ 0, to a limiting value -vdp/dv 9 and 
this is defined as the elasticity of volume of the fluid. 

If a gas expands at constant temperature, then, by Boyle's Law, pv — h. 
Differentiating this equation with respect to v 9 we obtain 

p + whence -r ^ —p, 

* dv 1 dv 

i.e. the elasticity is equal to the intensity of pressure p. 

If a gas expands adiabatic&lly, then pv y « a constant k. Differentiating 
with respect to t>, we have 

whence, dividing by v y ~\ we obtain - v ^ «= y p t 
i. e. the elasticity is equal to yp. 
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Examples XHL 

1. If the side of a square can be measured accurately to yfoy inch, find 
the possible error m the area of a square whose side is measured to 
be 15 inches. 

2. If the diameter of a sphere can be measured to ^ inch, find the possible 
error in (i) the volume, (ii) the superficial area, when the diameter is 
found to be 20 inches. 

8. Find the possible error in the area of a circle whose circumference is 
measured and found to be 56 inches with a possible error of fa inch. 

4. A given quantity of metal is to be cast into the form of a cylinder of 
radius 4 inches and height 15 inohes ; if the radius is made fa inch 
too small, what will be the difference in the height ? 

8. Twenty-seven cubic feet of material are to be put in the form of a cube; 
if there is a l cubic foot short, what will the length of the edge of the 
cube be ? 

0. A square plot of ground is to be measured out with an area of 900 square 
yards. What error in the length of the side will make the area 
1 square yard too much ? 

7. The diameter of a sphere can be measured to yj^ inch; find the per- 
centage error in (i) the volume, (ii) the area of the surface of the 
sphere. 

8. Two sides and the included angle of a triangle are measured as 80 inohes, 
40 inches, and 60° respectively; if an error of \ inch is made in 
measuring the first side, what will be the resulting error in (i) the area 
of the triangle, (ii) the length of the third side, when calculated from 
those values ? 

O. The side c of a triangle is calculated from the formula 

c* ■■ a 7 + b* - 2 ab cos C ; 

find the percentage error in the value of c due to an error of 1 per cent, 
in the value of a. 

10. Four rods, each 15 inches long, are ioined together to form a square. 
If two opposite comers are pressed towards each other until their 
distance apart is just 21 inches, how far apart will the other two 
corners then be? 

11 . A ladder 50 feet long rests with its upper end againBt & vertical wall 
and its lower end on the ground 14 feet from the wall ; if the lower 
end is pulled a distance of 3 inches further from the wall, how far will 
the upper end descend ? 

12 . The pressure p and volume t of a given mass of gas at oonstant 
temperature are connected by the relation pv ■= k ; if the pressure 
of 10 cubio feet of the gas be 14 lb. weight per square inch, find 
(i) the pressure when the volume is reduced to 9*9 cubic feet; (ii) what 
change of volume will increase the pressure to 14’2 lb. per square inch. 

13. The distances x and x\ from a lens of focal length /, of a point on the 
axis of the lens and of its image are connected by the relation 
l/x+l/x' 1//; find the magnification of a small objeot in the direc- 
tion of the axis if x' « 1 foot when x ■■ 4 inches. 

14. The value of g is calculated to be 32'2 from the formula / — 2ir V(l/g) 
where t is the time of oscillation of a pendulum of length l ; if an error 
of 1 per cent, is made in measuring t , find (i) the actual error, (ii) the 
percentage error in the value of g. 
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15. Find the change in the time of oscillation of a pendulum if ita length 
be increased 1 per cent. Find also how much it will lose per day, if it 
originally kept correct time. 

16. Find the change in the time of oscillation, and the number of seconds 
gained or lost per week, if a pendulum, which keeps correct time in 
a place where g - 32'2, is removed to a place where g «■ 82*1. 

17. A formula for the variation of electrical resistance A of a platinum 
wire with the temperature 6 is R—R t (1 + ad + bfi) where fi,, a and l are 
constants ; find the increase of resistance due to a given small rise of 
temperature. 

18. With the data of the example in Art 38, find the coefficient of 
expansion of water at 9’C, 

ID. The coefficient of expansion of a bar of metal is '00003; find the 
increase in the length of a bar originally 10 yards long, when its 
temperature is raised 1°C. 

20. Twenty cubic feet of air at atmospheric pressure are compressed to 
a volume of 5 cubic feet ; find the greatest cubical elasticity when 
the expansion follows (i) the law pv**k, (ii) the law pi' 1 — k. 
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DIFFERENTIATION OF SIMPLE TRIGONOMETRICAL 
FUNCTIONS 

99. Differential coefficient of sin & 

This can be obtained either analytically, by the method of Art. 26, 
which involves the use of either the ‘addition formulae’ or the 
‘product formulae’ of trigonometry, or geometrically. The latter 
method involves merely the simplest ideas and properties of the 
trigonometrical ratios, and we will therefore consider it first 

(i) Geometrically- Let AOP (Fig. 43) be an angle of radian 
measure x at the centre 0 of a circle of radius r; and let AOQ be 
an angle x+h, so that POQ is the increase h in x. Let PM, QN 



be drawn perpendicular to OA, PL perpendicular to QN, and PE 
parallel to the positive direction of the axis of x. 

Then sin * = MP/r, sin {x + h) = NQ/r ; 

the increase in sin* = (NQ—MP)/r — LQ/r. 
the increase in sin * _ LQ _ LQ 
the increase in * ” r.h~ arc PQ 

chord PQ arc PQ 'arc PQ 
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As ft— * 0, Q mores indefinitely near to P ; the limiting position 
of QP is the tangent at P, and the limit of the angle HPQ is the 
angle XTP which the tangent at P makes with the positive direc- 
tion of the axis of x, i. e. \ tt+x. 

Therefore sin HPQ tends to the limit sin (J v + x) t and [Art. 18 (10)] 
the ratio chord PQ/arc PQ tends to the limit 1. 


the d. c. of sin x 


L increase in sin x 
* increase in x 


= sin(iir + s)xl = cos a?. 

In figure (a) the angle x is taken less than $ir, but by drawing 
figures for the other cases (b), it is easily seen that, with the usual 
conventions of sign and supposing the angle between PH and PQ 
to be always measured in the positive direction from PH, this angle 
always tends to the limit + x as 0, and the above reasoning 
always holds. 


(ii) Analytically. Let y = sin x, and let * be measured in radians. 
If a; is increased to x + h, y becomes sin (x + li\ 

• by = sin (x + h) — sin x = 2 cos (x + J /*) sin \ h (Product formula). 


as h « 


by 2 cos (a: A) sin \h / , „ v sin$A 

6x A -«•<*+»» *T* 1 

• 0, the first factor — ► coax and the second factor — * 1. 


ay t by 

dx = Ltbi = coax - 


h^O 


Or we may proceed aB follows ; 

6 y — sin (x + h) — sin x *» sin x cob h + co§ x sin h— sin x (Addition formula). 
«- cos x sin h - sin x (1 — cos h) ; 

. by sin A 1-cosA 

bx h h 9 

.% « the limit of this when h -*> 0 

ax 

«= cob x x 1 - sin x x 0 [Art. 13 (10)] 

*» COB X, 


The student must notice carefully that the d. c. of sin mx (where 
m is a constant) is not cos mx, but, by the rule of Art. 84, cos tnxxm, 

L e. the d. o’, of sin mx is m cos mx, 
e.g. the d. c. of sin 2x = 2 cos 2 x, 
the d.c. of sin $ # = i cos x. 
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40. Differential coefficient of oosx 

This may be found by exactly the same methods as the d. c. of 
sin x. Since cos a? decreases from +1 to —1 as x increases from 
0 to v f it is evident that for such values of x, its d. c. will be negative 
(Art. 25). 

(i) Geometrically . From Figure 43 we have 


cos x = OM/r f cos (x + h) =, ON/r ; 
the increase in cos# = (ON—OM)/r 

= -NM/r - - LP/r ; 

PL 


the increase m cos x __ _ LP _ 
the inorease in x ~~ r/* ~~ T arc PQ r 


since — iP= + PL, 


PL chord PQ 
x 


As before, when h - 
factor — 1, 


chord PQ arc PQ 

chord PQ 

= cos HPQ x ^-r • 

x arc PQ 

> 0, the angle IIPQ — ► \ti + x, and the second 


.\ the d. c. of coax — cos (\tt + x) x 1 = — sinx. 

(ii) Analytically . 

Proceeding exactly as in the case of sinx, we get 
by • / , i ix fcin \h 

As /* — ^0, the first factor tends to the limit sinx and the second 
to the limit — 1 ; therefore dy/dx = — sin x, and by the general 
rule of Art. 34, it follows that 

the d. c. of cos xnx = — in sin mx. 


If the angle x be measured in degrees instead of in circular measure, 
these differential coefficients take a less simple form, an inconvenient 
numerical factor being introduced. 

For, in that cuse, the radian measure of h° -* > h. 

•\ since Lt sin 9/0 ■» 1, as 6 measured in radians -> 0, 


we have 


L 


sin h° 
t h° 


7 r 

180 


s in h° 
it w h 


and hence the differential coefficients of bin x° 
and — 1 | 1> 7rsinx g l respectively. 


— l 
“ 180 X ’ 

and cos x° are yI^itcosx" 


41. Differential coefficient of tan x. 

(i) Geometrically . In Fig. 43, let OQ produced meet MP produced 
in 22. 



94 


DIFFERENTIATION OF SIMPLE 


Then t»n* = MP/OM, and t&n(x+K) = Mli/OM; 
the increase in tan x = (MR—MP)/OM — PR/OM= PB/r coax. 
. the increase in tan x _ PB 1 PR 

the increase in * “ r A coax — coax X arc PQ 


PR PQ 

ss MO 2 y V 1 e 

PQ X arcPQ’ 

Now (be angle PQP — ► J7r as h — * 0 ; therefore the triangles PQS 
and LQP are ultimately similar, and PR/PQ — • PQ/LQ, i. e. cosec HPQ, 
which — * cosec ( J 7r + a) ; 


♦\ the d. c. of tan x = secaxcosec (iir+s) x 1 
= sec a; x sec x = sec 2 ai 

(ii) Analytically . 

Let y = tan x. If a? is increased to x + h, y becomes tan (# + %); 
2« = tan(x+A)-tanx = S iBi^±*)_!i5^ 

y win* cog(x+h) coax 

Bin (a; + A) cos a; — sin x cos (x + ft) 
cos (x + h) coax 

sin (x + h—x) sin h 


cos (x + 4) cos x coB(x+h)coax 9 

_ sin h 1 

bz h cos (x + h) cos x 

As A — >0j the first factor — +> 1, and the second — +> 1/cos x, cos 2. 


the d. c. of tan x = l/cos a x = sec 2 x. 

This is always + , whatever be the value of x ; therefore tan X 
always increases as x increases (except as it passes through its points 
of discontinuity, and then by/bx does not tend to a finite limit) as 
is obvious from its graph. Geometrically, the tangent to the graph 
always makes an acute angle with the axis of x. 

From Art. 34, the d. c. of tan mx = m sec 1 mi 


42. Differential coefficients of other oiroular functions. 

The differential coefficients of cot 2 , sec x, and coaecx can be 
obtained in a similar manner to those of sin x, coax, and tan x, by 
either of the preceding methods. 

It should be noticed that, from the d. c. of sin x, the d. c.’s of all 
the other circular functions can easily be deduced by the aid of the 
general rules of the last chapter : 
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d. e. of sin * = cos *. 

d. c. of cos X, i. e. of sin(Jir + *), = oos(J w+*)x 1 [Art. 84] 
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— sin#. 


j. „ . i • .sin* cos *x cos*— sin*x(— sin*) r . , oo1 
d. c. of tan*. i.e. of , = 3 ; ’■ [Art. 83] 

C03 X « u J 


COB*Z 

cos 2 x + sin 2 x 1 


= sec z *. 


, - . r cos* sin*x — sin*— eos*x©os* r . . 

d. c. of cotar, l. e. of . — , r-- [Art S3] 

sin* sin 2 * L J 


aip 2 ^ 
— sin 8 * — cos 2 * 


sin 2 * 


sin 2 * 


= —cosec 2 *. 


d. c. of sec*, i. e. of — , x —sin* [Art. 84] = — t * 

cos* cos 2 * L J cos 2 * 


= sec* tan*. 


i. c. of cosec x 9 i.e. of -4— » = — ri— x cos* [Art. 84] 
sin* sin 2 * L J 


cos* . 

= — cosec * cot *. 

sin 2 * 


43. Application to numerical examples. 

We have now found the rates at which all the circular functions 
are changing for any value of *, and will apply them to numerical 
examples. 

Ex. (i). To find the value of sec 60° V. 

Prom elementary geometry, sec 60° = 2, and it has juBt been 
shown that the d. c. of sec* is sec* tan*. Therefore (Art. 24) if * 
is increased by a very small amount, sec * will increase by approxi- 
mately sec * tan * times as much ; hence, if * be 60° and if it 
increase by 1', i. e. in radian measure tt/ 10800, which is small, 
the secant will increase by sec 60° tan 60° x 7 r/1 0800, i. e. by 
2 X V'S X x/10800, which works out to *001008 nearly ; 

sec 60° 1' = 2*001008 approximately. 

(ii) To find the value of cos 185° 1'. 

From geometry, cos 135° = — 1/ \/2. The d. c. of cos * = —sin *, 
and therefore if * increases by a very small amount, cos* will 
decrease by approximately sin* times as much. Hence if * be 
increased from 186° to 185° 1', cos * will decrease by sin 135° X the 
radian measure of 1', i.e. by 1/^/2 x ?r/l 0^00 nearly; this works 
out to *0002057. 

•\ cos 185 !' = — !/ /2 — *0002057 = -*7073125. 
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(iii) The height of a tower is calculated from its observed elevation at 
a point which is a measured distal from its base m tto horizontal plane 
upon which it stands . If this distance is 450 feet f and the elevation is 
Observed as 35° 80', find the approximate error in the height due to an 
error cf & in the angle of elevation. 

Taking first general values 0 and h for the elevation and height, 
which are being varied, we have 

h = 450 tan 0, and therefore dh/dO = 450 see 2 0; 
hence a small increase in the value of 0 produces an increase of 
approximately 450 sec 2 0 times as much in the value of h. 

In the example given, 0 = 85° 80', and the error in 0 = 5' = ir/2160 
in radian measure. 

• \ the resulting error in the height of the tower 

= 71 * 450 sec* 80' approximately. 

Evaluating this by logarithms, we get *9875, i. e. the error in the 
height of the tower is nearly *9875 of a foot 


44. Application of general rules to trigonometrical functions. 


By the aid of the differential coefficients of sin x , cos x, and tan x , 
together with the general rules for differentiating products, quotients, 
and functions of a function, many other differential coefficients can 
he at once written down. The following are typical examples ; 

The d, c. of a!" sin a; = a? n cos a; +na? n “ l sin a; (Art. 80) 

„ „ cos(a — 2x) = — sin (a— 2a;) xd. c. of a— 2x (Art. 84) 

= 2 sin (a— 2a;). 

„ „ sin 4 x = 4 sin* xxd.c. of sin x (Art. 34) = 4 sin 3 a; cos x . 


IT 


tan n x = n tan 14 ” 1 x x d. c. of tan x = n tan n_1 x sec 2 x. 

B\n 2 x cosa;.2sina;cosa;— sin 2 a?( — sinar), A 

«= i -(Arts. 83, 34) 

cos a; cos 2 as ' 7 


sin x (cos* x +1) 
cos 2 a? 

„ cosec 1 x, i. e. of (sin x) “ 4 , = — 4 (sin x) 6 x cos x (Art. 84) 

= — 4 cosa;/sin 5 a;. 

„ sin w mx = n sin 11 ” 1 mxxd, c. of sin mx (Art. 34) 

= n sin n -1 mx x m cos mx. 


Examples XIV, 

Differentiate with respect to x : 

1. sin 5s, sin £ x, sin(tur-oO> cos ax, cos (x/p), cos( Jrr — 2#). 

2. tan So?, tan {x + a). 8. cot mx, cot (a -2x). 

4. sec war, sec(Iir+*). 6. cosec mx, cosec (j9- 4 x). 

0. sin’ar, sin n a?. 7. cos 5 x, C 0 B m x 8. y^sina;. 

e. cosec s x 10. -y/cosecx ll. tfconx* 

12. see 4 #. 18. cot H x 14. sin* 2x 
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15. cos 1 **. 10 . tan*3#. 17. oot*|#. 

18. #*sin8#. 19. #"cos*. 90. ^/x.Ulux. 

81. (sin 2#)/#*. 92. sinSx cos 4#. 23. sin mx cos nx. 

24. sin x tan x. 25. sin*# tan #. 20. (a +3 sin#) 1 . 

27. V (8 + 4 cos x). 28. sin#— ) sin*#. 29. tan#+}tan 9 #. 

3+4sin# ^ o—5 cos # 1 + tan# 

4 + 3 sin # o + 6 cos # 1 — tan # 

83. Bin* #/(l + sin #)• 84. sin 2# cos 9 #. 85. sin 1 # cos*#. 

80. sin#/oos*#. 87. sin m #cos n #. 88. sin*## cos* 6#. 

89. #”tan m a#. 

Find dy/dx in the following cases: 

40. sin mx— coswy — e. 41. sin*#+ cos*y — o*. 

42. sin # cosy — c. 48. y tan y — #. 

Obtain, by the aid of the d. c/s of the circular functions, the approximate 
values of : 

44. cos$0°r. 45. sin 120° 2'. 46. tan45°r. 

47. cot 135° 3'. 48. < v /sin60°5 / . 49. ^tanl35°2 / . 

60. ooseo* 30° 2'. 51. sin* 29° 57'. 

62. The width of a river is calculated from the elevation, at a point on one 
bank, of a tree 50 ft. high on the opposite bank ; find the approximate 
error in the width due to an error of 5' in the angle, which ia observed 
as 18°. 

63. Two sides of a triangle are 20 ft. and 40 ft. and the included angle is 30°; 

i.l. i * v _ i a l o' j iv* n: • * iL* l - iv 




of the third side. 

64. In the preceding question, find the resulting increase in the area of the 
triangle. 

55. The side o of a triangle is calculated from the values 6 «■ 30, R=70®, 
A 42° ; find the error in a due to an error of 15' in A . 

50. The angle A of a triangle is calculated from the values a wm 70, 6® 90, 
B — 65* ; find (i) the actual error, (ii) the percentage error due to an 
error of *2° in B. 

57. The area of a triangle is calculated from the observed values of 6, c, A ; 
find the relative error due to a known error &A in the value of A. 

68. If #° be the reading of a tangent galvanometer when a current y passes 
through it, y -* C tan x, where C is a constant ; find (i) the error, (ii) the 
percentage error in the value of the current due to an error of in the 
reading when # — 45°. 

59. The distance of a boat at sea is calculated from its angle of depression 
15°, observed at the top of a cliff 120 ft. high ; find the error in the 
distance if the angle be J° too small. 

60. The height of a tower is calculated from its angles of elevation 35* and 
28°, observed at two points 150 ft. apart in a horizontal straight line 
through its base. If the former measurement is found to be out, 
what will be the resulting error in the calculated height ? 

Miscellaneous examples for praotioe in differentiation. XV. 

Find the differential coefficients of the following functions of # : 

1. (#— 3) - . 2. (7-#)*. 8. ✓(1-**). 

4. x* (1 -#)*. 6. 1/ yV - 3# - 2). 6. 1/(5 - 7#)\ 

i m 5 
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7. 

10 . 

X 

18. ./{O* -**)/*}• 

10. x— tana?. 

19. (tan x)/x. 

22 . */x/*\nx. 

20. sin 

28. ^/(uin x/x). 

81. bitia/x./x. 

84. xj a / sin a?. 

87. (sin a/x)J a / x. 

40. Bec(x/a). 

48. x'VCa-x)". 

40. — as**). 

49. sin 3 (a— a:). 
02. (xcob2x)*. 

05. (cos* 2 x)/x i . 
68. x*/cob # 2x. 

61. (1— cos2x)*. 

64. q TT • 

1 + sin a* 

1 +sini* 

1 — sin* as 

. / 1 4- sin a? 

70. V z : 

v 1 — sin x 

rro a ~ X 

■ V(«*-**) * 

76. sin*x cosSx. 
79. sin* x cos*x. 


67. 


62. 


si n 3a: 
cob*x 
cosSx 


86 . . Q 
sin 8 x 

68. sin3xcoB*3x. 


01 . 


04 . 


6 . x \/(4 — a: # ). 

U - ^<4 

14. sin* (x— Of). 

17. xt&nx. 

20 . sinxcos*x. 

28. (sin xj/y^at 
26 . v'fafiina?). 

20. x/sin a/ x. 

82. xv^sinx. 

80. y'x.siny'x. 

38. 2 x +/(1 -x). 

41. sac(a/x). 

44. (a— x)"/x m . 

47. ^/(® — x)". 

50. sin (Of — x)*. 

53. a?*/coB2x. 

50. xcos*2x. 

09. x/cos*2x. 

02 . (a + fcBin*x) m . 

/ x \ m 

05. f a + b sin ^ ) 

Ar> l+sin* 2 x 
e8- 1 ~ain* 2 *‘ 

(*-8)(* + 2 ) 

‘ (*+ 8 )(*- 2 )' 

77. ain 3x cos*x. 

80. 


83. 


cos 3x 
coa*x 
sin 3x 
sin* x 


80. 

C0S 3 X 

69. coBSxsin* 3x. 


0 . V{* (4 -**)}. 

“V*' 

10. COB n |x. 

18. x/tanx. 

21 . a/x . ein x. 

24. a / sin x. 

27. x sin \/x. 

80. y'fx/sinx). 

83. v^(sin x)/x. 

3e. i/x/nnt/x. 
89. (secx)/a. 

42. x m (a — x)*« 

45. ^(a — x). 

48. sin* (Of — x). 

01. a^coa2x. 

54. (cob*2x)/x. 

57. (cos2x)/x*. 

60. 4 sin* 2 x). 

03. ^(1 + cos nx). 

1 + sin 2x 
1 — Bin2x 
1 

x + ^ (a* + x®) 

x* — 8x + 5 

x* + 5x— 8* 
x 

\/(2ax—x*) 

78 . sin 3x cosSx. 

81. 


00 . 


09. 


84. 


87. 


cosS x 
sin*x 
si n 3x 
cosSx 

C0B*X 


90. sin* S x cos* 3x. 


sin 3x 

COB* 3x 

03. 

cosSx 

cob* 3x 

02 . — v q — • 

Bin 3x 

am s 3*' 

sin* 8x 

__ sin* 3x 

00 . 

cos* 3x 

cosSx 

00 . 5 - 5 — • 

COB* 8 x 

sin* 3x 

flin*xco 8 * 3x. 

sin*x 

09. 

cob* 3x 

■ ft * 

cos* 3x 

sin*x 

cos*xBin* 3x. 

COB* X 


Bin B 3x 

101 . . 

8in*3x 

102 . 

C0B*X 


Bin*x 

105. 

sin 3x 

■in*xsin 3x. 

104. ~ o - 
Bin 3x 

sin*x 
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106. co^ap cob Sag. 

cos 9 a? 

107. g-« 

cos Sag 

100. lino; gin 1 Sag. 

*' inx 

110. ■- o 

Bin 1 Bag 

112. COB dP COB 1 3 dP. 

coaa; 

' cos^ap* 

115. gin x cos 1 Sag. 

iia 8in * 
coe s 3x 

118* C0Bd?sin 8 3x. 

119. °°“* 
sm 9 3ag 


108. 


cos 3 a? 
cob 9 a? 


111 . 


si n 1 3 a? 
sin# 


114. 


cob 1 Sag 
cosag 


117. 


cob 9 Sag 
gin a? 


120 . 


sin 9 3a; 
cob a; 


121. x 1 

124. a^yV-**)- 
127. x n (o % -x*) n . 

~ £SS- 

122. ^/(a'-x'yx*. 

125. u?l</(a l ~x % ), 

128. ? + f. 

1 + 2ar 

m. 

123. **//(«’ -x*). 

120. x*(a , -x*)". 

- (££)•• 

-S3- 

“ 8 - (1 + 8*)*' 

134. 

(a + ag) 4 

185 -(l-i»)» - 

-I!?- 

a* — ® 1 

137. tt— rr 
(tt 2 + ag a i | 1 

✓a* -or 9 1 

188 ‘ (?T? ) ' 

"(Hi)"- 

140. (a-ap)"(&— ap)*. 

141. (o*-x*)" (6*— x*)". 

142. x.y/(3 — 4x+2x*). 

143. ag(3-4* + 2ap *ff*. 

144. V(3-4x+2x*)/x. 

140. (l + x)/V(2x + x*). 

146. ag*-v/(3- 4a: + 2x a ). 

147. x , /V , (3-4x + 2x*). 

148. x"iill“*. 

140. a?" sin ,J ;*ap. 

150. ag" gin" nx. 


H8 



CHAPTER V 


GEOMETRICAL APPLICATIONS OP THE DIFFERENTIAL 

COEFFICIENT 

45. Direction of tangent 

It has been shown (Art 23) that if the tangent at any point (», y) 
of a curve, whose equation is y =/(*), makes an angle ifr with the 
positive direction of the axis of *, then the value of dy/dx at that 
point is equal to tan \fr. This is the starting-point of many applica- 
tions of the calculus to geometry. 

Examples : 

(i) Find the inclination to the axis of x of the tangent at the point (2, 4) to 
the curve j m x/(l + x*). 

Ay (!+**) -*.2* 1 -** . 

dx *" (1+**)' “fl +*»)*’ 

at the point (2, 4), this ■» - 3/5' m - *12 ; 

tan ^--'12, and *-173° 9'. 

The tangent makes an angle of 173° 9' with the positive direction of the 
axis of x. 

(ii) Find the direction of the tangent at (3, 2) to the curve x’ + y* -» 85. 

In this case, differentiating the equation as it stands with respect to X 
(Art. 36), we have 8** + 3y’ dy/dx - 0 ; 

dy/dx ■■ -*Vy*, which at the point (3, 2) becomes — J. 
ten i - -J- -2-25, and ^«=113°58'. 

The tangent makes an angle of 113° 58' with the positive direction of the 
axis of x. 

If a curve passes through the origin, the value of dy/dx there 
gives the form of the curve at the origin. 

For instance, in example (i), when 2 = 0, dy/dx ■» 1 ; ten ^ * 1 
and ^ “ 45° ; the tangent to the curve at the origin bisects the angle 
between the axes. 

In the curve y ■= *7(1 + **), 

dy (!+**) 2*-**. 2* 2* 

dx m (l+* ! )‘ “(1 + *V 

• .’. at the origin, dy/dx — 0 and f — 0 ; the curve touches the axis of m 
at the origin. 



GEOMETRICAL APPLICATIONS 


101 


In the curve y — a#*/( 1 +x*), 

dy (1-1 -a? a )}arV»-a; t / > ,2g 

(to** (1+«V 

8(l + x , )-2®* 

__ 2 - 4 ** __ 

"" 3* 1 / 1 (1 Vi *) 1 * 

As a?-*0, this -► oo and hence ^-►90° ; the curve touches the axis of y 
at the origin. 

40. Equation of tangent to a curve at any point. 

The fact that dy/dx = tan \j/ enables ua to find at once the equation 
of the tangent to a given curve at a given point. 



Let the tangent at the point P (x, y) of a curve cut -the axis of x 
in T (Pig. 44), and let (X, X) be the coordinates of any other point 
Q on the tangent Draw the ordinates PM and QN y and draw PK 
perpendicular to QN. 

Then KQ/PK = tan EPQ = tan NTP = tan yjr = dy/dx 
and KQ = T-y, PK=X-x; 


Y-j dy 
X-x ' dx' 


i.e. Y—y = (X—x) 


dy* 

dx 


This equation is quite general, and gives the equation of the 
tangent at any point to any curve whose equation is known ; (x, y) 
are the coordinates of the point of contact* and the value of dy/dx 
is obtained by differentiating the equation of the curve and sub- 
stituting in ibe result the values of x and y. 
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XOS 


Examples : 

(i) Find the equation of the tangent to y* — x* at the point (8, 4). 
Differentiating, we have §y*dy/dx «* 2x ; 

at the point (8, 4) f I ~ Ip " “ g : 

the equation of the tangent is 

r-4-(X-8)* f 
ie. X-8r+4~0; 

or, using the ordinary notation, since x and y are no longer required for 
the point of contact, <r- 8y + 4 — 0. 


(ii) Find the equation of the tangent to the ellipse x*/a* + y*/b a 
point (x, y) on the curve . 

Differentiating, 2x 2y dy 

V* + ¥£c m *' )i 


rfy/efcr — 

and the equation of the tangent is 

r-y~ 


— b % z/a*y t 


- (X-*) 


Vx 

«V 


i. e. 


d'yT-aY - 
fc’x-ST + a*y F — 6 V + a’y 1 j 

ry ^ 

*«• 


dividing by a*6’, ^ ^ — 




This is the required equation in its simplest form, 

*5 + ?> . i 

«* + ft’ 


1 at any 


(iii) Find the equation of the tangent to the circle 
x*+y a -3x + 4y-3l«0 

at the point (—2, 8). 

Differentiating the equation as it stands with respect to x % 

2*+2yJ'-3+4 -0. 

dx dx 

•\ at the point (-2, 3), 

-4 + 6^ - 3+4 i" -0 f whence 10^-7. 

dxdx dx 


Hence the equation of the tangent is 

y-3«(a: + 2) ft, 

i.e, 7 ar- 10 y-f ~44 « 0 . 

The next two examples show how geometrical properties of a curve 
may be deduced. 
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(iv) Find the equation of the tangent to the parabola y* -» 4 ax (p. 17) at 
any point on the curve, and prom that if the tangent at P (Fig. 45) meets the 
axis in T, and PN be the ordinate of P, then T and N are equidistant from 
the vertex k of the parabola , u e. AT m AN. 

Differentiating the equation y* « 4ox with respect to x, we have 
2 y dy/dx — 4a, i. e. dy/dx ■■ 2a/y ; 
hence the equation of the tangent is 

Y-V - (X-x)2a/y, 
i.e. Yy-y % «■ 2aX-2ax ; 

Ty » 2aX-2 ox+y a — 2aX-2ox + 4ax — 2a(X+x). 

This it the equation of the tangent FT. 

Where this cuts the axis of a?, X — 0; 0 — 2a(X+x); 

X, i. e. AT— -a? — - AN. 

Hence A is the middle point of TN always. 

(v) Find the equation of the tangent to the hyperbola xy «= c* (p. 21) at any 
point on the curve , and show 

(a) that the portion of the tangent between the asymptotes is bisected at the 

point of contact; 

(b) that the tangent cuts off f tom the asymptotes a triangle of constant area . 




Differentiating the equation xy ■■ c* with respect to x , we have 
xdyjdx + y ■= 0, Le. dy/dx ■» -y/x. 

•*. the equation of the tangent is 

Y-y - - (X-x) y/x. 

•\ A'y+Fx®2xy. 

.% dividing by xy, X/x + F/y — 2. 

Let the tangent at P (Fig. 40) cut the axes in L and X, and let PN be the 
ordinate of P. 

Where the tangent cuts the axis of x, Y 0 ; X/x ■■ 2, 

i.e. X (which is OL) — 2 x (which is ON), so that OL — 2 ON. 

KL « 2 XP, and P is the middle point of XL. 
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Again, where the tangent cats the axis of y f X -■ 0 ; 

Y/y » 2, i.e. Y (which is OK) « 2 y. 

Now area of triangle KOL — £ OX. OL — J . 2y . 2u? ■■ 2ay 2c\ which 
is constant for all positions of the point P. 

47. Equation of normal to a curve at any point. 

The normal at a point is the perpendicular to the tangent through 
the point of contact ; its equation can be found in the same way as 
the equation of the tangent. 

Lot the normal at P (x, y) meet the axis of x in 0 (Fig. 47), and 
let (X, Y) be the coordinates of any point Q on the normal. Draw 
PK perpendicular to the ordinate of Q . 



Then ^ = tan MPQ - tan XOP 

X—x PK 

= tan (j7T + \//) == — cot\j/ = — 1 ^ ; 

/ax 

(X-y)g = -(*-*). 

Hence the equation of the normal at (x f y) is 

2-*+(r-,)|= o. 

Examples : 

(i) Find the equation of the normal to the curve 9x* — 4y* — 108 at ths 
point (4, 3). 

Differentiating with respect to x, 18a? — By dy/dx » 0 ; 

dy/dx ■■ 18ar/8y (at the given point) 72/24 « 3 ; 
the equation of the normal is X— 4 -i ( X- 3) 3 ■* 0 ; 
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or, using the ordinary letters, now that x and y are no longer required 
to denote the coordinates of the point of contact, 

x+8y — 13. 

There is of course no need to use the general formulae for the equations 
of the tangent and normal ; in any particular example, the numerical value 
of dy/dx at the given point can be obtained as in Art. 45, and then by 
drawing a figure as in this or the preceding article, the required equation 
can be written down at once. 

(ii) Find the equation of the normal at any point of the ellipse x*/a* + y # /b* ■■ 1, 
and prove that if the normal at P (Fig. 48) meets the axis CA in G, and PN be 
the ordinate of P, then CG ■> e*CN, where e is the eccentricity of the ellipse 
(p. 19). 



From Art. 46, Ex. (ii) dy/dx — — Fx/a^y, 

• equation of normal ip 

x— (r-r)^-o. 

L e. Xa*y — a*xy — Tb % x + b*xy — 0 ; 

r o. a ' X b*Y , M 

dividing by s y, — -= a 1 - b\ 

This is the equation of the normal at any point (x, y). 

Where this cuts the axis of x, i.e. at C7, Y — 0 and X ■■ CO ; 

a'X/x • 

and X-(a‘-y-)j - (l 

i.e. CQ-t'CN. 


Examples XVI. 

Find the inclinations to the axis of x of the tangents to the following 
curves: 

1. 2y+7 — ** at (3, 10). 

8. j»* + ^-17 at (-2, 1). 


2. y-6x/(*»-l) at (2,4). 
4. y ■» sin* x at (Jn-, J). 
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Find the equations of the tangents and normals to the following curves : 
5. y «■ 2* 1 — 4*+5 at (3, 11). 0. y — 5*7(1+**) at (2,4). 

7. ** + y* = 20 at (-4, -2). a. Jz+Jy~5 at (9,4). 

9. 2**-ay+8y’«. 18 at (3,1). 10. * J +y*-4*-2y + l-0 at (2, -1). 

Xl. Find the equation of the tangent to the hyperbola at 

any point (x, y) on the curve. 

12. Find the equation of the tangent to a?+y*+2gx + 2fy+c ~ 0 at any 
point (x, y) on the curve. 

IS. Find the points where the tangent to y -= X s - 12a? + 4 is parallel to the 
axis of x. 

14. Find the points where the tangent to y o’x/(a’ + x*) is parallel to the 

axis of x. 

15. At what point of y 9 + o 2 — ax will the tangent be inclined at 45° to 
the axis of x? 

16. At what points of the circle x 9 + y 9 « 25 is the tangent parallel to the 
straight line 4x *=> 3y ? 

17. Prove that the curves y «= x 9 and 6y 7 -x 9 intersect at right angles 
at the point (1, 1). 

18. Find the angle of intersection of the curves xy — 6, x*y 12. 

19. At what angle do the parabolas y 9 ■= 8x, = 4y — 12 intersect? 

20. Find the angle at which the circles a? a + y 3 — 16 and x? + y* 6x 
intersect. 

21. Show that the ellipse *£ x 9 + } y 9 «■ 1 and the hyperbola x 9 — y* «= 8 
intersect at right angles. 

22. Find the equation of the tangent at any point of the curve xV* + y 4 / 3 = «V* f 
and show that the portion of the tangent intercepted between the axes 
is of constant length. 

23. Prove that the tangent at any point of the curve Vx + Vy « v'a makes 
on the axes two intercepts whose sum is constant. 

24. Show that at not more than n — 1 points can tangents to 

y — ox" + 6x n - 1 + ... +k 

be parallel to a given direction. 

25. The tangent at any point P of the curve y =» x 9 cuts the axis of x in T f 
and PN is the ordinate of P, prove that OT = 2 TN. 

Find the corresponding result for the curve y «= x n . 

26. Find the equation of the tangent at any point to x m y n ■* a m+n , and 
prove that the portion of it intercepted between the axes is divided in 
the ratio m : n at the point of contact. 

27. Prove that the length of the tangent to the hyperbola xy ■* c a inter- 
cepted between the axes is twice the distance of the point of contact 
from the origin. 

28. Find the equation of the tangent to the conic 

«x* + 2 hxy + hi/ 4 2yx+ 2/y + c ■» 0 

at any point. 

20. Find the equation of the tangent at any point to the curve 

y (x 9 + y 2 ) ** ax*. 

80. Find the forms of the following curves near the origin : y — x*/(l ~x*) t 
y *= x/(l — x 9 ), y* — x®/(l - x 9 ) 9 . 

81. Prove that, at the origin, the curve y 9 — x 8 touches the axis of x, 
y 9 =* x(x — l)(x— 2) touches the axis of y, and y 9 « x 9 (1 - x 9 ) bisects 
the angle between the axes. 
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32. Prove that the carre y m — at* /(l + x) touches the axis of a? or the axis of 
y at the origin according as m < or > n. What happens if m -■ »? 

S8. If the tangent at a point P of an ellipse meet the axes CJL and CJB in T 
and t f ana if PN, PM be perpendiculars to these axes respectively, 
show that CN . CT - a* ; CM. Ct - 5*. 

84. Find, in terms of x, y, and dyjdx, the inclination of the tangent at any 
point P of a curve to the straight line joining P to the origin. 

86. The tangent at any point P of a curve meets the axes of x and y in T 
and P, and the normal at P meets them in N and N respectively; 
prove that TN/TN' - dyjdx. 

48. Lengths of tangent, normal, snbtangent, and subnormal. 

If the tangent and normal at a point P (Fig. 49) of a curve meet 
the axis of x in T and G respectively, and if PN be the ordinate 
of P, then NT and NG are called the subtangent and subnormal 



respectively, and the lengths of FT and PG are called the lengths 
of the tangent and normal respectively. 

All these lengths can, on drawing a figure, be at once written 
down in terms of y and dyjdx. For L GPN = Z PTG = and 
NP=y; 

hence the subnormal NG = y tan V' = y dyjdx ; 

the subtangent NT = y cot = y ^ ~ ; 

the normal PG = y sec ^ I + (^r ) j ; 

the tangent PT = y cosec * = y ^1 + 

The student should not attempt to remember these results, but 
should draw a figure, and obtain from it as above the particular 
results he requires* 
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Examples? 

(i) Prove that, in the parabola , the subnormal is constant. 

The simplest form of the equation of a parabola is y* — lax; differen- 
tiating with respect to x, 2 ydy/dx - 4 o ; 

•\ the subnormal ydy/dx —2 a, 
i.e. if in Fig. 10 the normal at P be drawn to meet the axis in G, 

NG «■ 2a — 2XS — $ the latus rectum (see Ex. II, 20). 

(ii) The tangent at any point P of the curve y » x* cuts the axis of x in T f 
and PN is the ordinate of P (Fig. 50) ; prove that OT ■■ (n- 1) TN. 

Here the snbtangent 





whence 


>ON~(n~l)TN. 



Fig 50. Fig. 51. 


40. Further properties of curves. 

The lengths of many other lines connected with a curve can he 
obtained in a similar manner. First the length of the line is 
obtained from the figure in terms of x , y, and \j/ as in the preceding 
article, and then from the fact that tan ^ = dy/dx, the value of any 
other ratio of yfr can be obtained in terms of y and dy/dx by 
elementary trigonometry. 

For instance, suppose the lengths of the perpendiculars from the 
origin to the tangent and normal are required. Let OV, OZ 
(Fig. 51) be perpendiculars from the origin 0 to the tangent I J T and 
normal PG. 


OV = OTbid yff = (ON— TN) sin ^ = (x- 

d J x l 

a y\ dx t 


•ycot\l/)ain\j/ 


a . y \ _ ax 

\l) jhd) i 
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And OZ = 00 cos ^ = (ON+NG) cos ^ 


(s+y tan M cost/' = 



In particular cases, it is best not to use these general formulae, 
but to draw the curve roughly and work out each case from the 
figure. 

Two examples of a rather more difficult nature than those already given 
are here worked out : 


Ex. (i) In the curve xV 8 + y*/* « a*/ 8 , find the length* of the perpendicular s 
from the origin to the tangent and normal , and if V he the foot of the 
perpendicular from the origin 0 to the tangent at P, prove that the locus of 
ihe middle point Q of PV is a circle . 

This curve is a very well known one, and on account of its shape, is named 
the ‘ astroid \ 


B 



Differentiating its equation with respect to x % 

dy yV* 

or — ■■ — • 

dx *v* 

tan PTN - -tan + - yV*/ s r>/». 

[/V s y 1 / 8 


2 2 _ dy 


This i8 tan 

sin P7W 


— , and cosP7!A T « 


V r (^* + y a/i ) 

Draw JV/f perpendicular to OF, cutting PG in H. 

Then OF- OA+ HP - OJVsin 0^+ PYcos HPN 

y 1 /* a; 1 /* 


x'/'yVt 




xV'y'ft 

~a& r 


.oV«.(«j ry)V» 


*V* 


110 


GEOMETRICAL APPLICATIONS OP 


Similarly OZ - KN—HN *» ON cos ONK ~ PN sin NPH 
x't* 

-yV> (a^- tV V»)(x»/» + y*/*) 

" a 1 / 8 “ aV> 

These are the lengths of the perpendiculars from 0 to the tangent and 
normal at P in terms of the coordinates of P. 

Next, if the locus of Q is a circle, it is evident from symmetry that 0 
must be its centre. Therefore, finding the length of OQ t 
OQ*=OV'+VQ i - OV* + \OZ' 

~ (a*y)‘ V» + i aV * + yV 8 - 2 arV> y V») 

- 1 a* 8 [4 x^yV* + + y«/» - 2* a /y/ 8 ] 

- i a 2 / 8 0 s / 8 + yV 3 ] 2 » J a* 3 x aV 8 - 1 a*. 

Hence OQ =■ which is constant, so that the locus of Q is a circle, 
centre 0 and radius j a. 


Ex. (ii) Find the condition that the curves 

xVa* + y 8 /b* - 1 and x 8 /a' 2 + yVb' 8 - 1 
may cut at right angles . 


The value of dy/dx for the first curve is given by the equation 
2* 2y dy dy Wf . 

4 • L9 J . *• “• 


h* djp 




<ry 


similarly for the second curve 

*?. 

dx 


V*x 

a*y 


The curves cut orthogonally, i. e. the tangents at their points of inter* 
section are at right angles, therefore the angles which these tangents 
make with the axis of x differ by 90°, and the tangent of one ■» — the 
cotangent of the other ; 


Vx 

a 2 y 


a' 2 y . _ _y 2 _ 

1,fc aV*" 


(i) 


At the points of intersection, both equations are satisfied ; 
. _** , V' 

• • ~5 T - 

rt 1 


b 3 “ 1 ” «'» + b’* 

«>«'* " w ’ 


.•substituting the result of equation (i), a ,% -~a * « &' 8 ~ 6*. 
Hence the required condition is a 8 — fc* «■ «'* — h' 1 . 
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50. Expression of coordinates x and p in terms of a third 
variable. The Cycloid. 

In many cases, instead of finding the equation of a curve as an 
algebraical relation between x and y, it is more convenient to express 
both x and p as functions of some third variable; the equation 
connecting x and y can then be obtained, if required, by eliminating 
this third variable from the two equations given. 

For instance x = a cos 0, p = b sin 0 are the coordinates of any 
point of an ellipse whose semi-axes are of lengths a and 5. What- 
ever value be assigned to 0, the point (a cos 0, b sin 0) is always on 
the ellipse, and the ordinary equation of the ellipse is found by 
eliminating 0 ; for x/a = cos 0, yfb = sin 0, and therefore squaring 
and adding, x?/a 2 +y 2 /b 2 = 1. 

As a particular case, x = a cos 0, y = a sin 0, are general expres- 
sions for the coordinates of any point on a circle, radius a and centre 
the origin. 

Similarly, x = am 2 , y = 2am, where m is variable, denote the 
coordinates of any point on the parabola p 2 = 4 ax ; for, eliminating 
m, we have 

x/a = m 2 = yV 4 ° a ; V 2 = 4 as ; 

so that, whatever the value of m, the point is on the parabola. 

It is often of advantage to use these forms of the coordinates in 
investigating properties of conics.* 

Again, in the ‘ astroid * mentioned in the preceding article, 
if s = acos 3 </>, we obtain, on substituting this in the equation 
xVa+yty* = a 2 / 8 , y = asin 8 </>. Hence the coordinates of any point 
on this curve are given by the equations 

x = a cos 3 0, y = a sin 3 0. 

In these examples, the equation between x and y is quite simple, 
but in some cases, although the equations which give x and y in 
terms of the third variable are simple, the equation between x and y 
obtained by elimination is very complicated and most inconvenient 
to work with. 

A good example of this is furnished by the well-known curve 
called the 1 cycloid \ 

The cycloid. A cycloid is the locus of a point on the circum- 
ference of a circle which rolls (without sliding) along a fixed straight 
line ; its equations are obtained at once from a figure. 


• For Um hyperbola, — Ex. XVIJL 1& 
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Let a circle, centre C (Fig. 58) and radius a, roll along a straight 
line OX ; let P be the position of the tracing point when the radius 
CP has turned through an angle 0, starting from the position in 
which P coincides with 0. Therefore the arc 1 VP = the straight 
line NO. 

If (, x , y) denote the coordinates of P, referred to 0 as origin and 
OX as axis of x t then 

x = ON- PM = arc PN-PC sin 0 

= a0—asin0 = a(0— sin 0); 
y = NC—MC = a-acos0 = a(l — cos0). 

These two equations constitute the most convenient form of the 
equation of a cycloid. 4 * 

In cases such as this, since x and y are both continuous functions 
of 0, a small increase bO in 0 will produce Bmall increases hx and by 
in x and y . 

It is evident that = 


T 



Hence, by Art. 15 (Hi), when bO and therefore also bx and by — » 0, 
we have 

dy __ dy / dx 
dx~ dO / d$‘ 

In the cose of the cycloid, this gives 

dy atsinO 2sin$0cos|0 A1A 

dx “ a (1-cos 6) “ 2 sin 2 \ 0 ~ cot 

* The student should eliminate 6 and obtain the Cartesian equation in order 
to see how complicated and inoonvenient an equation it is. 
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Referring to Fig. 53, *0 = \IPCN = Z PTN; 

dy/dx = cot PJJV' = tangent of angle which PT makes with 
the axis of x, from which it follows that PT is the tangent to the 
cycloid at P, and PN, being perpendicular to it, is the normal at P. 

This follows at once from the definition of the curve, for, as P 
traces out the curve, its motion is for an instant one of rotation 
about N, i. e. in direction perpendicular to NP, i. e. along PT, since 
the angle NPT in a semicircle is a right angle. Hence PT is the 
tangent at P, and PN the normal at P. 


Examples XVII. 

Find the lengths of the tangent, normal, subtangent, and subnormal in 

the following cases : 

l. y* ■» 4 (a: +5) at (4,6). 2. y ■= a sin (x/b) at (}nb, Jc). 

8. a?* + JV 8 *t (8,6). 4. xP + y 1 — 6 x — 2y + 5 ■» 0 at (2, — 1). 

5. Prove that the subnormal at any point of the curve x* — y* « e* is equal 
to the abscissa. 

6. In the curve xy — c 7 } prove that the subnormal varies as the cube of 
the ordinate. 

7. Show that, in the parabola y* ■= 4 ax, the subtangent varies as the 
square of the ordinate. 

8. Prove that, in the curve y n+l «= a n x t the subtangent varies as the 
abscissa, and find the subnormal. 

0. Show that, in the curve ay 1 -» (x + b) % , the subnormal varies as the 
square of the subtangent. 

10. Prove that, in the curve ax' + by % « c, the subnormal bears a constant 
ratio to the abscissa. 

11. Find the subtangent, at the point where x = a, in the curve 

ay 7 ■* (a + x) 1 (So - x). 

12. Find the subtangent and subnormal at any point of the ellipse 

+y*fb* ■= 1, 

and prove that the subtangent is the same (at the point with the same 
abscissa) as in the circle on the major axis of the ellipse as diameter. 

13. In a certain well-known curve (called the tractrixl, the slope at any 
point (x, y) on the curve is equal to -y/i/(a s -y*) ; prove that the 
length of the tangent is constant. 

14. Prove that x «= a cos 3 8, y «= a sin* 8 are the coordinates of a point on 

the astroid x 3 / 3 + y i/% and find, in terms of 8, the equation of 

the tangent at any point. 

15. Find, in terms of 0, the lengths of the tangent, normal, subtangent, 
and subnormal at any point of the astroid. 

16. Find the equation of the tangent to the cycloid (i) when 8 « £tt, 
(ii) for any value of 8 . 

17. Find the lengths of the subtangent and subnormal at the point on 
a cycloid where 8 =■ \ it. 

18. Prove that x = a sec 0, y » 6 tan 8 are the coordinates of a point on the 
hyperbola x*/a*-y s /^ s "* and find the value of dyjdx in terms of 0. 
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18. Find the equation of the tangent to the ellipse **/«*+ *■ 1 at the 
point (a coed, bund). 

50. If the coordinates of a point on the parabola y* — lax be taken as 
(am*, 2 am), what is the geometrical meaning of m? 

51. Find the lengths of the subtangent and subnormal at any point of the 
cardioid, given by » — a (2 cos d+ cos 2 d), y — a(2sind+ sin 2d). 

SS. Find, in terms of y and dy/ix, the lengths of the perpendiculars. from 
the foot of the ordinate to the tangent and normal at any point of 
a curve. 

33. Find the length of the perpendicular OY from the origin to the tangent 
at a point P of the hyperbola xy mm <•', and show that the rectangle 
OY. OP is constant. 

24. Prove that, if a gas obeys Boyle’s law pv — k, the cubical elasticity 
(Art. 88) is represented by TM, where T is the point in which the 
tangent to the curve pv = it: at the point P cuts the axis of p, and 
PJf is perpendicular to that axia 



CHAPTER VI 


MAXIMA AND MINIMA 

51. Definition of maxima and minima. 

We shall now show how to find the maximum and minimum 
values of a function of one variable, confining ourselves to cases 
where the function and its differential coefficient are continuous. 

If a continuous funotion increases up to a certain value and then 
begins to decrease, that value is called a maximum value of the 
funotion; similarly, if the function decreases to a certain value 
and then begins to increase, that value is called a minimum value 
of the function; in other words, a maximum value is one which 



is greater and a minimum value is one which is less than all 
other values in the immediate neighbourhood on either side. 

According to this definition, a function may have any number 
of maxima and minima; and a maximum value is not necessarily 
the greatest nor a minimum value the least of all the values of the 
function; in fact it is quite possible for some or even all of 
the maxima to be less than some or all of the minima. 

This is illustrated by the funotion secx. A ax increases from —in- 
to 0, secx decreases from oo to 1 ; as x increases from 0 to sec* 
increases from 1 to oo. Therefore secx has the minimum value 1 

iS 
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when x = 0. When x = Jtt, sec# is discontinuous. As# increases 
from \tt to tt, sec# increases from — co to — 1 ; as x increases from 
ir to $ir, sec# decreases from — 1 to — oo. Therefore sec# has the 
maximum value —1 when # = tt. When # = f tt, sec# is dis- 
continuous. 

These variations are repeated an indefinite number of times, and 
the variations begin to recur after # has increased by 2# or any 
multiple of 2ir. (This is expressed by the statement that see# is 
a periodic function of x, and its period is 27 r.) Therefore sec# has 
an infinite number of minima, each + 1, and an infinite number of 
maxima, each —1, and the minima are greater than the maxima 
(Pig. 54). 

52. Alternate maxima and minima. 

It is evident that, in a function which is always continuous, 
maxima and minima must occur alternately; because after any 
maximum the function is decreasing, and before the next maximum 
it is increasing, therefore, if it is continuous, there must be some 
intermediate point where the function ceases to decrease and begins 
to increase ; such a point is a minimum. Hence between any two 
consecutive maxima there is a minimum, and similarly between any 
two consecutive minima there is a maximum. 

The circular functions furnish good illustrations of these definitions 
and ideas. Sec# ha9 been considered in the preceding article, and 
cosec# may be used to illustrate the same points. 

Sin# and cos# are always continuous; both have an infinite 
number of maxima, each +1, and an infinite number of minima, 
each —1, occurring alternately at intervals of t r in the value of #. 
(Sin# and cos# are periodic functions whose period is 27 t.) 

Tan# and cot# have no maxima or minima. As # increases 
from — Jtt to 4-$7r, tan# increases from — oo to -foo; when 
# = Jtt, tan# is discontinuous ; and as # increases from Jtt to fir, 
tan# again increases from —oo to 4- oo, and so on. There is 
therefore no value of # at which tan # ceases to increase and begins 
to decrease* Similarly for cot #. (The variations in the values of 
tan# and cot# begin to recur after intervals of 7r; therefore tan# 
and cot# are periodic functions whose period is 7 r, not 2ir, as in 
the case of the other circular functions.) 

65. Conditions for a maximum or minimum. 

It has been pointed out (Art. 25) that the differential coefficient 
•of a function /(#) is + or — according as the function increases or 
decreases as # increases. 
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Just before ft max., /(sc) is increasing as x increases, its d. c. is + .) 

*» 99 » » decreasing ft „ „ „ „ — f 

w before a min., „ ,, < ,, 0 »» — • 1 

w after,, „ „ „ increasing „ „ „ „ „ +.f 

Hence, in passing through a maximum or a minimum value, the 
d. c. of the function must change sign, and therefore, at the maximum 
or minimum, the d. c., if continuous, must equal zero (Art. 17 (4)). 

Hence a value of y is a maximum or a minimum value when dy/dx 
is equal to sero and changes sign as y passes through that value* 

If dy/dx changes from 4 * to — , the value is a maximum. 

If dy/dx changes from — to + , the value is a minimum. 

Notice that the condition dy/dx = 0 alone is not a sufficient 
condition for a maximum or minimum ; y may increase up to a 
certain value (dy/dx + ), remain constant for an instant (dy/dx = 0), 
and then begin to increase again (dy/dx again + ); dy/dx in this 
case does not change sign, and the value for which dy/dx = 0 is not 
a maximum. 

54. Geometrical treatment of maxima and minima. 

All these results follow at once from geometrical considerations. 



In the curve shown in Fig. 55, the ordinates at A and C represent 
maximum values of the function, and the ordinates at B and D 
represent minimum values. If the tangent at a point (x f y) of the 
curve make an angle x/r with the positive direction of the axis of x 9 
dy/dx = tan \j/. At A , B, C, I) the tangents are clearly parallel to 
the axis of x ; therefore \j/ = 0 and tan \fs = 0, i. e. dy/dx = 0. 


Just before A or (7, 
„ after l( „ ,, 


before B or D, 

ftftsr „ if 


y/s is acute, 
„ „ obtuse, 
„ „ obtuse, 
„ „ acute, 


tan ^ is + , 

M 99 *» 99 » 


99 


99 


»» »» "l 


+1 


i.e. 

ft 

99 


dy/dx is +.1 
»» >»““*' 

»» 99 "•{. 

99 w 


99 99 99 


99 99 99 99 
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Hence in passing through a maximum, dy/dx changes from + to 
— , and in passing through a minimum, from — to + . 

But A , B y C y D are not the only points where the tangent is 
parallel to the axis of x ; at such points as E and F, the tangent 
is parallel to OX and therefore dy/dx = 0, but in passing through 
these points dy/dx does not change sign. 

Juet before and after E } + is aoute, dy/dx ii + in both oases. 

Just before and after F t + is obtuse, ,\ dy/dx is — in both oases. 

The points E and F are called points of inflexion, and such points 
will be considered more fully later on (Art. 59). 

All points where dy/dx = 0 are included in the term stationary 
points, because the rate of change of the function at such points is 
zero. They include, as we have just seen, maxima, minima, and 
those points of inflexion at which the tangent is parallel to the axis 
of x. A curve may have points of inflexion where the tangent is 
not parallel to the axis of x ; at such points, of course dy/dx is not 
zero. 


It is possible for a function to hare maxima and minima of a different 
nature from those indicated above, e. g. at points such as Ay B, C, in Fig. 56. 

The ordinates at A and C are 
maxima, and the ordinate at B 
is a minimum according to the 
definition of Art. 51. At such 
points as these, y is continuous, 
but dy/dx is discontinuous ; at A , 
it is infinite, the tangent being 
perpendicular to the axis of x , 
and therefore tan ^ » oo ; at B 
and Cy dy/dx suddenly changes 
by a finite amount as the tangent 
passes from one side of the point 
to the other. [In these cases, the condition that dy/dx changes sign 
in passing through the point is fulfilled; in passing through A and C, 
dy/dx change from + to — , and in passing through By from — to +.] 
Such points do not occur in the functions which are encountered in 
elementary examples. 



It is evident that the determination of the maximum and 
minimum values of a function, the ‘ turning-values ' as they 
are often called, is of great assistance in drawing the graph of the 
function. 
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65. Examples. 

We will now apply these prineiples to a few algebraical and 
trigonometrical examples. 

(i) Find the maximum and minimum values of x 3 — 9x 2 + 16x, and 
draw roughly the graph of the function. 

Here dy/dx = 8a? 2 — 18«+15 = 8 (a— l)(a?— 5) ; 

dy/dx = 0 when x = 1 and when x = 6. 

To find whether and how dy/dx changes sign as x passes through 
these values, it is best to start below the smallest value and trace 
the changes in the sign of dy/dx as x increases through each value 
in turn. 

If x is slightly < l f the first factor is -, and the second — , dy/dx is + ) 
If % is slightly > 1, dy/dx is - J 

If x is slightly < 5, dy/dx is - 1 

If * is slightly > 5, „ „ + , „ „ + • .% dy/dx is + ) 

Therefore dy/dx changes from + to — as x increases through 
the value 1 9 and from — to + as x increases through the value 5 ; 
hence y is a maximum when x = 1, and is then equal to 7, and 
a minimum when * = 6, and is then equal to — 25. 

Moreover, the graph goes through the origin since y = 0 when 
x = 0, and it cuts the axis of x where y = 0. .\ rr 3 — 9a? 2 + 15a? = 0, 



Therefore the graph is roughly as shown in Fig. 57. Clearly no 
finite value of x can make y infinite, and after passing the point 
(5, —25), y must continually increase and the graph rise; for if 
it ever descended again, there would be another maximum, since 
the function is always continuous. Similarly, it must continually 
ascend from — oo to the point (1, 7). 
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(ii) y = *«-6* 2 + 8a+10. 

dy/dx = 4 a: 8 — 12*4*8 = 4 (a- l) 2 (*+2), 

•\ dy/dx = 0 when x = 1 and when x = —2. 

To find the change of sign, starting below the smaller value, 
if x is slightly < —2, the signs of the factors are + , — , dy/dx is — ) 

if x is slightly > -2, „ „ „ + , +, .\ dy/dx is + J 

if x is slightly <1, „ ff „ + dy/dx is + ) 

if a is slightly >1, „ „ „ + , + , dy/dx is + ) 



Therefore dy/dx changes from — 
to + as x increases through —2, 
and does not change sign as a in- 
creases through 4- 1 ; hence y is 
a minimum when a = — 2, and is 
then equal to — 14 ; and there is a 
point of inflexion when a = 1, and y 
is then equal to 13. 

The curve cuts the axis of y 
where a = 0, and therefore y = 10 ; 
it is shown roughly in Fig. 58. It 
muBt continually descend from oo to 
(—2, —14), and continually ascend 
from (1, 13) to oo. There is no 
maximum. 


,...* a 2 — 4a+9 

<m, * = irf4 i+j- 


dx ' 

(* a +4«+9)* 



which reduces to 

8 (**-») . 



(a 2 + 4a + 9) 2 ' 



dy/dx 

= 0 when a = ± 3. 



If x is slightly < — 8 , the num. is 

+ , and the denom. is 

+ ! 

dy/dx is + 

If x is slightly > -8, „ „ 

99 99 

+ , 

dy/dx is — 

If x is slightly < 8, „ „ 

~» 99 99 


dy/dx is — 

If x is slightly > 8 , „ „ 

+ 9 99 99 

+ 9 

dy/dx is + 


Therefore y is a maximum when a = — 3, and a min imum when 
a = +3. 


When a = — 3, y = ^ = 5, and when a=+3, y = ^ = |. 
When a = 0, y = 1 ; and by writing the equation in the form 
1 — 12/a+S/a 2 / . . /f _. lt J 

y = i + 12/x+Q /& (*** Art * 13 ( 7 ))> we Bee that > M 

y approaches the limit 1. Therefore y = 1 is an asymptote. 

The general trend of the graph is therefore as shown in Fig. 59. 



MAXIMA AND MINIMA 


121 



(iv) y = asin0 + 6cos0. 

dy/dO = a cos $ — 6 sin 0 j 

•\ dy/dd = 0 when 6 sin 0 = a cos 6 , i.e. when tan 0 = a/6, 
and then sin 0 = ± a/ V ( a 2 + 6 2 ), cos 0 = ± 6/ 1 / (a 2 + 6 2 ), 
both signs being + or both — , since tan 0 is -f . 

Therefore the maximum and minimum values of y are 

a * 7(^+6 “) +b * vV +«>*)’ le ’ ± 

Since y is always continuous the greater value is the maximum ; 
therefore y has an infinite number of maxima, each + v / (a 2 + 6 2 ). 



Pig. 60 . 


and an infinite number of minima, each — V f (a*+6 2 ), occurring 
alternately at points where tan 0 = a/6. Since 
tan (nit + 0) = tan 0 = a/6, 

the turning-points occur at intervals of it in the value of 0 (Fig. 60). 
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Examples XVIII. 


Find the stationary points of the following functions 1-86, and die 
criminate between them. Also, draw roughly the graphs of the 


funotiona 1-20. 

1 . ®*- 6 ® + 8 . 

8. ®*-12®+5. 

B. ** + 8®*+ 20®-10. 

7. ®* — 8®* + 8® — 1. 

9. ® 4 - 8a? 8 + 22®* -24®+ 12, 
11. ® 4 -2®*+2®*-6® + 3. 

18. (®— 1)*(®-2)*. 

®*-2®+4 
®* + 2®+4’ 

(*-«)* 

2—x 

10. (®-2)(6-®)/®». 

21. (®-8)V»( a? -6) t /». 

0 * 0 * 

28 ‘ ® + 4 (a-®)' 

25. (®-3)>/(l + ® > ). 

27. o sin 1 ® + 5008*®. 

29. 4® ■+ tan 3®. 

81. tan’® -2 tan®. 

83. sin 8 ® cos®. 

35. sin®/(l + tan®). 


15. 


17. 


2, 16-6®— 8®*. 

4. 2®* -15®* + 86®. 
e. «*-9®* + 15®+11. 
8. ® 4 -8®* + 10®*-f 40. 
10. ® 8 -5® 4 + 5® a -l. 
12. (®-l)*(®-2). 

14. (8®-3)7(®+l)». 

16 9 ~~- 
16- 9 + ** 


(*+8)(* + 2)' 

20. (® + a) (® + b)/x. 

22. x^(ax—a?). 

24. ^(x/a^a/x). 

26. sin ® + cos®. 

28. sin 2®-®. 

80. cos 2® + sin®. 

82. aoot® + btan®. 

84. sin(®-a)cos(®-0). 
88. tan®- 8 sin®. 


87. Prove that (® -«,)*+ (® -o*)* + ... + (®-oJ* is a minimum when ® is the 
arithmetic mean of a 1T a i} ... a n . 

88. The bending moment of a beam of length l, at a distance ® from one 
end, is equal to \tolx—\ tc®*, where u> is the (uniform) load per unit 
length ; prove that the maximum bending moment is at the centre. 

89. The force exerted by a circular electric current of radius a on a small 
magnet whose axis coincides with the axis of the circle varies as 
®/( 0 * + ®*jV*, where ® is the distance from the plane of the circuit 
Find when the force is a maximum. 


40. The total waste per mile in an electric conductor is equal to C*r + A/r, 
where C is the current in amperes, r the resistance in ohms per mile, 
and A a constant ; for what value of r will the waste be a minimum ? 

41. Prove that */{{<? -**)* + 4/* »*} (where q and /are constants) is least 
when n* -.£*-2/*. 

42. Find the minimum value of CPB+289/R [C constant]. 

48. The velocity of certain chemical reactions follows the law 

v «■ h (5 + ®) (0 — x) ; 
when is the velocity a maximum ? 

44. Find where the width of the loop of the curve in Art. 9, Ex. vii is greatest. 
[Find when y* (not y) is a maximum.] 

45. The curve v 1 -» ®* (a*—® 1 ) consists of two loops ; find where their width 
pexpendicular to the axis of ® is greatest. 

46. Find the maximum ordinate of the curve y m (x - 1) 8 (5 - 2 ®). 
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47. When it the ratio of an integer to the square of the integer next above 
it a maximum or minim am ? 

48. Find when is a maximum. What is the maximum value 

if y-1‘4? 

49. The current sent through a resistance B by a battery consisting of 
a fixed number n of cells, each of voltage E and internal resistance r, 
arranged with x cells in series and nfx rows in parallel, is 

nxE/(a?r+nR) amperes. 

How many ceils must be in series in order to give the maximum 
current ? 

00. If y/B -» (J-x)/a?, find the percentage error in y due to a given small 
error a in the value of x. For what value of x will the percentage 
error be least ? 

06. Problems on maxima and minima. 

A large number of very interesting problems on maxima and 
minima can be solved by the aid of the foregoing principles. A few 
typical examples will be worked out. 

In the first place, it frequently happens that the quantity whose 
maximum or minimum is required appears, when first expressed in 
symbols, as a function of more than one variable. It must be care- 
fully borne in mind that the next step is to express it as a function 
of one of these variables only. By means of geometrical or other 
given relations between the variables, all but one of these variables 
must be eliminated. Having thus expressed the quantity as a 
function of a single variable, we proceed exactly as in the algebraical 
examples just considered. We differentiate with respect to the 
variable ; and the values which make the differential coefficient 
vanish include the values which make the quantity a maximum 
or minimum. In many cases it is not necessary to examine the 
change of sign as was done in the preceding examples ; it is often 
easy to see at once whether the solution be a maximum or mi n im um, 
as will be indicated in some of the examples which follow. 

Examples : 

(i) Find the rectangle of given area which has the shortest diagonal . 

If x and y be the lengths of tbe sides, the length of the diagonal is 

vV+y"). 

It will evidently serve to find when the square on the diagonal is a 
minimum ; the differentiation is then simpler. 

x and y are oonneoted by the relation xy *■ A, the given area ; and there* 
fore, eliminating y, the square on the diagonal ■»**+ A*/x*. 

The d. c. of this is 2x—2A t /&, which is equal to sero when 2x 2 A* fa?, 
Le. when x 4 — A*. 

(since X s is necessarily + ) — xy. 
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a? ® y (since x « 0 is not admissible) and the figure is a square. 

If x*<A, then x<A*/a f and the d. c. is 

if ** > A , then x > A and the d. c. is + . 

Therefore the solution is a minimum, as is evident geometrically, because 
a rectangle of area A with x either very small (y would then have to be very 
large) or very large (y would then be very small) would evidently have 
a very long diagonal. 

(ii) A figure consists of a semicircle with a rectangle constructed on its 
diameter ; given that the perimeter of the figuiv is 20 feet t find its dimensions 
in order that its area may he a maximum. 

Let r be the radius of the semicircle, and 2 r and x the lengths of the sides 
of the rectangle. 

Then the perimeter n r + 2x + 2 r 20. 0) 

The area A «* 4 irr , + 2r*. 

We begin by eliminating one of the variables ; x is the more convenient 
to eliminate. 

From (i) 2x — 20-irr-2r ; 

•% substituting in the expression for A , 

A — J7rr 1 + r(20-7rr-2r) 

-20r-*irH-2r\- 

and dA/dr ~ 20-rrr-4r. 

This vanishes when n r + 4 r — 20 

— irr+2jr + 2r from (i), 
i.e. when r»s?. 

The side of the rectangle is therefore equal to the radius of the semicircle; 



Fig. 61. Fig. 62. 

this gives the shape Fig. 61. The actual dimensions are given by the 
equation above, jrr-f-4r ■= 20, 

i. e. r — 20/(4 + tt) « 20/7*1416 = 2*8 feet approximately. 

If frr+4r<20, dAJdr is + ; if 7rr+4r>20, dA/dr is — . 
Therefore the solution is a maximum. 


(iii) A straight line dmwn through the point (8, 2) cuts the axes of 
coordinates on the positive side of the origin in P and Q (Fig. 62) ; find when 
OP + OQ is a minimum* 
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In questions of this type, an angle is generally the most convenient 
variable to use. 

Denoting the angle OPQ by B, and OP+ OQ by u, we have 
u - OJT+ JfP+ ON+NQ - 8 + 2 cotd + 2 + 8tan B % 
du/dB— -2cosee*0 + 8sec , d. 

This is equal to 0 when 2 cosec 1 6 — 8 sec* B f i. e. when tan B -■ ± $ . 

From the conditions of the question, tan 6 must be acute; therefore 
taking tan & — we have 

u - 8+2x2+2+8x$ - 18. 

This is obviously a minimum, for it is clear that u will increase inde- 
finitely as B approaches either of the values 0 or In the first case OP, 
in the second case OQ, becomes very large. 

(iv) The increase in consumption of an article is proportional to the decrease 
in the tax upon it; if the consumption he a lb. when there is no tax, and 
b lb. when the tax is n pence per lb., find the amount of tax most profitable 
to the exchequer. 


Let e lb. be the amount consumed when the tax is x pence per lb. ; then 
y, the yield to the exchequer, is equal to xz pence, and this is to be 
a maximum. One of the two quantities x and z must now be eliminated. 

The consumption increases from z to a when the tax decreases from x to 0, 
and from b to a when the tax decreases from n to 0. 

Since the increase in the consumption is proportional to the decrease in 
the tax, it follows that 



n(a — z) 

x = 

a-b 


Eliminating x , 


y — xz 


n(az - g*) 
a — b 


Differentiating, 


dy n(a — 2z) 
dz ** a — b 1 


which is equal to 0, when z-}a. 

This makes y a maximum, since dy/dz is + if z<\a, and 
and then 


n (a - z) 
a — b 


n .\a 
a-b 


na 


2 (a-b) 

This is the tax which yields the maximum revenue. 


pence per lb. 


if z>\a\ 


(v) If v l and v 8 be the velocities of light in two different media, find the path 
by which light can travel in the shortest time 

(a) between two fixed points A and B in the same medium, by reflexion at 
the surface separating the two media ; 

(b) between two fixed points A and C, one in each medium . 

(a) Let MPN (Fig. 63) be the boundary between the two media, APB the 
path of the ray of light when reflected at MN. Since it is confined to the 
one medium, the distance AP + PB is to be a minimum. 

Let AM •a, BN-b, MN-c, MP-x\ therefore PN-c-x . 
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V - AP+ PB - </(a' + **) 4 V (6* + («-*)»}, 

. _ 2x . 

’• 2V(n*+* s ) + 

Thi* i» equal to 0 when f. .. — ■ . rzrrT- — or» 

* v(« +jr) y {&* + (*-*) } 

i. e. geometrically, when MP/PA — PN/PB, and therefore the angles i?lf 

and PPtf are equal. 

It is obvious that this solution is a minimum. 

Hence the minimum path is that in which AP and PB are equally inclined 
to MPN. 

This is the ordinary law of reflexion of light 


— 2 (e —x) 

/tV+U-W) 



Fig 68 . 


(h) Let A PC be the path when the light is refracted into the second 
medium. 

Let NC — d 9 and let <f> lf </>, be tbe angles which .dPand PC respectively 
make with the normal at P. 

Then the time t along APC « AP/v x + PC/e, 

- + </{d*+(c- *)’} /*, . 

1 1 — (c — a?) 

dx v x " r V| ’ (c-a?) 2 }’ 

and this is equal to 0 when • >, — ■ -7 ^;/ — -** » 

e, ✓(«*■ + **) e, v'fd* + (*-*)*} 

which may be written in the form (sin — (sin 0, )/r 9 . 

This again obviously gives a minimum solution. 

Hence the path of the ray which leads from A to C in the shortest time is 
such that 

sin <Pi/tin 0, — v x /v %t 

where d>it 4 > 1 are the inclinations of the incident and refracted rays to the 
normal to the surface separating the two media, and v x /v t is a constant 


(called the refractive index from the one medium to the other) depending 
upon the nature of the two media and the kind of light. 

This is the ordinary law of refraction of light. 



MAXIMA AND MINIMA 


127 


(vi) Two straight roads internet at right angles ; a motor-oar, travelling 
at 20 miles per hour along one of the roads, passes the crossing at the instant 
when another motor-car, travelling at 15 miles per hour along the other road 
towards the crossing , is 10 miles distant from it; find token the two cars are 
at the least distance apart . 



Fig 64. 

After time t (measured in hours) the first car is 20 t miles from the cross- 
ing, and the second, having travelled 15 1 miles, is 10 — 15 f miles from it. 
Therefore, if u be the distance between them at that instant 9 
t*» - (20 if + (10 - 15 1)' - 625 1 * - 300 1 4 100. 

It is most convenient to find when u 1 is le&Bt. 

Its d. c. with respect to t is 1250 f— 300, which is equal to 0 when 
t — — A ° ’24 hours, i. e. 14*4 minutes, and u 2 is then equal to 

625 x fft - 300 x ft 4 100 - 36 - 72 4 100 - 64. 

Therefore u — 8 miles. 

The solution is a minimum, since the d. c. is — if t < *24, and 4 if 
t >*24. Therefore the cars are at the least distance, 8 miles apart, 14 
minutes 24 seconds after the first car has passed the crossing. 

This problem con easily be solved algebraically (see below), or by 
elementary mechanics. 

It should be noticed that any quadratic expression, such as the one which 
occurs in the preceding example, has one, and only one, maximum or 
minimum, which can easily be found algebraically by completing the 
square, thus: 

. . r . & . / . 5 \* 4 ac-b' 

«*»4te+oa|*« + -*+-J-a(*+2S; +_ 4T~* 

The last term is constant, and the minimum value of (x + 6/2 a)* is zero, 
since, being a perfect square, it cannot be - . Hence, if a be + , the 
expression is least (since the least value of the variable term is then added) 
when x— —5/2 a; and, if 0 be — , the expression is greatest (since the 
least value of the variable term is then subtracted) when x — —5/2 0 . 

Therefore ax* + bx + c is a maximum or a minimum when x — —5/2 a, 
according as 0 is — or 4. [Cf. with p. 18, where it was shown that the 
graph of y ■■ 00 ^ 4 5x 4 c is a parabola with axis vertical, and vertex at 
the highest or lowest point of the curve according as a is — or 4 .] 

In the example of the preceding article, we have 
ti» - 625 1* - 300 1 4 100 - 625 (t* - U t) 4 100 - 625 ( t - ft)* - 625 x (ft) 1 4 100 

-625 (t — ft ) 1 4 64, 
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which is obviously least, and then equal to 64, i. e. u « 8, when t « 6/25 
By the method of the calculus, in the general case, 
dy/dx — 2ax + b — 2a{x+b/2 a), 
and this vanishes when x -* - 6/2 a. 

If a?< — 6/2a, i.e. if a? + 6/2 a is — , <?y/<fcr is + or — , according 
as « ii - or + ; 

and, if x> -6/2 a, i.e. if a? + 6/2 a is + , rfy/da? is - or + , according 
as a is — or + . 

Therefore, as x increases through the value —6/2 a, dy/dx changes from 
+ to — if o be — , and from — to + if a be + . 

Hence x « — 6/2 a gives a maximum or minimum value of y according 
as a is - or + , which agroes with the algebraical result. 

The maximum or minimum value of y is (4 oc— 6 f )/4 a. 


Examples XIX. 

1. The sum of two numbers is 40; find when the sum of their squares 
is a minimum. 

2. The difference of two numbers is 100 ; when does the square of the 
larger exceed five times the square of the smaller by the maximum 
amount ? 

8. The sum of two numbers is a ; when will three times the square of one 
together with twice the square of the other be least ? 

4. When will the sum of a number and its reciprocal be a minimum, and 
when a maximum ? Illustrate this graphically. 

5. The denominator of a fraction exceeds the square of its numerator by 16 ; 
find the maximum and minimum values of the fraction. Illustrate 
graphically. 

0. Find when the sum of the squares of the reciprocals of two numbers 
wbich differ by 1 is least. 

7. A rectangle has an area of 25 square feet ; find when (i) its perimeter, 
(ii) the length of its diagonal is least. 

8. Prove that the rectangle of a given perimeter which has the shortest 
diagonal is a square. 

0. A rectangle is inscribed in a given circle of radius a; find when its 
perimeter is a maximum or minimum. 

10. Find the rectangle of maximum area whose sides pass through the 
angular points of a given rectangle with sides of lengths a and 6. 

11. Find the dimensions of the cylinder of maximum volume which can be 
inscribed in a given sphere. Prove that its volume is *5773 ... of that 
of the sphere. 

12. The total area of the surface (i. e. curved surface and both ends) of 
a cylinder is 150 n square feet ; find when the volume is a maximum. 

IS. An open cylindrical vessel is to be made of thin material to hold 
100 gallons ; find the dimensions in order that the amount of material 
used may be a minimum. [Take 1 gallon -■ *1605 cubic feet.] 

1£. Find when the curved surface of a cylinder inscribed in a given sphere 
is a maximum. 
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15. A rectangle ia inscribed in a given right-angled triangle with one angle 
coincident with the right angle ; find when its area is a maximum. 
Show that its perimeter has no maximum or minimum. How do yon 
explain this latter fact ? 

16. A cylinder ia inscribed in a given right circular eone. (i) When is its 
volume a maximum? (ii) When is its curved surface a maximum? 
(iii) When is its total surface a maximum ? Show that in the last case 
there is no solution if the semi-vertical angle of the cone exceeds 
a certain value, and find this value. 

17. A cone is circumscribed about a given sphere ; find when its volume 
is a minimum. 

18. A rectangle is inscribed in a given triangle ; find its maximum area. 

19. When is the area of an isosceles triangle inscribed in a given circle 
a maximum ? 

20. Find the dimensions of the cone of maximum volume which can be 
inscribed in a given sphere. Prove that the cone has also a greater 
curved surface than any other cone inscribed in the sphere. 

21. Prove that a conical tent which is to have a given volume will require 
the least amount of canvas when the height is ^ 2 times the radius 
of the base. 

22. A sector is cut out of a circular sheet of paper, and the two straight 
edges of the remainder are put together so that a cone is formed ; prove 
that the volume of this cone is a maximum when the angle of the sector 
removed is about 66°. Draw a graph to show how the volume of the 
cone depends on the angle of the sector. 

23 . The regulations of the Parcel Post Btate that a parcel must not exceed 
6 feet m length and girth combined ; find the dimensions of the cylinder 
of maximum volume which can be Bent. 

24. A cylinder is inscribed in a Bphere of radius r; find its height when the 
area of its entire surface is a maximum. 

25. A right circular cone is inscribed in a given right circular cone bo that 
the vertex of the inside cone is at the centre of the base of the other ; 
find when its volume is a maximum. 

26. Through a point whoso coordinates referred to rectangular axes are 
(a, fc), a straight line is drawn making positive intercepts OP, OQ on 
the axes ; find the minimum area of the triangle OPQ. 

27. In the preceding case, find also the minimum value of OP+OQ. 

28. Find also the minimum length of PQ . 

29 . Find also the minimum value of the rectangle OP. OQ. 

80. Given the perimeter of a circular sector, find when its area is a 
maximum. 

81. Given the area of a right angled triangle, find when its perimeter is 
a minimum. 

32 . If the stiffness of a rectangular beam varies directly on the breadth and 
as the cube of the depth, find the breadth of the stiffest beam that can 
be out from a cylindrical log of diameter 2 feet. 

33. A rectangular sheet of tin is 5 feet long and 28 inches wide ; four equal 
squares are removed from the corners and the sides are then turned up 
so as to form an open rectangular box ; find the size of the pieces that 
must be cut out in order that the box may have the greatest volume. 

84. A rectangular sheep-pen is to be made alongside of a hedge which 
serves as one of the sides of the pen, and is to enclose an area of 
200 square yards; find the least number of hurdles, each 6 feet long, 
required for the other three sides. 
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95. A statue 10 feet high stands on the top of a column 85 feet high ; 
at what distance from the column in the horizontal plane tn rough it® 
foot should a man stand in order to get the best view of the statue, 
i.e. in order that the statue may subtend the greatest angle at his eye, 
which is supposed to be 5 feet above the ground ? 

36* The sides of a wooden trough are each 1 foot wide, and are equally 
inclined to the bottom of the trough which is 9 inches wide ; what 
must be the width across the top m order that the volume may be 
a maximum. 

97* If the power required to propel a steamer through the water varies 
directly as the cube of the velocity, find the most economical rate 
of steaming against a current which runs at a miles per hour. 

88. Two straight roads across a moor intersect at right angles ; a man on 
one road, three-quarters of a mile from the crossing, wishes to strike 
across the moor m order to get to a place 2 miles from the crossing 
along the other road ; if he can walk 5 miles per hour along the roada, 
but only 4 miles per hour across the moor, where should he strike the 
second road in order to reach his destination in the shortest possible 
time ? How much time will he save by going this way instead of by the 
shortest way? Prove that the point at which he should strike the road 
is the Bame whatever be the distance of his destination from the crossing, 
provided it is more than a mile. 

SO. An electric light is to be placed vertically over the centre of a circular 
enclosure 30 yards in diameter ; at what height should it be placed in 
order that a path round the enclosure may be illuminated as brightly 
as possible ? (The brightness of a surface varies inversely as the Bquare 
of the distance from the light and directly as the cosine of the angle 
which the rays make with the normal to the surface.) 

40. At what point on the line joining two sources of light will the 
brightness be least, if the intensity of one is 8 times that of the 
other ? 

41. Find the greatest rectangle which can bo inscribed in the segment of 
a parabola cut off by the latus-rectum. 

42. Prove that the least intercept made by the axes on a tangent to an 
ellipse is equal to the sum of the semi -axes of the ellipse. 

43. One corner of a rectangular sheet of paper of width 1 foot is folded 
over so as to reach the opposite edge of the sheet; find the minimum 
length of the crease. 

44. In the preceding question, find the minimum area of the part folded 
over. 

46. A rectangular sheet of metal is bent into the form of part of the curved 
surface of a right circular cylinder; if it is then closed at the ends, 
prove that the volume of the trough thereby formed is greatest when 
the trough is exactly half a cylinder. 

46. The segment of a parabola, hounded by the latus-rectum, rotates about 
the axis, thereby forming a solid known as a paraboloid of revolution; 
find the maximum cylinder which can be inscribed in this solid. 

47* Find the maximum area of the triangle formed by joining the ends of 
a chord of a given circle to one extremity of the diameter which 
bisects the chord. 

48. A straight line is drawn through the augular point C of a triangle ABC 
, inclined at an angle 6 to BC\ find when the sum of the projections of 
the sides AC and ZfCupon it is & maximum. 
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49. The section of a dormer window consists of a rectangle surmounted by an 
equilateral triangle; if the perimeter be given as 16 feet, find the 
width of the window in order that the maximum amount of light may 
be admitted. 

60. Find the area of the greatest rectangle which can be inscribed in the 

ellipse ***** + ■■ 1. 

61. Find the area of the greatest isosceles triangle which can be inscribed in 
the same ellipse, with its vertex at one end of (i) the major axis, (ii) the 
minor axis. 

52. Find the minimum distance between the straight line * — 2y + 10® 0 
and the parabola y* — 8x. 

63. Show that the sum of the squares of the distances of a point from the 
angular points of a triangle is least when the point is the centroid of 
the triangle. 

64. Two straight roads intersect at an angle of 60°. A motor-car, travelling 
at 30 miles an hour along one road, passes the crossing at the instant when 
another motor-car, travelling at 20 miles an hour along the other road 
towards the crossing, is 2 miles away ; find when the distance between 
the can is least ana what this least distance is. 

65. Find a point on a given straight line such that the sum of the squares 
of its distances from two given points (not on the line) is a minimum. 

56. The perimeter of an isosceles triangle is given ; what vertical angle 
will give the maximum area ? 

57. The strength of a rectangular beam of given length varies as the 
breadth into the square of tlie depth ; find the dimensions of the 
strongest rectangular beam which can be cut from a cylindrical log 
1 foot in diameter. 

68. A given mass m raises another mass m bv means of a string passing 
vertically over a pulley ; find m in order that the momentum acquired 
by it in a given time may be a maximum. 

60. A mass M is drawn up a smooth incline of given height by a mass m 
attached to it by a string passing over a pulley at the top of the incline 
and hanging vertically. Find the angle of the incline in order that the 
time of ascent may be a minimum. 

60. How much water should be put into a closed right circular cylinder, 
standing on a horizontal plane, in order to bring the centre of gravity 
as low as possible, the weight of the cylinder being ^ of the weight of 
all the water it can contain ? 

61. A wall 9 feet high is 21 feet 4 inches from a house ; find the length of 
the shortest ladder which will reach the house when the lower end is 
on the (horizontal) ground on the other title of the wall. 

62. A piece of wire of length l is to be cut into two pieces, one of which is 
to be bent into the form of a square, and the other into the form of 
a cirole; find when the sum of the areas of the circle and square 
is least. 

03. A heavy lever (weight w per unit length) with the fulcrum at one end, 
is used to raise a weight W at a given distance a from that end ; find 
the length of the lever in order that the weight may be lifted with the 
least effort. 

64. Two ships are sailing with velocities u and * along courses which are 
inclined at an angle 6 ; if at a certain instant they are at distances a 
and b from the intersection of their courses, find their minimum 
distance apart. 
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05. A man is to get as much land as he oan compass in a given time ; he is 
to move in a circle, and if he does not get back by the end of the given 
time, he gets the segment whose arc he has traced. Prove that his best 
plan is to describe a semicircle. 

66. Find the rectangle of maximum area which can be inscribed in 
the curve (a?/o)V* + (y/b)V* - 1. 

67. Find the volume of the greatest cone which can be constructed with its 
vertex at the centre of a given sphere and the circumference of its 
base on the surface of the sphere. 

08. A circular cylinder has a hemisphere hollowed out from each end. 
Givon the total surface, find when the volume is a maximum. 

60. The normal at a point (am*, 2 am) of the parabola y 1 — 4ax cuts the 
parabola again in Q. Find the minimum length of PQ. 

70. 0 is a fixed point outside a circle, A one end of the diameter through 
0, and OFF a chord of the circle ; prove that the area of the triangle 
PAF is greatest when FF’ subtends a right angle at the centre. 

71. A steamer travelling due west at 20 knots ib sighted by another steamer 
going at 16 knots. What course must the latter steer in order to cross 
the track of the former at the least possible distance from her ? 

72. Find the area of the ground-plan of the greatest rectangular building 
which can be erected on a plot of ground in the form of a segment of 
a circle with a base of 120 yards and height 20 yards. 
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SUCCESSIVE DIFFEBENTIATI ON AND POINTS OF 
INFLEXION 

57. Differential coefficients of higher order. 

We have seen how various kinds of functions of x can be 
differentiated with respect to x ; the resulting differential coefficient 
is also a function of x (except when the original function is a linear 
function of x, ax+b, in which case the differential coefficient is the 
constant a), and therefore it can be differentiated again with respect 
to x . 

The result of this second differentiation is called the second 
differential coefficient of y with respect to x, and is denoted by the 
symbol 

dx* 

This again can usually be differentiated with respect to x ; the 
result is called the third differential coefficient of y with respect 
to x, and is denoted by the symbol 

<py. 

and so on. 

Generally, the result of differentiating y n times in succession 
with respect to x is called the n th differential coefficient of y with 
respect to x. and is denoted by 

d*y 

dxf 1 ' 

If the original function is represented by the symbol f(x), then 
the results of differentiating it 1, 2, 8, ... » times with respect to x 
are called the first, second, third, ... derived functions, and are 
denoted by 

/(*). /'(*), /"' (4 -f w (x) respectively. 

The second differential coefficient is of very great importance in 
mechanics. The higher differential coefficients are of less frequent 
occurrence. 

In the case of some of the simplest functions, if the first few 
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differential coefficients be written down, the law of formation of the 
successive differential coefficients can be seen by inspection, and the 
w d. c. written down at once. 

Examples ; 

(i) y = x\ 

d^v 

clearly, if » be a + integer, = n !, a constant, and all the higher 
d. c.’s are zero. 

(ii) y = l/x = x~ x . 

dy_ i 2 _ i „ s _ 1 • 2 

dx~ X ’ dx t ~~ 1, “* ’ 

d 3 « 3! 



Examples XX 

Write down the 1st, 2nd, 3rd, and n lb differential coefficients of 
1. 2. a + b/x . 3. I/# 8 . 4. l/v'*- 

6. 6. (aap + 6) lf . 7. l/(2:r + l). 8. 1/(1 -xj. 

0. sin (2 a? + a). 30. cos#. XI. sin* a*. 12. cos* 2x. 

Write down the first 3 differential coefficients of 
13. xEinx. 14. x* coax. 15. tanx. 16. x* Bin 3 x. 

17. iF*/(l+ a?). 18. a? w cosrMP, 18. sec a?, 20. VW + a 7 ”)* 

68. Application of the second differential coefficient to 
maxima and minima* 

We have seen that y is a maximum when dy/dx vanishes and 
changes sign from -f to — , and a minimum when dy/dx vanishes 
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unci changes sign from — to +. Since, as y passes through a 
maximum, dy/dx changes from -f to — , therefore it is decreasing 


as x increases, and its d. o. is — (Art. 25), i.e. d 2 y/dx? is — at 
a maximum. Similarly, as y passes through a minimum, dy/dx 
changes from — to 4* , therefore it is increasing as x increases, and 
its d. c. is *+, i.e. cPy/dx 2 is -f at a minimum. 

dy 

Hence the conditions for a maximum are — — 0, 


dy 

and for a minimum -- = 0, 
dx 


d*y 

dx* 

d*y 

dx 2 


Sometimes it is more convenient to find the sign of the second 
d. o. than to find how the sign of the first d. c. changes. 

E. g. in Ex. (i) worked out in Art. 65, dy/dx = 0 when x = 1 or 5. 
d 2 y/dx 2 = 6a?— 18, which is — when x = 1, and + when x = 6. 
Therefore x = 1 makes y a maximum, and x = 6 makes y & minimum. 

In Ex. (ii) of the same article, dy/dx = 0 when x = 1 or —2, and 
S'y/dx 2 = 12# 2 — 12, which is 0 when x = 1, and 4* when x = — 2. 
Therefore x = — 2 makes y a minimum, and 3 = 1 gives neither 
a maximum nor a minimum. 

In Ex. (iii) a troublesome differentiation is required to find the 
value of d 2 y/dx 2 , and it is much easier to find the change of sign 


of dy/dx . 

In Ex. (iv) on the contrary, it is easier to use the second d. c., 
dPy/dQ 1 = — a sin 6 cos 0, which is — when the positive values 
of sin# and cosfl are taken, and 4* when their negative values are 
taken ; hence the former give maxima and the latter minima. 


69. Geometrical meaning of the second differential coefficient. 
If, in the neighbourhood of a point P on a curve, the curve is 
above the tangent at P [as is the case at a point between A and B 



or between 77 and F in Fig. 65 J, it is said to be concave upwards ; 
if the curve is below the tangent [as is the case at a point between 
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B and C or between D and JE], it is said to be concave downwards. 
A point such as B or 2?, where the concavity changes from upwards 
to downwards or vice versa, is called a point of inflexion* The tangent 
to the curve at such a point crosses the curve ; on opposite sides of 
the point of contact the curve is on opposite sides of the tangent. 

If, at all points in the neighbourhood of a point P on the curve, 
the curve is concave upwards, then as x increases, the slope of the 
curve, i.e. dy/dx, increases. Therefore (Art. 25) its d. c. is positive, 
i.e. d 2 y/dP is -f , Similarly, if at all points in the neighbourhood 
of P the curve is concave downwards, then the slope, dy/dx, decreases 
as x increases. Therefore its d. c., Py/dx 2 , is — . 

Taking the case of a circle, we have : — 

in 1st quadrant, dy/dx Py/dx 2 — , 
in 2nd „ dy/dx -f , Py/dx 2 — , 

in 3rd „ dy/dx—, d 2 y/dx 2 -f , 

in 4th „ dy/dx 4- , Py/dx 2 -f . 

Also, at a minimum the graph is concave upwards, and Py/dx 2 is + ; 
at a maximum the graph is concave downwards, and Py/dx 2 is — , 
as in the preceding article. 

Hence a curve is concave upwards or downwards at a point P 
according as the value of d 2 y/dx 2 at the point is -f or -. It 
follows that in passing through a point of inflexion, where the 
concavity changes, Py/dx 3 changes sign, and therefore, if continuous 
at the point of inflexion, it is zero. 

This may also be seen as follows : In Fig. 65, as the point P 
moves along the curve from A through B to C, the slope of the 
curve increases until the point B is reached, after passing which 
point the slope begins to decrease ; therefore at the point of inflexion 
B, the slope dy/dx is a maximum ; hence its d. c. Py/dx 2 = 0, and 
changes sign from 4- to — ; therefore also Py/dx 1 is decreasing as 
x increases, and its d. c. Py/dx 9 is — . 

i Similarly, as the point P moves along the curve from D to F 
through E, the slope decreases until the point E is reached, after 
which it increases again ; therefore at the point of inflexion E, the 
elope dy/dx is a minimum ; hence its d. c. Py/dx - = 0, and changes 
sign from — to 4- ; therefore also Py/dx/ 1 is increasing as x in- 
creases, and its d. c. Py/daP is + . 

Hence the conditions for a point of inflexion are that d 2 y/dx 8 must 
vanish at the point , and change sign in passing through it, or d 2 y/dx 2 = 0, 
d 3 y/dx # gfc 0. 

The value of dy/dx at the point of inflexion of course gives the 
direction of the tangent at the point. It will be zero if the tangent 
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at the point of inflexion is parallel to the axis of a: as we have already 
seen in Art. 54 f but this will not be the ease in general. 

It is obvious that in the case of a continuous function, a point of 
inflexion must occur between a maximum and a minimum. 

60. Tangent at a point of inflexion. 

It has been seen (Art. 14 (i)) that the tangent at a point P is 
the limiting position of a chord PQ when Q moves indefinitely near 
to P, Le. the tangent passes through two ‘consecutive points’ on 
the curve. It should be noticed that the tangent at a point of 
inflexion passes through three ‘ con- 
secutive points ’ on the curve. This 
is seen from Fig. 66. 

A straight line through a point of 
inflexion P will cut the curve again 
in two points Q and R. When Q is 
made to approach indefinitely near 
to P, 2? will approach and become 
indefinitely near to P on the other side, and the tangent at P is the 
limiting position of QPIt when Q and It are both indefinitely near 
toP. 







61. Heoapitulation. 

Let us now sum up the information as to the nature of a curve 
at a point, which can be gathered from the signs of the values of the 
first two differential coefficients at the point. This information is 
clearly of great assistance in drawing the curve. The results can 
be conveniently expressed in a tabular form as follows: 


m 

in + 

dLoc* ^ 

d?y _ 
cLac a 

3«S*o + - 


Curoe rising and 
concoioe upxwarda 

Curoe. ru&ing and- 
concaiu© 

Rant of inflexion. / 
on. rising curuo / 

S- 

Curoe foiling end\A 
ocmcauQ upwards 



m 


Mckxumim. 



or 


In each of the first figures in the last column, the curve passes 
from below the tangent to above it, i.e. dPy/dx 2 changes from — 
to 4* ; therefore it is increasing and its d. c. d*y/dx? is +. Similarly, 
in the second figures, cTy/cfcr 3 is — . 
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I'xamplew : 

(i) y ** ** — 6 x % 4 8. 

In this case dy/dx -■ 3x*~ 12* — Sx (x-4) 

and d*y/dx* — 6*- 12 — 6 (*-2). 

Hence dy/dx — 0 when x -* 0 or 4. 



Fig. 67. 


When * «* 0, <Py/dx 9 — 12 and y • 8 ; 
and when x 4, d'yjdx? — 24, and 
y- -24. 

Also (Py/dx M — 0 when * — 2 ; and 

dV/d** - 6. 

Therefore y it a maximum (8) when 
x — 0, a minimum ( — 24) when x ■* 4, 
and the graph has a point of inflexion 
when * — i 2. The value of dy/dx when 
x — 2 is -12, and the value of y ~ —8; 
therefore the tangent at the point of in- 
flexion (2, —8) is inclined to the axis 
of x at an angle tan-* ^ - 12). If * < 2* 
d'y/dx* is — f and the curve is concave 
downwards; if x>2, d~y/dx* is 4- and 
the curv e is concave upwards. 

Fig. 67 Bhows roughly the graph of the 
function. 


y "* a* i x? 

dy , g*4 x*-x .2* g* (g*~ x*) 

8re dx a ' (a 3 4*x a ) a "" (<j‘4r7 ' 

d*y . (a , + * J, ) a ( — 2x) — (a 3 — x*) 2 (a*4 x*) . 2x 

“ d *» ' ' (* 7 ?) 

, - (a* 4- x 3 ) 2x — 4x(a a — x*) 2o 3 x lx* — 3a* ) 

’ (a* + «*J* 

dy/dx «= 0 when x «■ 4 a ; when * « -to, cPy/dx* is — ; x • 4 a 
makes y a maximum and equal to Jo. 

When * — - a, <Py/dx* is + ; /. x = -a makes y a minimum and equal 
to - Jo. 

< Py/dx 3 ■■ 0, when x ■= 0 and when **■» 3 a 1 ; i. e. x — » + g/3, and 
d*y/da * changes sign when * posses through each of these values. Hence 
there are 8 points of inflexion. 

When x -* 0, y ** 0, and dy/dx — 1 ; therefore the origin is a point of 
inflexion, and the tangeut there is inclined at 45" to the axis of*. 

When x- ±oV 8, y « + Jo/3, and dy/dx - a 2 (-2g a )/(4 a 5 ?- 
therefore the tangents at the two points of inflexion (o/3, Jg/8) and 
(-a/3, - Jo-/ 8) are inclined to the axis of x at an angle tan” 1 (-}), 
i. e. at about 173°. 
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Noticing that as x -► oo , y-> 0, it follows that the form of the carve is 
ae shown in Fig. 68. 



Examples XXI. 

Find whether the concavity is upwards or downwards in the following 
cases 1-4 : 

1. At the point (2, —4) of the curve y — IC-Bx-x 3 . 
a. At the point (3, 25) of the curve y « x*4 7x — 5. 

8. At the points (0, 0) and ( — 2, 22) of the curve y ■=» x*4 3a?* — 9x. 

4 . At the points ( — 1, — J) and (3, 2*7) of the curve y » x # /(l + x a ). 

5. Prove that the curve y — ax * 4 bx 4 c is everywhere concave upwards or 
downwards according as a is + or — . (Cf. p. 18.) 

0. Show that the curve y — a + bx — x 1 - x 4 is everywhere concave down- 
wards. 

7. Prove that the curve y — u sin x 4 b cos x is concave downwards at all 
points above the axis of x , and concave upwards at all points below. 

For what values of x are the following curves concave upwards, and when 
are they concave downwards? 

8. y ■» 2 x 9 — 5x. 9. y -■ 4- r 1 — jc*. 

10. y^x^-Sx 3 ^ 10* -6. 11. y-a?/( l-**). 

12. Find the points of inflexion of the graph of y — cos x. 

18. Also of y » tan x. 

14. Prove that the curve y ax* 4 bx* 4 cx 4 d can have but one point of 
inflexion. 

Find the points of inflexion (also the maxima and minima, and sketch 
the curve roughly) in the following cases 15-23 : 

15 . y — a? 8 - 4x. 10.* y — arV( l-fx*). 17. y «■ sinx-cosx. 

18. y xY(x*4 12), 19. y-x 3 (4— x 1 ). 20. y — 9x/(x— l) 1 . 

21. y-»4/(x* + 3). 22. y 1 -> x 3 (4-x*). 28. y — a 4 (& - cx) 9 . 

24. Have the curves y ** x\ y «= x* any points of inflexion ? 

25. What is the greatest possible number of points of inflexion for the curve 
y » ax" 4 far" 1 * ... + & [» a positive integer] ? 

26. Draw ourves at every point of which 

(i) x is — , y 4, dyjdx +, d'y/dx 1 + 

(ii) x is — , y — , dy/dx 4, <Py/dx* — ; 

(iii) xis 4, y — , dy/dx cPy/dx* 4 

(iv) x is +, y +, dy/dx d*y/dx* — . 

• Sec Art. 9, Ex. ▼. 
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87. Find the points of inflexion of the curve xy 1 — a 1 (a-*). 

88. Prove (hat the curve ** -y 3 » a' cuts the axis of y at right angles at 
a point of inflexion. 

88. Find the points of inflexion of the curve y — a sin 1 x+6 cos 1 m. 

In the following curves, find their intersections with the axes, their 
maxima and minima, where they are concave upwards and where 
downwards, their points of inflection, and the equations of the tangents 
at those points. Draw the curves. 

SO y-**-10**+9. 81. y ■■ (1 “**)*. 88. d-y-ifl-**/. 



CHAPTER VIII 

APPLICATIONS TO MECHANICS 

62. Velocity and aooeleration. 

We have seen that dy/dx is a measure of the rate of increase 
of y with respect to x. Now the distance of a moving point from 
a fixed point in its path is a function of the time ; its velocity is the 
rate of increase of this distance, and its acceleration the rate of 
increase of its velocity with respect to the time. In other words, 
the velocity is the d. c. of the distance with respect to the time, and 
the acceleration is the d. c. of the velocity with respect to the time. 

More precisely, let 8 be the distance, measured along the path, of 
a moving point P from a fixed point A of the path at the end 
of time U After a little longer time l + let the moving point 
be at Q, a distance «+ Is from A, Fig. 69 is druwn so that s 
increases with L 

*3 C3 


Fig. 89. 

Then, in the interval of time St, the point has travelled the distance 
St, therefore the average velocity during the interval St is Ss/6t; 
if St is diminished indefinitely, this average velocity 5 s/St tends to 
a definite limit This limit of Ss/St as St -*0, i.e. ds/dt, is called 
(lie velocity at time t. It will be + if 8 increases with t as in Fig. 69, 
and — if a decreases as t increases, i. e. if P is moving towards A. 

Similarly, if v be the velocity of Pat the end of time t, and if APQ 
be a straight line, so that the velocity is in a constant direction, 
Sv/St is the average acceleration during the interval St, and its limit 
dv/dt is called the acceleration at time t. 

Since v = ds/dt, it follows that the acceleration dv/dt may be 
expressed in the form cPs/dt*. 
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The acceleration may also be written in a third form, which is 
independent of the time ; for the velocity v is evidently a function 
of the distance s, therefore 


do do ds fk . do do 

a = S x di ,Art - 84) = ;S x, ”*5 


Hence the acceleration may be expressed in any one of the three 
forms 


do d^s do 
dt' dt a ’ 


It is usual in mechanics to denote differential coefficients with 
respect to the time by dots placed above the dependent variables, 
thus dv/dt, ds/dt , d*s/dt' A f d 2 x/dt 2 are denoted by t>, £, s, and # 
respectively. 


63. Fartioul&r oases. 

As examples on the use of these expressions, consider the following 
cases: 

(i) Let $ be given by the equation 8 = + (a/ 3 , where u and a 

are constants*. 

Then the velocity 

v = ds/dt = u + \a.2t = u + at 9 

which gives the velocity at time t, and from which it follows that u 
is the value obtained for v by putting t = 0, i. e. u is the initial 
velocity. 

Also the acceleration = dv/dt = a , hence the point moves with 
constant acceleration a. 

Again, if v be given by the equation v 2 = u 2 + 2as, we have, on 
differentiating with respect to s t 2vdv/ds = 2 a, i.e. the acceleration 
v dv/ds = o as before. 

This is the well-known case of uniformly accelerated motion. 

(ii) Let s be given by the equation s = a cos nt f where a and n 
are constants (a is the value obtained for $ by putting t = 0, Le. it 
is the initial distance from the origin). 

Then the velocity v = ds/dt = —an sin 
and the acceleration = dv/dt = — an 2 cos nt = — n 2 s. 

Again, eliminating t between the values of v and 5, we have 
v 2 = a a n 2 sin 2 nt = n 2 (a 2 — a 2 cos 2 nt) = n 2 (a 2 — s 2 ), 
which gives v in terms of s. 

Differentiating this with respect to 5 , 2 v dv/ds = n 2 (— 2s), i.e. the 
acceleration edr/ds = — n 2 s as before; so that the acceleration is 
towards the origin and varies as the distance from the origin. 
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This is the well-known case of simple harmonic motion. 

In these two cases the order of procedure adopted in elementary 
mechanics is reversed ; there we begin by assuming an acceleration 
of a certain type, and then proceed to find the velocity in terms 
of the time and the position, and the distance travelled in terms of 
the time. This, as will be seen later (Art. 78), is also the method 
followed in the Integral Calculus. 

64. Additional examples. 

Given any relation between s and t, or between v and 5, we can 
at once find the velocity and acceleration at any instant, as we have 
done in the two well-known cases just considered. Two more 
examples are appended. 

(i) Suppose a point to move in a straight line so that its distance b in fret 
from a fixed point O in the line at the end of t seconds is given by the equation 
s — 10 + 27 t — t 9 ; to find the various circumstances of the motion. 

The velocity at the end of t seconds is given by 
v — ds/dt **» 27 — 3 P, 

whence the initial velocity — 27 ft. secs., the velocity after 2 secB. 

— 27 — 12 — 15 ft. secs., and the velocity is zero when 27 — 3 P, i, e. when 
t — 3 ; greater values of t make r — , and when t — 3, 

e — 10 + 81—27 - 64 feet. 

Hence the particle starts with a velocity 27 ft. secs, at a point 10 feet 
from 0 (obtained by putting t — 0 in the value of e), moves to a distance 
of 64 feet from O f and then turns back towards 0. 

The acceleration at the end of t seconds — dv/dt — — 6f. 

Therefore the particle is subject to a retardation which is proportional to 
the time it has been in motion. 

After 3 seconds the velocity is — T and the acceleration iB — and con- 
stantly increasing in absolute value ; hence the paiticle continues to move 
in the negative direction with numerically increasing velocity. It will pass 
through 0 on the return journey, when s — 0, i.e. when P — 27/ — 10 — 0, 
an equation which has a root a little less than 5*4. 

(ii) Jf v* is a quadratic function of s, i. e. if v* — aB* + bs+ c, where a, b, o 
an constants , prove that the acceleration varies as the distance from a fixed 
point in the line of motion. 

Differentiating with respect to s, 

2 v dv/ds — 2 as 4 6, 

i. e., the acceleration v dv/ds — as + £ 6 — a (s + 6/2 a). 

s is the distance of the moving point P from the origin ; therefore, if 
a point A be taken in the line of motion at distance 6/2 a from the origin 
and on the negative side of it, AP — s + 6/2 a. Hence the acceleration 

— a . AP> i. e. it varies an the distance of P from the fixed point A. 
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Examples XXII. 

Find the velocity and acceleration (i) at tlie end or * seconds, (ii) at the 
end of 2 seconds, (iii) initially, in each of the cases 1-4. 
l. s-12 + 20*-2f\ 2. *-***-2**44. 

8. 8 10 cos |tt*. 4. 8 ■» 6*48/(*4 1). 

5. Find the initial velocity and acceleration when • — * 4 4 3**4 4. 

6. „ „ „ „ t — 8 cos 2 / 4 4 sin 2*. 

7. If s -• 2**4 3**4 4* — 20, make a table giving the position, velocity, and 
acceleration initially, and after 1, 2, 5, 10 seconds. 

8. Similarly if * — 10 cos } nt 4 90 sin I nt. 

9. If the distance travelled varies as the square root of the time} prove that 
the acceleration varies as the cube of the velocity. 

10. If the velocity varies as the square of the distance travelled, prove that 
the acceleration varies as the cube of that distance. 

11. A point moves so that * — 10 4 48*-**; when and where will it stop 
and reverse its direction of motion ? 

12. When and where if s — a sin nt ? 

13. If the velocity varies inversely as the square root of the distance, prove 
that the acceleration varies as the fourth power of the velocity. 

14. If s* be a quadratic function of *, prove that the acceleration varies 
inversely as **. 

15. A point moves in a straight line so that its distance • from the origin 
at time t is given by the equation a — 10 4 8 sin 2*4 0 cos 2 < ; prove 
that its acceleration varies as its distance from a fixed point in the line 
of motion, that its motion is oscillatory, and that the origin is at one 
extremity of its path. 

65. Foroe expressed as a differential coefficient. 

(i) Force and acceleration . Newton’s second law of motion states 
that the force in any direction is proportional to the rate of change 
of momentum in that direction. By suitably choosing the units# 
we have the force equal to the rate of change of momentum, i. e. (if 
the mass acted upon by the force remain constant) 

the product of the mass into the acceleration. 

Ex. Find the maximum force upon a particle of mass 2 oz. which 
moves so that its distance from the origin at time t is given by the 
equation 3= 10 cos 2 L 

In this case m = £ lb., ds/dt = — 20 sin 2 1 , d i $/dt 3 = — 40 cos 2 L 
Therefore the force on the particle at time t = m&s/dl 2 = 2 = — 6 cos2f 
(in absolute units or poundals). 

The negative sign indicates that the force acts towards the origin. 
The greatest value of cos2f is 1, therefore the hiaximuin force is 
5 poundals or 7 * T lb. wt. 
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(li) Force , work, and energy. If a constant force F (Pig. 70) act 
at a point A f and if A be displaced to B and BM be drawn perpen- 
dicular to the line of action of F, F .AM is called the work done 
by the force during the displacement ; it is positive if AM is in 
the direction of the force as in (i), and negative if in the opposite 
direction as in (ii). No work is done if the displacement be perpen- 
dicular to F. 


B B 



Let a variable force F act on a particle at P, and let x be the 
distance (measured parallel to F ) of P from a fixed point A ; let P 
be displaced to Q, a distance bx in the same direction, and let F+bF 
be the magnitude of the force at Q. Then, if W be the work done 
by the force in moving the particle from some standard position to 
P, and bW the work done in the displacement bx 9 we have* 
bW>Fhx and <(F+bF)bx. 

Therefore bW/bx is between JFand F+bF. In the limit, when 
bx (and therefore also SW* and bF) — ► 0, F+bF—*> F t so that 
bW/bx, which is between them, also —*• F t i.e. dW/dx = F; 
therefore the force is equal to the space-rate of change of the work. 

Since F = mass x acceleration, we have, taking the acceleration 
in the form v dv/dx, 

i.e. the force is the space-rate of change of the kinetic energy. 

AIbo the power of a working agent =■ its rate of doing work 
per second 

_dW_dW dx _ r 
~ dt ~ dx X dt~ 1V ’ 

L e. the force x the velocity. 

Examples XXIII. 

1* Given that the work done in stretching an elastic string varies as the 
square of the extension, prove that the tension of the string is pro- 
portional to the extension. 

* II d> 7 ui — , the inequality signs will be reversed. 

ISM h 
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2, The distance of a moving point from a fixed point in its line of motion 
is given by the equation f«>4 + 5l + l a ; prove that the foree causing 
the motion is constant. 

8. The kinetic energy of a moving particle varies inversely as its distance 
from the origin ; find the force acting on the particle. 

4. A particle moves in a straight line so that its distance * from a fixed 
point of the line at the end of t seos. is given by the equation 

Find the maximum force upon it during the motion. 

6. A curve is plotted to show the velocity of a moving point as a function 
of the distance travelled. Show that the subnormal represents the 
acceleration. 

6. A particle of mass J lb. moves in a straight line so that its distance s 
from the origin at the end of time t is given by the equation 
# — 5 -f 4 sin 3 1 . 

Find the maximum force upon it during the motion. 


66. Relation between velocities in different directions. 


If a point be moving in a plane, its coordinates (z> y) are functions 
of the lime t; if (x + bx, y+by) be its coordinates at time t + bt, then 

by by /h% 
lx ™ it/ Tt ' 

Hence when bt, and therefore bx and — *0, we have 

dx ** dt/ dt 4?* 

i e. the d. c. of y with respect to x is equal to tho ratio of the rate 
of increase of y to the rate of increase of x y both taken with respect 
to the time. 

The relation between the time-rates of increase of two variables 
X and y can also be obtained directly by differentiating, with respect 
to the time, the equation which connects x and y . The method is 
illustrated in the following examples : 


(i) Two straight roads OA, OB intersect at right angles , and a house at B is 
4 miles distant from 0; o man walks totoards 0 along the other road AO at 
the rate of 4 miles an hour; find the rats at which he is approaching the house, 
at the instant when he is 3 miles from O. 

If x and u denote his distances from 0 and B respectively, we have 
J + 16. 

Differentiating with respect to t, 


n du dx 

2u dt- 2x d ,’ 


du 
dt ~ 
and 


X dx 

u dt 
dx/dt, 


his velocity along 


At the given instant, x — 3, u mm 5, 
the road, «* — 4 [ — , since * is decreasing]. Therefore 
du/dt — f x —4 — —2*4 miles per hour, 
i. e. u is diminishing, and lie is approaching the house at the rate of 2*4 
miles per hour at that particular instant. 
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(il) Suppose that the roads in the preceding example are inclined at 60°. 
In this case, by elementary trigonometry (a % — b % + c 1 — 2 bcooe A), 
have 


w* x*4*16 — 2 . 4 ar cos 60° — x* + 16 — 4 a?. 

Differentiating with respect to f, 


we 


2 It— aa 2*-* • >4— — 2(x— 2) — » 

* dt dt dt 1 ; dt 


du x — 2 dx 
dt"~ dt' 


When x «* 8 , w # « 13 and u — +/13. Therefore 

du/dt ~ l/ty/18 x dx/dt 1/ v^l3 * -4- -1J nearly. 

The man is approaching the house 
at the rate of 1 J miles per hour. 

When he is 2 miles from 0, i.e. 
when a: ■- 2 , we have du/dt «* 0 . In 
this case, it is evident geometrically 
that the mao is at N , the foot of the 
perpendicular from B to OA , and 
hence at this particular instant he is 
not approaching B. Notice that in 
this case, u, his distance from B, is 
a minimum, and hence (Art. 53) it 
follows that du/dt — 0 at this point, 
and changes from — to -f . Before 
reaching N, du/dt is — , and he is approaching the house; after passing N , 
du/dt is + , and he is receding from the house. 

[The student of mechanics will observe that in both cases the velocity of 
approach is simply the component of the man’s actual velocity resolved 
along AB. ] 


B 



Fig. 7i. 


67. Velocity along the arc of a curve. 


It will be shown in Art. 82 that if s be the length of the arc 
of a curve, measured from a fixed point on the curve to a point P 
whose coordinates are {x, y ), then, ultimately, when lx, by, and 6 s 
are very small, 

( 65 )* = (bx)* + (by)\ 


If the point P be supposed to move along the curve, s , x , and y 
are all functions of L Dividing by (of) 2 , It being the time taken 
to traverse the arc Is, 




f hx \ , 
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Therefor© in the limit when St and therefore also Ss 9 Sx 9 by — * 0, 
we have 



ds/dt is the rate at which the point is moving along the curve ; 
dx/dt and dy/dt are the time-rates of increase of the abscissa and 
ordinate of the point, i. e. the velocities parallel to the axes of 
coordinates. This is the well-known result that the square of the 
resultant velocity of a point is equal to the sum of the squares of its 
component velocities in two directions at right angles. 

Examples: 

(i) The coordinates of a moving point at the end of time t are given hy the 
equations x. •«= a cos nt, y — a sin nt ; prove that the point describes a circle 
with velocity of constant magnitude . 

The path of the moving point it obtained by merely eliminating t from 
the given equations. Squaring and adding, we have at once 
which is the equation of a circle. 

To find the velocity, we have, on differentiating with respect to t t 
x — —an sin nt , y — an cos nt. 

Therefore, again squaring and adding, 

x 2 + y* «b a 7 n*, i. e. ^—a 2 /? 2 and e — ±an, 
which gives the resultant velocity s of constant magnitude. 

The iign will depend upon the position of the point from which s is 
measured. 

(ii) A point mores in a parabola so that its velocity parallel to the axis of the 
curve is constant ; find its velocity alono the curve . 

Differentiating the equation of the parabola, y 1 • 4 ax, with respect to f, 

have 2y dy/dt - 4 a dx/dt. 

dx/dt is given to be constant ; if it be equal to u, then y dy/dt » 2 au. 

u" + 4 <r u 7 /y % 

- 1 1 + 4aVy*) = (1 + a/x) ; 

the velocity along the curve 

ds/dt « + u </(l A a/x). 

(iii) A point is moving in an ellipse of eccentricity J with a velocity of 
40 ft. secs.j find its component velocities parallel to the axes of the ellipse when 
it is at an extremity of a latus rectum. 

Here & ■» 40, and the values of dr and y are required. 

Taking the equation x-/a 2 + y*/b 2 ~= 1, and differentiating with respect 
to t t we have 

2x dx 2y dy __ ^ tly b*x dx 

a 7 dt * h* dt * ° r dt d l y dt 
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kt the end of a latua rectum, * — + ae, y «■ ± b % /a [pp. 19, 84] ; 

„ dy &*( + ae) dx dx S dx 
" dt “ a*(±fc*/a)‘ * “ **Tt ” *4 H' 

Hence P — x*4 y % — ^4 A#* «■ 

•\ x — ± t x 4 — + | x 40 — + 32 ft. secs., 
end y » ±2^"“ ±24 ft. secs. 

There are four possible arrangements of signs which will be associated 
with the four extremities of the latera recta. 


Examples XXIV. 

1. The rectangular coordinates of a moving point at the end of time t are 
given by the equations x — 30 1, y-.40f-16f*; find the resultant 
velocity at the end of 2$ secB. 

2. The coordinates of a moving point at the end of time t are given bv the 
equations x ■■ a 4 c cos t, y — b 4 e sin t ; prove that the resultant 
velocity and acceleration are of constant magnitude. 

8. A man walks at 4 miles an hour on a horizontal plane towards a column 
100 ft. in height ; at what rate is he approaching the top of the 
column, at the instant when he is 75 ft. from it ? 

4 . Two straight lines of railway are inclined at an angle of 120*, and 
a train on one line is travelling towards the junction A at 40 miles per 
hour. At what rate is it approaching a station on the other line 2 miles 
from A y at the instant when it is also 2 miles from A . 

6. A man 6 ft. high walks at the rate of 6 ft. per sec. along a horizontal 
pavement lighted by a lamp 10 ft. vertically above it ; find the rate at 
which the length of his shadow on the pavement changes. 

6. Find the rate, in the preceding question, if the pavement is an incline 
of 1 in 10, and the man is walking up it towards the lamp. 

7. A ladder, 34 ft. long, rests in a vertical plane with one end on a horizontal 
road and the other against a vertical wall. If the lower end is pulled 
away from the wall with a velocity of 10 ft. per min., find the rate 
at which the upper end is descending at the instant when the foot 
of the ladder is 16 ft. from the wall. 

When will the ends be moving with equal velocities ? 

When will the upper end be descending at the rate of 20 ft. per min.? 

8. A truck is drawn along a straight horizontal road by a rope which passes 
round a windlass 14 ft. vertically above a point A of the road. If the 
rope is wound in at the rate of 20 ft. per min., find the velocity of the 
truck when it is 48 ft. from A. 

O. A man standing on a quay draws a boat towards him by means of a rope 
which he is pulling in at the rate of 1} tt. per sec. At what rate iB the 
boat moving when there are still 25 ft. of rope out, the man’s hands 
being 7 ft. above the level of the water ? 

10. Two rings P and Q % connected by a rod 20 ft. long, slide along two fixed 
wires CM, OB at right angles. If .Pbe made to move along QA at the 
rate of 5 ft. per min., when is Q moving along BO at the rate of 2 ft 
per min. ? 

11. If in the preceding question OA and OB arc inclined at an angle cos -1 }, 
find the velocity of Q along BO when it is 15 ft from O. 
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12. Two trains start from the same station at the same time. One goes due 
north at 80 miles per hour, and the other due north-east at 20 miles per 
hour. At what rate is the distance between them increasing after J hour ? 

19. If the slower train starts at 1.50 p.m., and the other at 2 p.m., at what 
rate is the distance between them increasing at 2.10 p.m. V 

14. Two straight roads intersect at right angles. A man walking along one 
of the roads at 8 miles per hour passes the crossing at 2 o'clock, and 
another man walking along the other road at 4 miles per hour passes it 
at half-past two. Find the rate at which the distance between the men 
is changing (i) at a quarter to 2, (ii) at 3 o'clock. 

16. A straight road passes over a river which runs at right angles to it by 
means of a bridge 50 ft. high. A boat travelling at the rate of 4 ft. per 
sec. passes under the middle of the bridge one minute before a man 
walking at 6 ft. per sec. along the road reaches the middle of the 
bridge. Find the rate at which the distance between the boat and 
the man is changing (i) 1 minute before the boat reaches the bridge, 
(ii) ^ minute after the man has passed the middle of the bridge. 

10. A t B % C are three villages. The distance from A to B is 5 miles, from B 
to C 4 miles, and from C to A .3 miles. A man walks from A to B t then 
on to C, and back directly from Cto d at 4 miles per hour ; find, when 
half-way between each pair of villages, the rate at which he is 
approaching or receding from the third village. 

17. A man walks round a circular track with constant velocity, and his 
shadow, cast by the sun, always intersects the diameter of the track 
perpendicular to it. Prove that the rate at which hiB shadow moves 
along this diameter varies as his distance from it. 

18. A lighthouse is one mile from the nearest point A of a, straight line of 
shore, and the light revolves twice per minute ; how fast is the light 
travelling along the shore (i) at A , (ii) } mile from A , (iii) I mile 
from A ? 

18. A man walks round a circle of radius 20 yds. at the rate of 4 ft. per sec., 
and & light at the centre of the circle throws his shadow on a straight 
wall built along a tangent line to the circle. Find the velocity with 
which hiB shadow moves along the wall (i) when he is 5 yds. from it, 
(ii) when he is 8 yds. from it. 

^O. A right circular cone is filled with water and placed with its axis vertical 
and vertex downwards. If the water flows out at a constant rate of 
5 c. in. per sec. through a hole at the vertex, at what rate is the surface 
of the water descending at the instant when the radius of the surface 
is 6 inches ? 

21. The ends of the water reservoir of a town are vertical, the sides slope at 
an angle of 45°, and the bottom is a horizontal rectangle 200 yds. by 
80 yds. If the water-level is sinking at the rale of 5 ft. per day (and no 
more water is running in), at what rate per day is water being supplied 
to the town at the instant when the water is 20 ft. deep ? 

22. A piston slides freely in a circular cylinder of radius 9 inches; at what 
rate is the piston moving when steam is being admitted into the 
cylinder at the rate of 22 c. ft. per sec. ? 

23. The diameter of a sphere increases from 4 in. to 12 in. in 10 minutes, 
equal volumes being added in equal intervals of time. Find the radiua 
after 5 minutes. At what, rate is the radius then increasing ? 

24. The area of a circle increases from 1G sq. in. to 100 sq. in. in 20 secs., 
equal areas being added in equal intervals of time. Find the radius 
after 15 seconds. At what rate is the radius then increasing? 
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85. A trough, whose cross-section is ah isosceles triangle, is a ft. long 
and b ft. broad at the top. Water is poured into it at the rate of 
k c. ft. per sec. At what rate is the water rising in the trough when it 
is one quarter full ? 

26. A point moves in the parabola y* -• 12*. so that its velocity parallel to 
the axis of the curve is everywhere 10 ft. per sec. Find its velocity 
perpendicular to this axis and the resultant velocity, when at the 
point (3, 6). 

27. The path of a moving point is the curve y — lOain 2 a?. If the velocity 
parallel to the axis of x is constant and equal to 5 ft. per sec., find the 
resultant velocity at the point whose abscissa is ^ n. 

28. In the preceding question, prove that the acceleration at any point is 
proportional to the ordinate of the point. 

20. A point moves in the ellipse + 10 «/* — 288 ; if, at the point (4, 3), 
the velocity parallel to the minor axis be 10 ft. per sec., find the 
velocity parallel to the major axis, and the resultant velocity. 

SO. If, in the cycloid (Art. 50). the angle 0 is increasing at the rate of 
1 radian in 10 seconds, find the velocity of the point 1* along the arc at 
the instants (i) when 6 — £ ir, (ii) when 6 ■■ £ rr, the radius of the 
generating circle being 20 inches. 

81. A point is moving in the parabola y 1 — 12 x at the rate of 10 ft. per 
see. ; find its component velocities parallel to the axes when it is at the 
point (8, 6). 

82. A point is moving in the ellipse j F*/ a* 4yV5* — 1 with constant velocity 
u ft. secs. ; find its velocities parallel to the axes at any point. 

83. A man walks at 4 miles per hour along a road in the form of a parabola 
whose equation is x % ** 25 y, and whose axis is due north and south. 
Find his velocities duo N. and due E., when he is 1 mile N. of the 
vertex. 

63. Angular velocity and acceleration about a point. Motion 
in a circle. 

If 0 be the inclination to a fixed straight line OA of the line 
joining a moving point P to a fixed point O, the time-rate of increase 
of the angle 0, Le. dO/dt or 6, is called the angular velocity of the 
point P about the point O, or the angular velocity of the straight 
line OP. 

Similarly, if « denote the angular velocity of P about 0, the time- 
rate of increase of o>, i.e. dw/dt or <5, is called the angular acceleration 
of P about 0 . Since <u = d, the angular acceleration of P about O 
may be written d 2 0/dt a or 0. 

Let a particle describe a circle of radius r about a point O (Fig. 72). 
Let P be the position of the particle at any instant when the radius 
OP makes an angle 0 with a fixed radius 0A, and Q its position 
after time of, during which the radius turns through an angle dO. 

If s be the length of the arc AP y the velocity v of P in the 
direction of the tangent PT is k or r$ t since s = rO , and r is 
constant. 
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The velocity of P in the direction of the normal PO is zero, for the 
particle is moving in the direction perpendicular to PO* 

If 0+60 be the velocity at Q , this may be resolved into 
( 0 + 60)00360 and (0 + 60 ) sin 60, parallel to PT and PO respectively. 



The acceleration in any direction is the time-rate of change of 
velocity in that direction. Therefore acceleration at P along the 
tangent PT 


L 


it 


( 0 + 60 ) cos 60 — v 
Tt 


’60 (1 — cos 60)1 

t rr cos 60 — 0 JJ « 

bt J 


Now 


1 — cos 60 __ 1 — cos 60 ^ 60 

it ' 5 * 60 x Ft 


which, as bt — ► 0, tends to the limit 0x0, i. e. zero [Art. 13 (10).] 
.\ the acceleration along PT = Lt£«"-ar 

This may also be written cPs/dt 2 or rdPO/dt 2 , i. e. s or rff. 

Since dv/dt = dv/ds xds/dt, it may also be put in the form 
vdv/ds, just as in the case when the particle is moving in a straight 
line. 

The acceleration at P in the direction PO 


L 


it- 


(0 + 60 ) sin 60 


bt 


- Lt (*+»•> 


sin 60 60 


60 


as bt and therefore 60 


= 0 x 1 xdO/dt 
= rO 2 or v*/r. 
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Hence, if S denote the angle which the radius through the particle 
makes with a fixed radius, the components of the velocity and 
acceleration of the particle along the tangent and normal are r6, 0 
and rS, r& % respectively, and, if m be the mass of the particle, the 
forces acting on it are equivalent to mrS, mrd* along the tangent 
and normal respectively. 

In the particular case when the particle is moving uniformly in 
the circle, 6 is constant. Therefore S is zero, and the resultant 
acceleration is r0 % along the radius ; in this case the force on the 
particle necessary to keep it moving uniformly in its circular path 
is ww*r or mtfi/r towards the centre of the path. 

60. Crank and oonneoting-rod. 

The relations between the motions of connected parts of a machine can 
often be obtained by the use of these principles as illustrated in the follow- 
ing example, which is of rather greater difficulty than those hitherto 
considered. 

A crank OQ (Fig. 73) rotates about 0 with constant angular velocity o>, and 
a connecting-rod QP is hinged to it at one end Q, while the other end P moves 
along a fixed straight line OX/ determine the motion of P. If a perpendicular 
from 0 to OX meet PQ produced in R, prove that OR and QR represent in 
magnitude the velocity of P and the angular velocity of PQ respectively . Find 
also the acceleration of P. 



Fig. 78. 


Let a and l be the lengths of OQ and PQ, and 6 and </> the angles QOX , 
QPO respectively. Draw QM perpendicular to OX. 

As Q moves round the circle, P moves backwards and forwards along the 
line OX If x denote the distance OP, we have 

x « OM+MP — a cos d + l cos <p. 

I sin (p ■» QM « a sin 6 . 


Also 
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SIMPLE INTEGRATION WITH APPLICATIONS 

70. Introductory. 

In the preceding chapters we have Bhown how to find the 
differential coefficient or rate of change of a given continuous 
function of x. In many branches of mathematics, both pure and 
applied, we are frequently confronted with the inverse problem, 
viz. given the rate of change of a function, to find the function. 
This process of finding a function which has a given rate of change 
is known as integration. 

An integral may be defined in two quite distinct ways; either 
as the inverse of a differential coefficient or as the limit of the sum 
of a certain series. The former of these two definitions is the one 
which leads to the methods of evaluating integrals; the latter is 
the one upon which many of the simpler applications depend, but 
it does not yield convenient methods of evaluation. We shall, 
therefore, begin by considering the first definition, and later, when 
we have learned how to calculate the simpler forms of integrals, we 
shall consider the second definition and show the relation between 
the two kinds of integrals. 

71. Definitions. 

The integral of a function f (x) with respect to vis the function whose 
differential coefficient with reqnxt to x is f (x), and is written / f (x) dx. 
, The symbol / is really an elongated S, the first letter of the word 
‘sum’, and the necessity for the insertion of the factor dx will be 
seen when we come to consider integrals from the second point 
of view mentioned above. At present it may be regarded as part 
of the symbol of integration, indicating the variable with respect to 
which the required function must be differentiated in order to give 
f(x), so that /... dx stands for ‘the integral of ...with respect to x\ 

Generally, 

if ^F(x) be denated by F'(x), then /F'(x)dx = F(x). 



SIMPLE INTEGRATION WITH APPLICATIONS 157 

Briefly, in the differential calculus, the first problem to consider 
is: Given jf, find dy/dx ; in the integral calculus, the first problem 
to consider is the converse of this, vis. given dy/dx , find y. 

E.g. the d. c, of #* with respect to x = 8# 9 , hence fb&dx = #* ; 
the d. c. of tan x with respect to x = sec*#, hence f sec *xdx =5 tan x. 

Unfortunately, there is no general method of retracing the steps in the 
process of differentiation. In the calculation of differential coefficients, 
terrriB are frequently added and subtracted, and factors multiplied together 
or cancelled out, and when the final result only is given, there are no means 
of recovering these terms and factors. A few of the commonest and sim- 
plest integrals are collected from knowledge of differential coefficients ; 
these are usually referred to as ' Standard FormB 

The first part of the Integral Calculus then consists, in the eyes of the 
beginner, of a collection of various haphazard methods and devices by means 
of which other expressions can be reduced to one or other of these standard 
forms or to some combination of them ; t and the degree of difficulty 
experienced by the student in dealing with these will depend to a great 
extent upon the thoroughness of his knowledge of the substitutions and 
formulas of elementary algebra and trigonometry. 

For the discussion as to whether a function always possesses an integral or 
in what cases a function possesses an integral, the student is referred to more 
advanced works. It can be Bhown that every continuous function has an 
integral. The functions which are encountered in elementary applications 
generally possess integrals which can be expressed in terms of the functions 
we have already considered, together with those which will be dealt with in 
the next chapter ; but there are many comparatively simple functions whose 
integrals cannot be expressed in terms of such functions, e. g. (1 — 2 sin*#)” 1 /*, 
V(l— «*). (coax)/#, cannot be integrated in terms of such 

1 unctions. 

72. Arbitrary constant. Indefinite integral. 

The first point to notice is that the above definition does not give 
a perfectly definite value for the integral ; since the d. c. of a 
constant is zero, it follows that the integral of F' (x) with respect 
to x is not necessarily F(x) only, but is F(z) + C, where O is an 
arbitrary constant, i. e. any quantity whatever which does not 
involve x. On this account these integrals are often referred to 
us 1 indefinite integrals \ 

• These Standard Forms must bt committed to memory. It is not really necessary 
to remember more than a dozen or so, but these must be thoroughly known, and 
the student must be able to recognize them at onoe whenever and in whatever 
form they oceur. 

t These methods and devices are not really as disconnected as they appear 
at first sight to the student. See G. H. Hardy’s Integration Functions of a Single 
Variable , Cambridge Tracts in Mathematics, No. 2. 
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Taking the cases mentioned above, the d. c. of 2* is 82*, but so 
also is the d. c. of 2 s + 4 , 2 3 — 10 , 2 s + a 3 , or 2® + any expression 
which does not involve 2. Therefore 

fBxPdx = 2 s + £ 7 , 

where C is arbitrary, except only that it is independent of 2. Similarly, 
J'aecPxdx = tan x + C. 

This arbitrary constant C is usually omitted, but the student must 
not become oblivious of its existence. In practical examples, as will 
be seen later on, it often plays a very important part. 

It should be noticed at this stage that if a pair of simultaneous 
values of the function and its integral be given, then the constant 
ceases to be arbitrary and can be determined. 

E. g. given that dy/dx 2 x - 2, and that y » 8 when x ■■ 2, find y 

in terms of x . 

We have y -*/(2 x-2)dx 

-*■-2 *+C f (i) 

since this is the expression which gives 2 x -2 when differentiated. 

It is given that y — 3 when x — 2, hence, substituting these values, we 
have 3 — 4-4 + C, 

whence C— 8, and therefore, substituting in (i), 

y — a? — 2ar + 3. 

78. Geometrical interpretation. 

The geometrical meaning of this process 
should be noticed. We have to find y in 
terms of 2, given the value of dy/dx f i.e. of 
the slope of the curve, in terms of 2. Hence 
we have to find a curve, given the slope at 
any point in terms of the abscissa. 

In the example just considered, equation (i) 
represents the curves which have the given 
slope. It obviously represents a system or 
‘family * of parabolas (Fig. 74 ). If two different 
values for 0 be taken, the ordinates of the two 
corresponding ourves will at each point differ 
by a constant amount (the difference between 
the two values of C) f L e. the curves are at 
a constant distance apart measured along the 
ordinate. All such curves possess the given 
slope, i. e. the tangents at the points where 
they are cut by a straight line parallel to 
the axis of y are all parallel ; hence the arbitrary term CL 
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The fact that y = 3 when x = 2 enables us to select one parti- 
cular curve of the family, viz. the one which passes through the 
point (2, 8). There is no arbitrary element now ; there is but ont 
curve which passes through this particular point and has the given 
slope. 

74. Integral of as". 

The first and most important standard form to be considered is 
J'x n dx* What function gives x n when differentiated ? The d. c. of 
a^ +1 is (n+ l)x n f and therefore the d. c. of z n + J /(n+l) i* af 1 ; 
hence f tf'dx = # n+1 /(w+ 1). 

This is true for all rational values of n, + or — , integral or 
fractional (Art. 27), with the single exception of n= — 1 ; in this 
case the integral becomes J x~*dx. We have not yet obtained 1/x 
as the d. c. of any function, but in the next chapter wo shall find 
that it is the d. c. of log e x. 

E.g. /X 9 dx wm^x™ 

fl/x'.dx -/x~'dx -i- -3 1/(3 x 1 ). 

Js/xdx ~/xV*dx 

/l/tfx. dx mm /ar 1 /! dx — X s / 1 tJ — j ^x*. 

Since the d. c. of the Bum of a finite number of functions is the 
sum of their d. o.’s, it follows conversely that the integral of the 
sum of a finite number of functions is the sum of their integrals 
separately. 

Moreover, since ^a/(;r), where a is a constant, is a/'(x) f 
it follows that 

faf {x) dx = af(x) = aff (x) dx ; 
hence a constant factor can be brought outside the integration sign. 

These facts enable us to write down at once the integral of any 
polynomial in x with constant coefficients. 

Example $ : 

/I10x 4 -9x» + 5)rfx- 10. J^-9. Jx» + 5x+C - 2x 5 -3x» + 5x+ C. 
/(ax' + bx + c) dx a . j x 8 + b . \ x* + ex + d. 

/( 2 x-l )*dx -/[ 8 x»- 12 x a + 6 x-l]dx - 2 x 4 - 4 ar , + 3 x»-x+ C. 

^ ^ + X 1 /* 4 X- 1 /*) dx rnm 4 . ^ ~ -f C, 

In future, the constant 0 will be omitted. 



160 SIMPLE INTEGRATION WITH APPLICATIONS 


Examples XXVI. 


Write down the integrals of the expressions in the following examples 
1-14. 

1. x # , 21 x\ l/af*, 10/V, i/x, 1/ y/x. 

8. 1/a?*, 1/a; 10 , l/\/x t l/^x. 4. 

5. x*46x*4l0x-5; Ta^-lOx 4 * 9a*- 1. 

1 6 . 7 10 9 


2. 3a?*— 2x41. 
V*, Vx\ l/#x. 


g 

? + i? “ 5; ** ~ "* 4 + x> 


- 1 . 


7. ar 8 — 4a?*-f2ap*— x43 ; x 8 — 4x 4 46x a — 8. 

8. ax 4 4&r*4crx a 4<Jx4e ; a/x* 4 b/x? 4 c/x’ 4 d. 


9. 


642x4a?* 143x45x* 


x« 

11. (1-3 a;)*; 

oar* 4 bx 4 e 
13. ji 


y/x 

(1 4 a?*)*. 


10 . 


l^’42x\ 
o ~t » 

12 (f i* +, A'. 

12. , 


1 +x*42** 
4/x 

(^/ 


4 a; a 4 a* 


r4r 

‘ x* 


14. 


a; 

ax* 4 6 


16. Find y in terms of x, given dy/dx — 8a? 8 -2 x, and that y « 8 when 

x *= 2. 

16. Find y in terms of x f given d\j!dx — sin x, and that y ■» 2 when 
x « Jtt. 

17. Obtain the equations of the curves in which the slope at any point (x, y) 
is 3 — 4x. illustrate graphically. 

18. In what curves is the slope at a point (x, y) equal to 2-3/a? a ? 

19. Find the equation of the curve which passes through the point (3, 1), 
and has at any point (x, y) the slope x* -x. 

20. Find the equation of the curve whose slope at any point (x, y) is l/\/x, 
and which passes through the point (4, 5j. 

21. The slope at any point (x, y) of a curve is equal to cos x, and the curve 
passes through the point (0, 1); find its equation. 

22. What curve through the origin has its slope given by the equation 
dy/dx -■ (1 4x) a ? 

23. From any point P on a curve a perpendicular PN is drawn to the axis 
of y, and the tangent at P meets the axis of y in T. Find the equation 
of the curves in which the rectangle PN. NT has a constant value c*. 

24. If in the preceding question the normal at P cuts OX in G t in what 
curves is NG constant ? 

26. Find the function whose rate of change per unit increase of x is equal to 
6 x*— 4x43, and which is equal to 10 when x is equal to 1. 

20. Find the function whose rate of change with respect to x is inversely 
proportional to x 3 , and which bas the values 6 and 10 when x is equal to 
1 and 2 respectively. 


76, Two important rules. 

We next proceed to consider two rules of the utmost importance, 
which are constantly being used in integration. 

If the d. c. of f(x) be denoted by f '{x), we have 
Jf’(x)dx=f{x)i 



SIMPLE INTEGRATION WITH APPLICATIONS 161 

the d. c. of /(*+&) is (Art. 84) f (x + b) 

y/'(x+b)dx =f(x+b); 
the d. o. of f(ax + b) is (Art. 84) f'(ax + b) xo 

ff'(ax+b)dx = -/(a*+&). 

(t 

On examining and comparing these three results, we see that they 
enable us, when the integral of any function of % is known, to write 
down the integral of the same function of o#+&, where a and b are 
constants. 

They can be put into the following convenient verbal forms : 

If the integral of a Junction of x is known , then 

(i) the addition of a constant to x makes no difference in the form of 
the integral ; 

(ii) if x is multiplied by a constant , the integral is of the same form, 
but is divided by the constant 

Hence, in any function of x, the replacement of a? by a linear 
function of x does not alter the form of the integral of the function. 

These two rules, in conjunction with the standard forms of the 
preceding article, enable us to write down at once the integral of 
any power or root of ax + b . 

E.g. ftx*dx*=\x*\ 

f(x + 5) s dx -■ £ (x + 5) 4 ; the addition of the constant 5 makes no 

difference to the form of the integral. 

f( 2 x + 5) s dx = g (2 x + 5) 4 ; x has the constant coefficient 2, there* 

fore the integral is of the same 
form and is divided by 2. 

/(I -*)*<?*- -J(l-x) 4 ; 
and generally 

f(ax + bf dx — ^(oa? + b) 4 . 

From the reference to Art. 34 given above, it is clear that this 
is merely a simple case of the converse of the rule for differentiating 
a function of a function, and the reason for the insertion of the 
factor a in the denominator is obvious at once when the mult is 
differentiated so as to give the original function. 

E. g. the d. c. of (ax + 6) 4 « j- x4 (ax Ibj'xa* (ax + &)*• 

4a 4 a 

It must be carefully noticed that the rules only apply when x 
is replaced by ax + b, i.e. by an expression of the first degree in x; 
they give no information about the values of such integrals as 


iui 
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1 )*dx f where x is replaced by an expression of different 
degree, or /sin 9 x dx. These integrals are not i(**+l) 4 and 
£ sin 4 x, as is obvious at once if we differentiate these latter functions. 

The integral /(& + 1)* dx can be obtained by expanding and 
integrating each term separately, thus 

/(x'+lfdx =/(^ + 3^ + 8^ + l)d® 

= }a? 7 +$a^ + r < * + a?+C 

The student should not make mere mechanical applications of these rules. 
It is important that he should grasp the principle which underlies them, 
and for this purpose the argument may be presented in a different form 
as follows: 

Suppose the value of /[ax + b )• dx is required. 

Then if y denote /[ax + b) % dx , we have dy/dx (ax -4 &)■, 

Let ax + b — *\ .\ adx/dz~ 1. 


Then 


dy dy dx 
dz dx dz 

y-f\ r ' d * 


(ax + b)* x - — * . z* ; 
v ' a a 

1 * 4 „ (« + V. 

a 4 4 a 


Any particular case can be treated in a similar manner, but such forms 
occur bo frequently that the student should accustom himself to writing the 
results down at once. 


Borne further examples of the rules are appended : 

= J x~ 1 /* dx = = 2 V X. 


f— 

J Vx 


dx 


fTths)** = 2 * / «* +s >- 

/ 7(5xT 3) ^ = 2v/(B.r + 3)-f-B = | V(f>x + 8). 

f S(a—z) dX = 2 A*~*)+ ~ 1 = -2 ^(a-z) 
/ V (i + t ) dx ^ 2 ' / (“ + ^ a= ! y/(ax+ b) - 


Again, f cos x dx = sin r ; 

/cob{x ±Qi)dx = sin (x -fa). 

^cos [a—x)dx = — sin (a — *)> 
f cos Sx dx = J sin 3a? f 
f cos $ a; dx = 2 sin J x. 
/cok{px+q)dx = {sin(p,z-f g)}/p* 


The student should pay particular attention to these rules, and 
must be very careful not to omit the dividing factor a. This factor 
is frequently overlooked when the practice of integration is first 
begun, and for this reason considerable stress has been laid upon 
it above. 
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It is important to notice also that the correctness of an integration 
can always be tested at once, by differentiating the expression 
obtained ; this should of course give back the function which was 
to be integrated. 

We have so far , from our knowledge of differential coefficients, the 
following standard forms : 

f & dx = a w+1 /(»+ 1) (except when n = — 1) ; 
y'sin x dx = — cos x ; 
f cos x dx = sin x ; 
y'sec 2 x dx = tan x. 

76. An apparent discrepancy. 

One other point may be noticed at this stage. In Art 74, the 
integral of (2x— l) 3 was found by expanding and integrating each 
term separately, the result being 2z 4 — 4z 3 + SzZ—x. The integral, 
as given by the rule of the preceding article, is J (2 a?— 1)\ Do 
these two results agree ? 

The latter = £ (16z i -82x 3 + 24x2-8*+ 1) 

= 2a? 4 — 4a^ + 8rc a — s + £, 

whence we see that the two results differ by But we have 
already pointed out that in the integral of any expression, an 
arbitrary constant is to be understood ; hence the presence of the 
term J makes no difference to the integral. If, as in Art. 72, we 
substitute a pair of simultaneous values of x and y in order to 
obtain y definitely in terms of x, the expressions obtained for y 
will coincide exactly ; the value obtained for the arbitrary constant 
in the second case will be less by \ than the value obtained for the 
arbitrary constant in the first case, and the final results will be 
identical. 

Many expressions can be integrated by two or more different 
methods, and the results given by these different methods sometimes 
take different forms, but, on examination, it will be found that the 
parts involving the variable x are the same in both ; the results are 
either in exact agreement or differ by a constant only. 

The formal proof of this statement is as follows : 

Let f(x) and F(x) be two functions which have the same d. c. 

Then f'(x) E: F' (xj, i. e. / '(x) and F'(x) are equal for all values q/*x. 

f'(x)-F\x) = 0, 

i.e. ![/(*) -F(x)) = 0, 

whence we infer that f(x) - F(x) is constant. 

at 2 
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Examples XXVII. 

Integrate the following expression* : 
l. **. (7+*)', (5— (3 x— 4)', (px+ 3 )* 

S. x* (x— a;*, (9x + 4)*, (3 — 2x)", (ax + b) a , (p—gx) n . 

8. sinx, sin4x, sinmx, sin J x, sin (px + 3), sin (a — 2x), sin(Jir— x). 

4 . </*, y/(l+x\ ^(3-4 4 </(px + q)> + */<'), -/(Sar), </(nix). 

1 1 1 1 1 

(a — a:) 1 (ma?- n) 9 

c 9 (Of + 2x) t 8ec*(-r/m), sec 9 (nx + m). 
1 1 



(2-5*/ 

(7* + 2; 9 ’ 

0 . sec 9 or, 

sec 9 (x-f-8), sec * mx t i 

X 

1 

1 

(4 x — 5j“ ' 

(1—2 x) n 

s'. 

&X 

1 

1 

^(x+sT)’ 

A 

o. 1 . 

X 4 

1 

1 

(x-if 

(8— xj 4 ' (3 

Evaluate 



1 


(bx — a* 

1 


(3-7 x)‘ (jum g) 4 


10. /(7y-4)®dy. 

f <*** 

J ^(5-3*) ’ 

10. /(a — t) p dt. 


11 ./(a~lt)*/*dt. 
du 


14. 


17, 


J 
JW 


12. //(p + £*)cfe. 


4/(1 


16. U 

Ji«- 


3dj> 


Vip-ny)' 


10. /cos 30 d0 t /cob lOdfl, /cob (oc- 0) d0, /cos (n04 oc)d0. 

«A f — f <*y f du r G?y 

J V* 3 ' J V'Cl-y) 3 ' J -/(3 m — 5)** J /(aMi)* 

21. Given that dy/dx — (3ar — 4) 9 , find y in terms of x in two ways, and 
compare the results. Find from eacii expression the value of y in terms 
of x , given that y — 10 when x -■ 2. 

We now discuss a few simple applications which involve only 
such integrals as have just been considered. 


77. Applications to geometry. 

The integral calculus can be used to find what curves possess 
a given property. Two simple examples will be given at this stago. 
Others will occur later. 


Examples : 

(l) In what curves does the slope at any point vary inversely as the square 
of the abscissa of the point 9 
Here we have dy/dx ■■ k/x*. 

integrating y * / k/x 9 . dx «■ - k/x 4- C, 

which may be written x(y-C) — -k. 


* It is customary to write 

r 


J/w 


dx in tho form 


J, 


dx 


/w 


and similarly 1 dx 


J' 
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Hence the curves which possess the given property are rectangular 
hyperbolas (p. 21). 

If C *■ 0, we get a rectangular hyperbola with the axes as asymptotes 
(the quadrants in which the curve lies depending upon the sign of k)i as 
the value ot C is varied (and any value can be assigned to it at will) one of 
the asymptotes moves parallel to the axis of y. 

(ii) Find the curves in which the subtangent of any point P is proportional 
to the tangent of the angle which OP makes with the axis of x. 

The subtangent is (Art. 48 ) y • 

Therefore y / — ■■ k - ; L e. dy/dx — x/k, 

/ ax x 

and y *■/ x/k . dx «■ &/2k + C. 

Therefore the curves required are parabolas (p. 18) whose axes lie along 
the axis of y. 

78. Application to mechanics. 

It has been shown (Art. 62) that if & be the distance, measured 
from a fixed point of its path, of a moving point at time t (measured 
from some fixed instant), then the velocity v is equal to ds/dt, and 
the acceleration is equal to dv/dt, <Ps/dt 2 , or v dv/ds ; and several 
examples were worked in which the velocity and acceleration at any 
instant were deduced from a given expression for 5 in terms of t 

By the use of the integral cal cuius we can reverse this process ; 
Le. given the acceleration, we can determine, first, the velocity and 
thence the distance travelled. These examples illustrate the part 
played by the constant of integration. 

Examples : 

(i) A point moves in a straight line with constant acceleration a ; 
if v be its velocity and b its distance from some fixed point in the line 
at the end of time t, find v and s in terms oft 

Taking the first of the three expressions for the acceleration (since 
we want v in terms of f) we have dv/dt = a, 

• \ v =/ adt = at + C7. 

If t = 0, v = £7; therefore C is the velocity when t s= 0, i.e. the 
initial velocity ; denoting this by u , we have 

v = u-f af, 

Lo. ds/dt = u+at; 

•\ s = f(u + at)dt = uf+£ af*+£7. (i) 

Here C is the value of s when t = 0, and therefore depends upon 
the position of the point from which s is measured. If the starting- 
point be taken as the origin, then s = 0 when t = 0 ; therefore, 
substituting in (i), we get (7=0, and s = ut + J 
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If we take for the acceleration the expression vdv/ds, we shall get 
the relation between v and s. We have vdv/ds = a. Now the d. c. 
of v 2 with respect to $ = 2v dv/ds (Art. 81). Therefore integrating 
the preceding equation with respect to 8, we have 

4 o a = as + (7. (ii) 

C is the value of 4 v* when s = 0 ; therefore, taking the starting- 
point as origin, so that v = u when s = 0, we have 4 u 2 = C, 
and 4t> 2 = as+4 u a , i. e. v 2 = u 2 + 2as. 

Thus we obtain the three well-known equations of uniformly 
accelerated rectilinear motion. 

If the point starts with velocity u at distance s 0 from the origin, then in 
finding * in terms of t, s — * 0 when t — 0 ; therefore, substituting these 
values in (i), * 0 — C, so that 

a — 5 e + ut + $ at*. 

In finding v in terms of #, r— u when s *» s 9 ; therefore, substituting 
these values in (ii), 

1 u* — as 0 + C ; 

substituting this value of C in (ii), 

\v* — as + Jt^-a/fg, r* — u* + 2a («-* 0 ). 

(ii) A point moves in a straight line under the influence of an accelera- 
tion which varies as the square of the time the point Juts been in motion ; 
find the velocity at any instant and the distance travelled . 

Here dv/dt = let 2 , where k is a constant, 

v = /kt*dt=lkt* + C. 

If u be the initial velocity, v = u when t = 0, u = 0+ C; 
i. e. t> = ti + J kt*. 

This gives the velocity at the end of time t. 

Next ds/dt = e = u + i fa 3 ; 

i*. 8 = ut + t/s kt 4 *4* C* 

If 5 be measured from the starting-point, s ~ 0 v/hen t = 0 ; 
C = 0, and s = ut + A & 4 . 

This gives the distance travelled in t seconds. 

(iii) A particle is projected vertically upwards with velocity 40 ft. sees., and, 
in addition to being acted upon by gravity , is subject to a retardation which 
varies as the time from the commencement of the motion , and which at the end 
of the first second is equal to 16 ft. secs, per second. To what height will the 
particle ascend ? 

The variable retardation is kt and this is equal to 16 when t «■ 1 ; therefore 
k — 16. Hence the total retardation - p + W- 82+ 16*. 

dv/dt- -82-16*, 

v - + 


and, integrating, 
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* -■ 40 when t — 0. Substituting these values in the equation just 
obtained, 40 — C, 

and therefore c «• 40 - 32 1 — 8 1\ 

Again da/dt—v — 40-82t-8 1\ 

Therefore, integrating, $ — 40* — 16 1 % — g t* + C. 

# — 0 when t — 0, whence 0 — C, and s -« 40*-16**-8 **. 

This gives the height after * seconds. 

At the highest point, e • 0, 

.\ 40-32*-8*‘~ 0, i.e. 8 (5 4 *) (1 -*) - 0. 

Taking the positive root of this equation, t~ 1, it follows that the particle 
reaches its greatest height at the end of 1 second, and the distance travelled 
in that second is found by putting f-» 1 in the expression for s. This givee 
* — 40-16-§ — 21 J. Therefore the particle aLtaina the height of 21 J feet. 


Examples XXVIII. 

1. In what curves is the slope proportional to the abscissa ? 

2. Find the curves in which the subnormal is proportional to the abscissa. 

8. Find the equation of the curves in which the slope varies as the n* 3 * 

power of the abscissa. 

4. in what curves is the subnormal constant? 

6. I u what curves is the sum of the abscissa and subnormal constant? 
Explain your answer geometrically. 

6. In what curves does the rectangle contained by the abscissa and the 
subtangent vary as the square of the ordinate ? 

7. Find the equation of the curves in which the cube of the ordinate 
varies as the product of the subtangent and tbe square of the abscissa. 

8. Find the equation of tbe curves in which the rectangle contained by 
the ordinate and the subnormal varies as the abscissa. 

©. In what curves does the slope vary as the cube of the ordinate ? 

10 . In what curves does the subtangent vary as the square of the ordinate ? 

11. The acceleration of a moving point, at the end of * seconds from the 
commencement of its motion, is 18— 2 1 ft. secs, per sec.; find the 
velocity at the end of 3 seconds, and the distance travelled in that 
time, if the initial velocity be 20 ft. sues. 

12. A particle starts with velocity u and moves with an acceleration 
fcos^nt; find the velocity and the distance travelled at the end of 
3 seconds. 

IS. A particle starts from rest at a distance a from a fixed point O , and is 
subject to an acceleration towards O which varies as the distance 
from O; find the velocity in any position. [Use vdv/ds for the 
acceleration.] 

14. A particle starting with velocity 21 ft. secs, has an acceleration 5—4** 
ft. secB. per second ; when does it first come to rest, and how far has it 
then travelled ? 

15. The acceleration of a moving point which startB from rest is */(l + t) 
after * seconds ; find the velocity at the end of 8 seconds, and the 
distance from the starting-point at the end of 3 seconds. 



168 SIMPLE INTEGRATION WITH APPLICATIONS 


16. The acceleration of a moving point is 7 — 25, where t is the distance 
from the starting-point, which it leaves with velocity 40ft secs.; how 
far does it go before first coining to rest ? 

17. A particle falls vertically from rest, and, in addition to being acted npon 
by gravity, is subject to a retardation which varies as the time and 
which at the end of 2 seconds is 20 ft. secs, per second ; find the 
velocity at the end of 6 seconds and the distanoe fallen through in 
that time. 

18. If, in the preceding example, the retardation varies as the distance 
fallen through and is 20 ft. Bees, per second after falling 5 feet, find the 
velocity after falling 15 feet. 

1G. A particle moves in a straight line towards a fixed point O in the line, 
starting from rest at a distanoe of 40 feet from 0; it is under the 
influence of a force which gives it an acceleration towards 0 of 
100/s* ft. secs, per second, where $ is its distance from O ; find its 
velocity (i) when it is half-way to 0, (ii) when it has moved 30 feet. 

20. The velocities of a moving point parallel to the axes of sc and y 
respectively are, after t secs., 8 — 2 1 and 8 y'f ; find the coordinates of 
the point at the end of 4 seconds, taking the origin as the starting-point. 

21. In the preceding question, find the velocity along the arc and the 
distance travelled along the arc. (See Art. 67.) 

22. The velocities of a moving point parallel to the axes are, after t secs., 

— 9 and 6f, and the point starts from the origin; find the equation 
of its path. 

79. Areas of curves. 

We have, in Art. 14, defined what is meant by the area bounded 

by a curved line. 

Let AP (Fig. 76) be an arc of a curve measured from some fixed 

point A to a variable point P whose coordinates are (r, y ). Let the 



area AHNP between the curve, the axis of x and the ordinates AH 
and PN be denoted by a. This area may be regarded as generated 
by the motion of the ordinate NP starting from HA and moving to 
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the right ; to each value of x corresponds a value of £, so that * is 
a function of x. 

Let x increase to x + bx 9 and let Q be the corresponding point on 
the curve and MQ its ordinate ; then the area PNMQ is be, the 
increase in z due to the increase 6# in x, and MQ is y +by. 

Complete the rectangles PNMQ' and QMNP'. 

Then, if the slope from P to Q be positive, 

be > the rect. PNMQ' and < the rect. P'NMQ f 
i. e. >NP. NM and <MQ.NM, 

i.e. >^&cand <{y + by)bx. 

be/bx > y and < y+ty, 

[If the slope from P to Q be negative, the inequality signs will be 
reversed, as is obvious by drawing a figure. We have assumed 
that the slope has the same sign from P to Q. The range con be 
taken sufficiently small for this to be the case.] 

When ►O, by also — ► 0 ; therefore bz/bx f which we have 
just proved to differ from y by a smaller quantity than by, tends to 
the limiting value y . 

But dz/dx is, by definition, the limit of be/bx when hx— ♦ 0. 

dz/dx = y . 

If the equation of the curve AP is given, we can find y in terms 
of x. We have therefore dz/dx = a function of x, and z is found by 
integration. 


Example » ; 

(i) Find the area between the parabola ay — x*, the axis of x and the 
ordinate x « h. 

If z be the area from the origin to the ordinate of a point (x, y), 
dz/dx « y « x*/a ; 

V 


-/? 


dx • 


3 « + C - 


Clearly the area OPN (Fig. 76) it aero 
when P coincides with 0, i. e. z — 0, when 
x ■■ 0. Therefore C ■* 0, and substituting 
in the preceding equation, 

# _ a^/S a. 

This gives the area from the origin to the 
ordinate PN. 

The area OBH is the value of z when 
x — h t and therefore is equal to h*/3 a. 

Since the point B is on the curve, 
a. HB-h 1 ; 

h* h h* 1. 



3a 3 


; h . HB . 


area of rect. OH. HB , 


\ the area OHB 
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(ii) Find the area between the curve y — 11 x— 24~i* and the axis o/x. 

We have y — (8— a?) (j? — S) ; and the curve cuti the axis of x vrhere y 0 # 
i. e. where x — 3 and x — 8. Let these two points be A and B (Fig. 77). 



If z denote the area from A to PN, we have 

dz/dx ■■y-*l]a^“24~^r , ; 
z — /{ 1 lx - 24 - x dx y 

In this case, s — 0 when P is at J , i. e, when x *=* 3. Therefore, sub- 
stituting in preceding equation, 

0 — V - 72 — + C, whence C -» s fi, 

and z «» — 24a?-Ja^ + y. 

The area from -4 to B iB obtained by putting x ■» 8 in this result, giving 
the required area APB 

— ^ x 64 — 192 — i x 612 + ^ — 20$ units of area. 

If the area to be determined is on tbe negative side of the axis of rr, y will 
be negative, and the value obtained for the area will be negative if it 
be measured in the direction in which x increases. For instance, if, in tbe 
preceding example, the equation of the curve had been y — ar*- 11 #+24, 
the area would have been on the other side of the axis of a?, and the answer 
would have appeared as — 20$. 

Further examples of the determination of areas will be given in 
Chapter XVI. 

The geometrical meaning of the existence of the arbitrary constant 
of integration is now easily seen. It will be noticed that the 
investigation of this article does not involve the position of the 
initial ordinate AH from which the area z is measured, and the result 
will be the same wherever AH may be. The arbitrary position of 
this ordinate corresponds to the arbitrary value of the constant 
of integration. When the position of AH is assigned, the constant 
of integration can be determined, as is shown in the working of the 
two examples just considered. In Ex. (i), when AH was taken at 
the origin, C was found to be 0, and in Ex. (ii) when AH was taken 
at x = 3, C was found to be ^ . If the areas had been measured from 
some other ordinates, different values for C would have been obtained* 
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60. Substitution of limits of integration. Definite integrals. 

It will be noticed, from the last example, that the final value 
of g is obtained in the following manner. Taking the expression 
V** — 24a:— obtained on integration, 0 is the result of substitut- 
ing x s= 8 in this expression with the sign changed. 

Then the final value of $ is the result of substituting x = 8 in the 
integral + C 

= result of substituting 8 —result of substituting 3 in the integral 

= the difference of the results of substituting in the integral the 
extreme values of x . 

That the area is always obtained by this procedure can be shown 
as follows : 

Let y = f[x) be the equation of a curve, and let f(x) be the 
derived function of F(x). Suppose that the area between the curve, 
the axis of x , and the ordinates x = a and x = b is required. 

Then dz/dx = y = f(x) f 

i = ff(x)dx + G = F(x) + C. 

Now the area *, being measured from the ordinate x = a, is equal 
to 0 when x = a. Therefore 0 = F(a ) -I- C and C = —F(a). 

Hence e = F(z) — F (a). 


The area from a? = «tox=&is found by putting x = 5 in this 
expression, 

i. e. the required area = F(6 )— F (a) 

= the difference of the results of substituting in 
the integral of f(x) the extreme values of x. 

This operation is generally indicated in the following way : 


~fa ^ 


which is read 4 * is the integral, from a to 6, of f(x) with respect 
to x This is called a definite integral, and a and b are often referred 
to as the limits of integration. This name is not a fortunate one, and 
the meaning of the word limit used in this sense has no connection 
whatever with a limit as defined in Art. 12. 


81. Volumes of solids of revolution. 

If (Fig. 78) the area AHKB be rotated about the axis of x, a solid 
is generated such that its section by any plane perpendicular to the 
axis of $ is a circle. Such a solid is called a solid of revolution • 
S** Art 14(4). 
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The volume V between the sections through AH and PN will be 
a function of x, the abscissa of P. 

If x be increased to x+bx, then, as in Art. 79 in the case of an 
area, the increase 6F in volume thereby produced is intermediate 



between the volumes formed by the rotation of the rectangles TM 
and QN, and these volumes are cylinders of height bx and radii y and 
y + by respectively. 

Therefore h V is between ny 2 bx and m (y+ by) 2 bx, 

bV/bx is between vy 2 and ir{y+by) 2 . 

As bx— *0, by—>0 and tt (y + 8y) 2 — ► tt y\ 

•\ bV/bx, which is between these two, also — ► uy 2 as its limit. 
i.e. dV/dz = T>y 2 . 

From the equation of the rotating curve, y and therefore vy 2 can 
be found in terms of x, and V is found by integration. 

Exactly as in the case of areas, as explained in Art. 80, the 
volume V, between the two circular sections through the ordinatos 
x = a and x = 6, is obtained by subtracting the result of substituting 
x = a from the result of substituting x = b in the integral of uy 2 
with respect to x , and may be written in the form 



Examples : 

(i) Find the volume of a right circular cone of height h and radius r. 

Let a (Fig. 79) be the vexm-vertical angle of the cone. The equation 
of OA is y x tan 0£. 

Hence dV/dx rry 1 — irx* tan* (X; 
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,\ F— /irxHan 1 ** dx — rr tan* Of . Jx^O. 
r-0 when x— 0; /- 0 — 0, and F — $ nx? tan* DC, 

This is the volume generated by the revolution of ONP, 

At B, x — h ; *\ volume of cone — J nh* tan* Of 

- i nr*h, since r — fc tan Of • 


(ii) Find the volume of a sphere, and of the part of a sphere cut off by tu» 
parallel planes. 

A sphere is formed by the revolution of a semicircle about its diameter. 
Let the equation of the circle be x 8 + y 1 — r*. 

Here dV/dx — irjf — n (r*— x 9 ) ; 

V=*/Tr(t s ~x?)dx — it (^x-J x*)+ 0. 

For the hemisphere, let Fbe measured from OB; thon V — 0 when x — 0, 
0-0 and F-tt^x-Jx 8 ). 



Fig. 79. 



This is the volume generated by OBPN. 

At A, x — r. Hence the volume of the hemisphere 

and the volume of the sphere — £ v.r*. 

If the volume between x — a and x * 9 be required, then, returning to 
the equation y- + C, 

we have, measuring V from x — o, F— 0 when x — o, 
th erefore 0 — — tt (r* a - j a 8 ), 

and F— «■ (Hx — J x 8 ) — «■ (r*o — J a 8 ). 

This is the volume generated by UCPN. 

Therefore the volume required, obtained by putting x — b $ 

- TT^ft-J^-Trt^o-io 8 ) 

-irf* (*-«)-* tt^-o 8 ) 

— 7T (6 — o) {r 8 — + a 8 )}* 

If t ■ r, the figure is referred to as a spherical cap. 


174 SIMPLE INTEGRATION WITH APPLICATIONS 


Using tlie notation explained in Art. 80, the working is generally set 
down as follows : 

Volume of hemisphere 

ir (r 1 — x*)dx 

- in*. 

Volume of slice of sphere 

b 

n (r 1 — x % ) dx 

- J\r (r** - i 6 - n (>•* b - J 6*) - tt (,»a - \ a s ). 

Examples XXIX. 

Find the areas whose boundaries are given in Examples 1-10. Find 
also the volumes generated when these areas rotate about the axis of x. 

1. The axis of x, the curve y — x*, and the ordinate x — 8. 

2. The axis of x t the curve y — } (x + 1)*, and the ordinates x — 2, m — A 

3. The axis of x, the parabola y 3 — 12 x, and the ordinate x — 3. 

4. The parabola y 1 — 12*, and the double ordinate * — 12. 

0. The axis of x, and the curve y — 9x — **- 14. 

6. The axis of x, and the curve y — (x—1) 1 — 25. 

7. One semi-undulation of y — sin x, and the axis of x. 

[In finding the volume, use the formula sin 1 x -■ \ (1 — cos 2 x).] 

8. The curve 4 ay 1 — 8 x 9 , and the double ordinate * ■■ a. 

9. The curve x®y *■ 88, the axis of x, and the ordinates x -■ 2, x ■■ 6. 

10. The curve 9y — x*(x + 3), and the axis of x. 

11. If P be a point on the curve y m — kx n , and PM, PN be drawn perpen- 

dicular to the axes ; prove that the curve divides the rectangle OMPN 
into two parts whose areas are as m : n. 

12. Find the area between the curve y / x+vV 3Z " V a and the axes of 
coordinates. 

18. An ellipse whose semi-axes are 8 and 4 inches in length rotates about its 
major axis ; find the volume of the solid formed (which is called 
a prolate spheroid). 

14. The parabola y 9 — 4 ax rotates about the axis of * ; prove that the 
volume of a segment, measured from the vertex, of the solid formed 
(called a paraboloid of revolution) is half the volume of the circum- 
scribing cylinder. 

15. The rectangular hyperbola *■— y 1 — a* [p. 20] revolves about the axis 
of x; prove that the volume of a segment of the hyperboloid of 
height a measured from the vertex is equal to the volume of a sphere 
of radius a. 

16. Find the volume of the solid formed (called an oblate spheroid) by the 

rotation of the ellipse mentioned in Ex. 18 about the minor axis. 

17. The curve ay 1 *- x 8 rotates about the axis of x; prove that the volume 
of the resulting solid, cut off by a plane perpendicular to the axis, is 
a quarter of the volume of the circumscribing cylinder. 
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18. Find the area, between the curve y *■* a?* and the straight line y * 4ar. 

19. Find the area between the curves y — and a — y 8 . 

SO. Find the area between the curves y 8 —• x and y 1 — a? 8 . 

91. Find the volume formed by the rotation of the astroid a?*/ 8 4 y 1 / 8 ■* a*/* 
about the axis of x. 

92. The radii of the ends of a frustum of a right circular cone are 2 and 5 
inches respectively, and its length is 1 foot ; find its volume. 

23. Prove that the volume of a spherical cap of height h is rrh* {r~\h) f 
where r is the radius of the sphere. 

24. Find the volume formed by the rotation of the loop of the curve 
ay*mmx(x—a) % about the axis of x. 

25. Find the area of the maximum circular section of this solid. 

80. The axis of x intercepts two portions of the curve 

n*y — (x — o) (x — 2o)(ap — 8a) ; 
prove that they are equal in area. 

97. The segment of the parabola y* — 9 jp, cut off by the straight line x — y, 
rotates about, the axis of x\ find the volume generated. 

28. The coordinates of two points A and h on the curve a^y -» a**” 1 are 
(•* 1 * yd and (x t1 yj; prove that the area between the curve, the axis of 
x and the ordinates of A and B is (x 7 y 9 — x \V\)/n* 

29. The curve y 8 — a* cob \ (x/a) rotates about the axis of x; find the 
volume between x — — rro and x 4rra. 

80. The curve y (3a~2x)* — a 8 rotates about the axis of x\ find the 
volume between x — 0 and a: — a. 

81. Find the area between the curves y *» (3ap — 5) s and y 8 ■» 3ar — 5. 

82. Find the area between the graph of pv y — k t the axis of v , and the 
ordinates v — t^, r — c f . 

62 . Length of arc of a curve. 

The length of an arc of a curve has been 
defined in Art. 14 (3). 

Let 8 be the length of the arc, measured 
from some fixed point A (Fig. 81) on the 
curve, to a point P whose coordinates are 
(x, y), and let s + is be the length of the 
arc from A to a neighbouring point Q 
whose coordinates are (os-f-iaj, y + 

Draw PK perpendicular to the ordinate 
of Q t and let QP meet OX in P. 

Then PK = hx, KQ = 6y, arc PQ = is. 

Now .mXTP = *njnV-§$-‘J!xM. 



Fig. 81. 
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It was proved in Art 13 (10) that, in the case of a circle, 
Lt (arc PQ/chord FQ), when Q approaches indefinitely near to P y is 1. 
We shall assume this property to he true for dtt curves , and therefore, 
since the limiting position of PQ is the tangent at P, and 
hy/bs, lx/hs—+ the limits dy/ds, dx/ds respectively, the preceding 
relations become 

sin y\r = dy/ds, cos \j/ = dx/ds, 
where yj/ is the inclination to OX of the tangent at P. 


Since sin 2 ^ + cos* \j/ = 1, we have = 1. 

Also ( d £) =Bec ^= 1+ tan * * = 1 + {%')■ 


and 


••• 

{%)■ = cosecJ * = 1 + cot * * = 1 + ■(%)'■■ } 

••• S=*V{ i+ 0'}- 

The + signs must be taken if the variables increase together. 
From the equation of the curve, dy/dx can be found in terms of x , 
or dx/dy in terms of y, and then s will be obtained by integration. 

If the coordinates x and y of the point P are expressed in terms of 
a variable 0, then since la? + hy 2 = PQ 2 = ds* x (PQ/fcs) 2 , we have, 


dividing by 10 2 > 
therefore, when £0 



Examples : 

(i) Find the value of ds/dx in the curve 4y* * x s , and deduce the length 
of the curve from the origin to the point (4, 4). 

We have 

y — l x*/* ; .\ dy/dx — { arV* and ds/dx — £ </(\ 4 x). 

Since s, measured from the origin, increases as x increases, the 4 sign 
must be taken ; 

••• * -/(i+A*) l/a <te - (i + i 9 * *) B/ 7(! x A) 4 c . 3? (l + a*)^+ ft 

s — 0 when x — 0, 0 — 4 C, i. e. (7 — 

This is the length of the arc from the origin to the point whose abscissa 
is x\ therefore the length of the arc to the point whose abscissa is 4 
~W [(¥)■'* -1] -576 nearly. 
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(ii) Find the length of the arc of the curve 6xj — 8 +y 4 , between the points 
whose ordinates are 1 and 4. 

In this case, we must find ds/dy and integrate with respect to y. 


_ 1 . r. 

* 2y + <T ’ 


dx 1 y> 

*'• 5y"“5? + l’ 


Md (J) “ 1 + 47 ~§ + 4 '”( 27 + \ )’ 

ds 1 V* 

+ 2* the + since s is being measured from 

y ■■ 1 to y — 4, and therefore is increasing as y increases. 


Hence 

s mm 0 when y s 
Therefore 


l; 




+ £ +cr - 


0- ~i + l + C, and C-*. 

1 y 3 i 

2^ + W 

and the length of the arc from y — 1 to y ■» 4 is — J + V + i> 10 J. 

(iii) Find ds/dd tn the cycloid (Art. 50), and deduce the length of one arch 
of the curve . 

Here (%)'-(?*)'+(%)' 

— a 1 (1 - cos d)* + a* sin 1 d — a* (1 — 2 cos d -f cos* d + sin* d) 

■■ a* (2 — 2 cos d) ■■ 4 a* sin* J d ; 

.\ ds/dd — + 2a sin \ d. 

Measuring s from O (Fig. 53), s increases with d ; 

.\ ds/dS mm 2 a sin | d. 

Hence e — y2a sin J ddd — 4a cos i 04 <7. 

# — 0 when d — 0 ; 0 — — 4a + C, and C — 4a f 

and s ■■ 4a (1 — cos Jd). 

When the tracing-point has completed one arch, d — 27r and cos$d ■* —1; 

s mm 8a, 

i.e. the length of one arch is four times the diameter of the rolling circle. 


83. Area of surfaoe of a solid of revolution. 

This has been defined in Art. 14 (5). Referring to the figure 
of Art. 81, let 8 be the area traced out by the rotation of the are 
AP, and bS the area traced out by the rotation of the arc PQ. 
The area of the frustum of a cone generated by the rotation of 
the chord PQ 

= PQ x 2 tt {y 4- \ by) [Art. 14] = PQ/bs x 2 v (y + i 6y) bs. 

As bs—+Q, the ratio of the area traced out by bs to that traced 
out by PQ—+ 1, also PQ/bs— »1 and y+J &y—*y. 

v 


IMS 
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h8—*2wffis; Le. b8/bt—*2r.y, and in the limit, dS/ds — 2vy. 
If the equation of the curve be given, we may write 
dS dS da 0 ds _ /(, 

S-S x £- S '»£= 2 ’» N /f + (s)j 

from the preceding article, and then S is found by integrating with 
respect to x. 

If more convenient, we may take 

dS_dS ds_ /(, 
dy ds'dy “ 27ry V l 1 + (~dy)\' 
and then S is found by integrating with respect to y. 

ExampU : 

Find the area of the surface formed by the rotation of the parabola y 1 — 4 ax 
about the axis of x, from the origin to the section x — 3 a. 

We have y — 2^ (ax), dy/dx — +/( a/r \ and (ds/dx) % «■ 1 + <*/x. 

dS/dx « 2ny ds/dx — 2tt . 2</(ax) </(l + a/x) — 4«Vo . V (a + x) ; 

.*• S "■ 4 tt a ./ v^(e 4* a?) dx ■= 4»r . § (fl +- 4- C. 

£—0 when a? — 0, since S is measured from the origin, 

0 — j Tr-v/a . a*/ 1 4 C, and C-— Jt ro 1 . 

Hence £ — f n [*/ a (a + x) 1 '' 1 — «*]. 

Therefore the area as far as the section a: — 8 a 
-I* [✓•.(4a)V»-e*]- 

On account of the radical sign which occurs in the expressions 
for ds/dXy ds/dy , dS/dx , and dS/dy , the integration is often compli- 
cated, and few examples can be worked out until further methods 
of integration have been considered. 

Examples XXX. 

1. In the curve y — 4 a? 3 , find approximately the length of the arc between 
the points on the curve where x ■» 2 and x — 2*01 [i. e. given 

bx — *01, find da]. 

3. In the circle + — 100. find approximately the length of the are 

from the point (8, 6) to the point on the circle where x — 8*03. 

S. In the cycloid * — 10 (0-sind), y — 10 (1 — cos $), find the approxi- 
mate length of the arc between the points where & — \n and d — 

4. In the astroid x — a cos 9 8, y «- a sin 9 8, find approximately the length 
of the arc between the points where 0 — 44* and 6 «• 45°. 

Find the lengths of the arcs of the following curves : 

5. 27 y* ■- x 9 , from the origin to the point where x — 15. 

6. 16 x* — y 9 , from the origin to y 1. 

7. x* + 3 — 6xy, from x — 2 to x — 8. 

8. 4y* — (* + 2J\ from x ■* 2 to a? *- 7. 
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B. The curv* whose slope at the point (x, y) is 2^/(x^x*) t from * «• 1 
to x — 10. 

10. The curve whose slope at the point ( x , y) is \/</\2y (2 + 8y)}, from 
y mm 0 to y -» 5. 

Find the areas of the following surfaces : 

11. The paraboloid* formed by rotation of y* ■■ 8 x about the axis of x, 

(i) from the origin to x 16, (ii) from to x — 16. 

12. The surface formed bj rotation of y — £ x* about the axis of y, from 
the origin to y — 8. 

Id. The surface formed by rotation of x* + 3 — 6 xy about the axis of x, from 
x — 1 to x ■» 4. 

14. The surface formed by the rotation of 8x*y ~ 2 + a? about the axis 
of x f from x — 1 to x -■ 2. 

16. The surface formed by the rotation of 9y* « x(x~ 3)* about the axis of 
x, from x ■» 0 to x — 3. 

16. Find also the perimeter of the loop of this curve. 

17. Prove that in the astroid x — a cos* 0, y — a sin 3 0 f ds/dO ■* $ a sin 2 0, 
and deduce the total length of the curve. 

18. A circle of radius 4 inches rolls along a fixed straight line OX; find the 
distanoe travelled by a point P on the circumference in one-quarter of 
a revolution, starting from O . 
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EXPONENTIAL, HYPERBOLIC, AND INVERSE FUNCTIONS 

84. Convergent and Divergent Series. 

If each term of a series be finite, the sum of any finite number n 
of terms is also finite. If «-*ao, the sum of n terms may increase 
without bounds or may approach a limiting value. 

If, as »— ►», the sum of n terms of a series tends to a definite 
(and therefore finite) limit 8, the series is said to be convergent and 
8 is called its sum. If the sum of n terms of a series -> oo as 
n— ► ao , the series is divergent. 

An example of a convergent series was fully discussed in 
Art 18 (3). That Beries was a particular case of a Geometrical 
Progression. The sum of n terms of the series 
o+or+ar*+ ... 

is proved in text-books on elementary algebra to be 

If | r | < 1, r" can be made as small as we please by taking n 
sufficiently large, and therefore the sum of n terms of the series 
approaches the limit a/(l-r); i.e. an infinite G. P. is convergent 
if its common ratio r is numerically <1. If r is equal to or greater 
than 1, it is obvious that the sum of the series may be made as 
large as we please by taking n sufficiently large, and the series is 
divergent. 

The question of convergency or divergency only arises of course in 
connection with infinite Beries. If a series consists of only a finite 
number of terms (each finite) the sum of the series is necessarily finite. 
In dealing with infinite Beries, it is of essential importance to know 
whether, or under what circumstances, the series are convergent, 
because infinite series obey the ordinary laws of elementary algebra 
and can be added, subtracted, multiplied, rearranged, dc. only when 
they are absolutely convergent [i. e. convergent when all their terms 
are taken with the same sign]. 
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85, Conditions for oonvergeney. 

In the first place, it is obviously necessary, if a series is to be 
convergent, that the term should —#> 0 as n — ■» oo , for if the 
terms remained finite, the sum of n of them would clearly — *co 
as n — ► oo ; but this alone is not sufficient. 

" ^ &n denote the sum of the first n terms, the definition of 
a convergent series states that S n — ♦ S, a finite limit, as n— ► oo. 

S n + lf S n+8 , ... S n + m (being equal to 8 n + additional terms), also — +8 
as n— ►<*> [m being any positive integer], 

• \ they differ from one another by quantities which — ► 0 as « — *• oo; 
^n+m ► 0 as » — ►oo. 

Now S n + m — S n = sum of first « + m terms — sum of first n terms 
= the sum of m terms after the n th , 
and m may have any integral value ; therefore not only must 

(i) the n tJl term — ► 0 as n — ► oo, but also 

(ii) the sum of any number qf terms after the n th — #* 0 as n — ► oo. 

For instance, in the series 

1f l 1 1 ,1 

1 + 2 + 8 + 4 + - + « + “* 

(which is called the harmonic series), the w th term, l/#i, — *0 as f»— *oo, 
but the series is not convergent, because the second of the conditions 
mentioned above is not satisfied. 

The sum of n terms following the n tb term 
11 1 
“»+l + n + 2 + + 2n* 

This is greater than n x 1/2 n [the number of terms X the smallest 
of them], i* e. > which is not indefinitely smalL In fact by taking, 
after the first and second terms, the next 2 [which are >2x£], 
then the next 4 [which are >4 X $], the next 8 [which are >8 x ^V], 
the next 16 and so on, we get an infinite number of groups of terms, 
such that the terms in each group add up to more than \ ; and 
therefore, by taking a sufficient number of groups, we can obtain 
a sum as large as we please, 

86. Tests for oonvergeney. 

It is often possible to find whether or not a series is convergent, 
i.e. whether or not S n tends to a finite limit S f even if the exact 
values of 8 n and 8 cannot be found. 

The three tests which are the simplest and the most frequently 
used in elementary cases are the following : 
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I. The obvious test, that if each term of a given series is numerically 
less than the corresponding term qf another series which is known to he 
convergent, then the given series will he convergent 

This is evidently true, because the sum of n terms of the given 
series is numerically less than the sum of the corresponding terms 
of the other series, and since the latter tends to a finite limit, so 
must the former. 

It is obviously immaterial whether the inequality holds at the 
commencement of the series ; it is sufficient if it be true for all after 
a finite number of terms. 

For instance, after the first two terms, each term of the series 


1 


+ 1+1 
+ 2 ! + 8 ! 



is less than the corresponding term of the series 

1 i 1 

1 + 2 + 2.2 + 2 . 2.2 + # " 

which is convergent [it is a G. P. whose sum to infinity is 2]; 
hence the given series is convergent 

II. If the terms of a series diminish continually to the limit zero and 
are alternately + and — , the series is convergent 
For the series 

= + ... 
and therefore > — since all the numbers in the brackets are + 

if the given conditions be satisfied. 

Also the series may be written 

••• 

which < u x , since again all the numbers in the brackets are 4- . 

Hence the sum of » terms of the series must tend to a limit 
which is between t*x and u x ~ u a , and is therefore finite. Therefore 
the series is convergent 

E. g. the series 1 — i + J — i + } — J+ ... is convergent 
This last series is of the kind known as semi-convergent or 
conditionally convergent This term is applied to series which are 
convergent, but which lose their convergency and become divergent 
when their terms are all taken with the same sign. 

A series which is convergent, and which remains convergent when 
its terms are all taken with the same sign, is said to be absolutely or 
unconditionally convergent 
Such a series is 
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1IL A series is convergent if, after a finite number of terms, the ratio 
qf each term to the preceding term is always less than some fixed quantity 
which is itself less than unity . 

In both cases, 4 leas ’ means 4 numerically less 

Suppose that, from the w th term onwards, the ratio of each term to 
the preceding term < 7c, where | ifc | < 1, 

i e. u n + t /u n < 7c, . \ < 7cu n ; 

< ••• «»+* < fcw.H-1 < ft (*««») < ft*«„ ; 

« n+ « / M»+l < ft> • •• «»*-S < ft»n+l < ft (ft***n) <*’«»; 

and so on. 

•\ adding together, 

“»+l + «»+* + «»+8 + — • < ft»„ + ft*M n + ft S M n + ... • 

(a G. P. whose common ratio k is numerically < 1) 

< kujll-k). 

Since the sum after the first n terms is finite, and the sum of the 
first n terms is finite, it follows that the series is convergent. 

In applying this test, we see that it is only the value of the ratio 
when n is large that is of importance; it does not matter about 
a finite number of terms at the commencement of the series. Hence 
we write down the ratio of the (»+ i) th term to the n tb term, or of 
the » tb term to the (»— l) Lb term if more convenient, and examine 
the value of this ratio when n is very large. 

If, as a oo, the ratio u n+l /u B approaches a limit which is numeri- 
cally less than 1, the series is convergent ; if u^/u* — ► 1 as n — ► ao, 
the test fails; if u n+1 /u n — ► a limit greater than 1, the series is 

x* x * 

1 + x+ 4- + .... (The Exponential Series.) 

(n + l) th term x n /n ! x 
n ih term "" x n ~*/(n — 1) I n 9 
which, whatever be the (finite) value of x, -*■ 0 as »-►<», and therefore 
obviously satisfies the first condition. 

If x be equal to 100, then (putting n — 100 in the ratio x/n) the 101 rt 
term is equal to the 100 Lh term, and for all subsequent terms, the ratio 
is < 1, and, moreover, continually diminishes. 

■ » . X^ jp* 

(ii) — — + .... (The Logarithmic Series.) 

Here (n + l) tb term _ x*+ l /( n + \) n _ * 

« tu term x"jn "" n-t 1 1 -♦ l/n 9 

which, as a oo , tends to the limit 


divergent . 
Examples : 

0) 

Here 
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Therefore the convergence or divergency of the series depends upon the 
numerical value of x* 

If | x | < 1, the test-ratio approaches a limit less than 1 ; the series 
is convergent. 

If | x | > 1, the test-ratio approaches a limit greater than 1 ; the 
series is divergent. 

If | x | — 1, the test fails ; the ratio is then numerically 1/(1 + 1/n), 
which, although less than 1, has 1 as its limit, and can be made as nearly equal 
to 1 as we please. Therefore we cannot say that the ratio is less than 
a fixed number which is less than 1. In fact, if we Belect any fixed number 
k as little below 1 as we please, we can always get a little nearer to 1 
than k is, by taking n large enough, as follows from the definition of 
a limit. 

In this case, if x -■ + 1, the series is 1-J + J-1 + ..., which, as pointed 
out above, is semi-convergent ; and if x *» - 1, the series is 

which we have shown to be divergent 

For further tests of convergency, and an account of the properties 
of convergent series, the student is referred to works on Algebra, 
such as those by Chrystal and C. Smith. 


Examples XXXI 

Test the following series for convergency : 


i. 4+}+J+i+ ••• • 

2. 1-J + W+-... 

8. |+ + ••• • 

11 1.1, 
*' ~2 + 2.4 + 2.4.6 + 2.4.6.8 + 

, x x l a?* . 

5. 1 + g + 4 ^ + .... 

x a? x? a? 4 

6 ‘ 1.2 + 0 + 3T4 + 4.5' , ' ,M, 

7. x4u + xiu + slu + iic + •••• 

x a? 8 ar* x 4 

8 ' l . 2 + FT? + 578 + O + “• * 



xo. 1 + 1 + \ + \ + ••• • 

2 2* 2® 

1+ 2] + 8"] + 4l + '"* 

, 2* S' 4* 

1*. 1 + 2l + 8 | + 4-| + >”* 

t 2x 3a? 8 4a?* 

18. 1+ Y + 25 + 125 + **” 

1 1_ _1 1 

a? + l + # + 2 a? + 3 + 

... • [ x positive.] 


We now proceed to discuss a very important limit, a particular case 
of which has been already considered in Art 18 (9). 
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87. Limiting value of (1 +*/«*)"• u m-»«. 
First, let m be a positive integer. 

Expanding by the Binomial Theorem, we have 



m (m— 1) ... (fli— r+ 1) flf 

+ rl '«r + “ 

v m' 2! V w/ V m'§\ 

+(i - - ) (i - -) ... (i + .... 

V m' V m' V w 'r ! 

As w— * qo, 1/m, 2/m, (r— l)/m (when r is finite) all — *0, and 

therefore the sum of the first r + 1 terms of the series tends to the 
limit 

£-1 ^-3 jpT 

1 +*+ + g-| + ... + — j , provided r be finite. 


But it must not be taken for granted that the (r + l)t h term tends 
to the limit x T /r] when r is indefinitely great ; for, in this case, 
the number of factors 


(l_ 

' «|/ V m' \ m ' 


in the coefficient of x r /r\ increases indefinitely, and it cannot be 
assumed without further investigation that the product of an 
indefinitely great number of factors, each differing from 1 by an 
indefinitely small amount (which amount moreover gradually 
increases as we get farther on in the series of factors) tends to the 
limit 1. 


Hence, when vn is indefinitely increased, we write the above 
expansion in the form 


1+ * + Fi + + 


+ 77 + 




It can be proved (see next article) that the quantity R tends to the 
limit 0 as m — ► oo ; therefore, assuming this for the moment, we see 
that, for all values of x , 


Lt^ + s) ‘ =1+ * + S + S + - + 7i + 


a series which was shown in the last article to be convergent for all 
finite values of z. 
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In particular, if * = 1, 

Lt ( 1 + ^) “ 1 + 1+ 2! + 8l + *" + H + ”' 5 

and, since the terms of this convergent series rapidly diminish, an 
approximate value of the limit can be obtained by taking the first 


few terms ; e. g., to 6 places of decimals, 

the first 3 terms together = 2*5, 

the 4 tk term 1/3 ! = | = *16667 

the 6 th term 1/4 I = £ of the 4 th term = *04167 
the 6 th term 1/6 ! = £ of the 6 th term = *00833 
the 7 th term 1/6 ! = ^ of the 6 tb term = *00189 
the 8 th term 1/7 ! = \ of the 7 th term = *00020 
the 9 ib term 1/8 1 = £ of the 8 th term = *00002. 


Therefore, adding up, we find the value of the limit to be 
approximately 2*7183, agreeing with the rough value obtained in 
Art. 13 (9) for Lt (1 + 1 /m) m . 

m-t - » 

Hence the limit of (1 + l/m)™ as m — + ao, and the sum of the con * 
i urgent series 1 + 1 + 4 - ~ + ... arc ead 1 equal to the number e. 


88. Completion of proof. 

We will now complete the proof of the preceding article by showing 
that the quantity R -► 0 as w -► 00 . 

If a, b t c ... be positive quantities less than 1, we have 
(l-a)(l-h) — l-(a+6)+afc, which is >l-(o + b), 
and therefore — 1 — B x (a 4- &), where B x is a positive proper fraction. 

(1 — a) (1 —b) (1 — c) > (1 -(n + ft)} (1 -c) > 1 — (a+b + c), by the preceding, 
and therefore — 1 - B % (a + b + c), where 0, is a positive proper fraction, 

and so on for any number of factors. 

Hence, applying this fact, 

(1- - 1 )(i- — )<- i-e(- + - + ...+ — ) 

\ fn/\ m / \ my \m m m / 

[B a positive proper fraction.] 

_ ramming the A. P. in 

2 m the brackets. 
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-i+*+ (i- ^)fi + ( 1 -*>lr)n + ( 1 ''«)ii + 




x* _ a* 

i'l 2m + 8l 


-1 +*+ ,n - + ~ -6 t ^ + 


2m 
4m 


+ ~ -0 Z. 

r! 2m. (r— 2)1 




m X* sc? X* x r 

-1+*+ g-, + g~, + 41 + •••+ n +••• 


** 

2 m 


[i+*,*+0,;^ +...+$ *L— +...]. 


Hence the quantity R of the preceding article is equal to 

~^[ i+ 0 '* +e 4 \ + -" +e i?S ) -!+•••]■ 

which, since all the 6 ’u are + and < 1, is numerically 

. ** r, ** af~* 1 

< 2mL* + * + 21 + + (r— 2)1 1 

• , 

he. < — 2^ x t a finite quantity], since it was shown in Art. 86 
that the series in the brackets is convergent 
for all finite values of x. 


Hence, as m -► ®, R 0, since, if x be finite, R — (a finite number )/m 
and therefore, for all finite values of x % 




1+ * + ih + 


* 

3! 


+ . 



89. Extension to fractional and negative values of m. 

In Art. 87, m was supposed to increase indefinitely through a series of 
positive integral values. This restriction will now be removed, and we will 
show that the limit is still the same if m increases continuously until it 
becomes indefinitely great, whether it be positive or negative. 

(i) Let m be between n and n + 1, where n is a positive integer. 

Then, taking x positive, we have 

(1 +s/m) 1 *< (1 + since the latter is a larger number (>I) 

raised to a higher power, 

and > {1 +ar/(n + 1)}", since the latter is a smaller number (> 1) 

raised to a lower power ; 

( , + ;) m i. between (l+*/(l+~) «d (l + / (1+^). 
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When m co , n-+oo also, and the first factor in each of the two latter 
expressions tends to the limit 

1 + *p+ 2 | + ...4* jpj 4 ••• (Art. 87), 

while tile second factor in each case tends to the limit 1. 

Hence each of these expressions, and therefore also (l + a/*») m which lies 
between them, tends to the limit 

gM jpT 

l+* + 21 JTj +•••• 

If x be — , the necessary changes in the inequality signs are easily seen. 

(ii) Let m be negative and equal to — (»+ar), w here n is positive and 
-►oo as m -► oo. 


Then 

Lt( I+ If- sP- U(£i)~’ 

m-*<a n-+ ao h -♦ oo 

»-* oo n -*• oo oo 

and of these two factors, the first, by the preceding case, since n is + , tends 
to the limit 

i+»+ £+...+ 

and the second tends to the limit 1. 

Therefore 

L / - . x \ m , x * x T 

t( 1+ mj - 1 +*+2! + - + H + - 

m-»«o 

for all finite values of x , whether m be 4- or — , integral or fractional. 


90. The exponential theorem. 


From the foregoing results we can now deduce this extremely 
important theorem. In the expression (1 4- x/m) m f put m = nx ; 
since x is finite, n — ► oo when m — ► oo ; therefore we have 


I>(>+£)’-L.(*+£r-Li(i+£f 

M-+m *»-►■» 


L t [(> + i)"HLtC + i)T=«* 


lx n l X 


.since it follows from Art. 15 that Lt (a x ) = [Lt(o)] x . 
Also it has just been proved that 

L /- X \ m „ X 2 x r 

t( 1+ m) =1 +*+2i+ - +ri + 
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therefore, for all finite yaluee of x, 

< * =1 +x+ f] + fi + - + n + •••• 

This ia known as the Exponential Theorem, and the series on the 
right-hand side is called the Exponential Series. 

The function e* is of very frequent occurrence, and the form of its 
graph should be noticed. 

We have y=c*= l + x+£- + + ?! + .... 

T I 

If x = 0, y = 1 ; as x increases, each 
term after the first increases and ► ao when 
X — ► co. Therefore y increases from I to 
oo as x increases from 0 to oo . 

If x be — , then since t~ x = 1/e®, it 
follows that y decreases from 1 to 0 as x 
goes from 0 to — oo ; hence the axis of x 
is an asymptote, e* is a one-valued con- 
tinuous function * of x, which increases 
from 0 to oo as x increases from — co to 
+ oo, as shown in Fig. 82. 

81. The logarithmic function log. x. 

This is the inverse of the exponential function c® just considered. 
If x = c*, then y is called the logarithm of x to the base e, which 
fact is written : y = log.x. t is called the natural base of logarithms, 
and logarithms to base e are called Napierian or hyperbolic logarithms. 
In numerical work, such as is involved in arithmetic and the solution 
of triangles, 10 is the most convenient base for logarithms, and the 
common logarithms are calculated to base 10, but the logarithms 
used in the Calculus are always referred to the base e, and these 
logarithms occur very frequently, especially in the integral calculus. 
The symbol log x, with no base indicated, will always be used for 
such logarithms, and common logarithms will then be denoted by 
the symbol log 10 x. 

The process of transforming logarithms from base 10 to base t f or 
vice versa, is quite simple, for 

if log 10 x = y, we have x = 10*. 

Therefore, taking logarithms to base e, we have 

log, x = y log, 10, or y = log,x / log, 10 ; 

L e. log 10 x = log,x x 1/log, 10. 

* ▲ table of valuta of and r* ia given at the end of the book. 
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Hence the logarithm of any number is changed from haee t to 
base 10 by multiplying it by the constant factor 1/log, 10, which is 
equal numerically to *48429 and is often denoted by the letter fu 
In treatises on Algebra, series are obtained from which logarithms 
to base e can be calculated, and thence, multiplying by /u, logarithms 
to base 10 are obtained.* Since the logarithmie function is the 

inverse of the exponential function, 
their graphs will be of the same form 
with the axes interchanged, i.e. they 
will be symmetrical about the bisector 
of the angle XOY, cf. Art 9 (iv). 
In the case of the exponential func- 
tion, it was seen that as x increased 
from —oo to + ao, y increased from 
0 to oo ; therefore in the case of 
y =r log x , as x increases from 0 
to oo, y increases from — oo to + oo. 
If a: is — , y is imaginary (Pig. 88). 


92. The hyperbolio functions. 


We have 

^ = 1+x+ h + fi + u + 

changing the sign of x, e~ x — l—x+ ^~|"j ~ 

adding. 

'■ +< "= 2 [ i+ s + fi + -] 

and subtracting, 

**-•■*- 2 [* + ri + fi + -]' 


The function + is denoted by the symbol cosh x, and 
«“*) by the symbol sinh#, 

x% ^3 |jp3 

Le. coflhir = 1 + + ... f and sinh# = x+ — 4*^ + 

ao that cosh a; is an even function of x f and sinh x an odd function 
of x [Art 6]. 

These symbols are used because these functions possess properties 
analogous to those possessed by the oircular functions cok# and 
sins. 

The quotient sinh #/cosh x is written tanh #, and the reciprocals 
of cosh#, sinh x and tanh# are written sech #, cosech x, and coth x 

* Tables of logarithm* to base 10 and also to base « are given at the end 
•f the book. 



Fig. 8& 
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respectively. These six functions are called the hyperbolic Junctions,* 
and are often referred to as the ‘ hyperbolic sine, cosine’, &c. This 
name is due to the fact that they bear certain relations to the rect- 
angular hyperbola, similar to those that the 1 circular functions ’ sin x, 
cos x , &c., bear to the circle. E. g. just as the point (a cos 0, a sin 0) 
is always on the circle sc* + y* fc= a*, whatever the value of 0, so the 
point (a cosh u 9 a sinh u) is always on the rectangular hyperbola 
x 2 — y* = a*, whatever the value of u. 

It will be sufficient for our purpose if we prove the fundamental 
relation 

cosh* sc— sinh 1 sc = 1. [cf. cos* x + sin 2 x = 1.] 

This follows at once from the definitions above ; for 
cosh* a;— sinh 1 * = J (e* + e~*)*— i (e*— e~*)* 

= i («** + $“** + 2— e 2ac —e”** + 2) 

= 1 . 

There are relations between these functions analogous to all the 
well-known formulae of Trigonometry, most of which can be proved 
as above. Some of them are given in the examples at the end of the 
chapter. 

93. Graphs of the hyperbolic functions. 

The graphs of these functions are best deduced from that of e* in 
the following manner : 

(i) Draw the graph of c* ; (ii) in the same figure draw the graph 
of e~ x 9 which is obtained by changing the sign of a^and therefore 
is the reflexion of the first graph in the axis of y ; (iii) for each 
value of x plot a point P (Fig. 84) whose ordinate is half the sum of 
the ordinates of the first two graphs ; the locus of these points is 
the graph of cosh x ; (iv) plot the points, such as P', whose ordinates 
are half the differences of the ordinates of the first two curves. 
The locus of these points is the graph of sinh x. 

Cosh x 9 being an even function of x 9 has a graph which is sym- 
metrical about the axis of y; as x increases from 0 to oo, cosh# 
increases from 1 to ao. 

The graph of y^-cosha? is a particular case of a curve which is well 
known in mechanics and is called a catenary , because it is the form 
assumed by a uniform chain suspended between two points and hanging 
in a vertical plane under the action of its own weight (see Ark 197). 

• For full Information an to the properties of these functions, and as to their 

relations to a rectangular hyperbola, the student is referred to such treatises as 
Chrystal'a Algebra and Hobson's Trigonometry. 
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Sink ®, being an odd function of ®, has a graph which is symmetrical 
about the origin. As x increases from 0 to oo, sinh x increases from 

0 to oo. It is evident from the 
definitions that sinh a? is always 
less than cosh x , but becomes very 
nearly equal to it as x becomes 
large, since e~ x then — ► 0. 

The graph of tanh x can easily 
be deduced from the facts that 
tanh x (i) is an odd function of ®, 

(ii) is equal to 0 when x =■ 0, 

(iii) increases as x increases, and 

(iv) approaches the limit 1 as 
x —► go, and is never > 1. 

These functions are of compara- 
tively recent introduction, and the 
calculations in many investigations 
are expedited by their use. Tables of 
their numerical values * for different 
values of the argument x have been 
compiled, as in the case of the 
oircular functions. A table of values 
of sinh x and cosh® is given at the 
end of the book. 

94. Inverse hyperbolio functions. 

These functions bear to sinh ®, cosh#, &c. f the same relation that 
sin -1 ®, cos -1 ®, &c., bear to sin®, cos®, .... 

If x = cosh y, we may write y = cosh" 1 x, and if x = sinh y, 
y = sinh -1 x. 

Since cosh ® and sinh x were defined in terms of e x , it might be 
expected that the inverse hyperbolic functions can be expressed in 
terms of log ®, the inverse of e x , and this is the case. 

If y = sinh* -1 ®, then sinh y = ®, and 

. \ coshy = ± a/(1 + sinh 2 y) = V(\ -I-® 2 ). 

The + sign is taken since it follows from the definitions in Art 92 
that cosh y is always + . 

From the definitions, e v =■ sinh y 4- cosh y 

= *+ ■/(r' + l); 

log {z+V{x*+ 1)( = y = Binh -1 *. 

* See J. W. L. Glaisker, ‘ Tables, Mathematical/ in Encyclopaedia Britannic* 
(11th ed.)* 
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Similarly, if y = cosh' 1 a?, then x = cosh y, and 

sinhy = ± -/(cosh 2 y— 1) = ± /(a 8 — 1). 
e 9 = sinhy + coshy = x± /(a? 8 — 1), 
and log {a?^ /(.r 8 — 1)} = y = cosh -1 a:. 

In this case, either sign may be taken ; cosh’ 1 x is not a single* 
valued function of x [Art. 8]. 

The two values of cosh' 1 x given by this equation, viz. s 
log {x+ / (a? 8 — 1)} and log {a?— / (a; 2 — 1)}, differ in sign only, since 
their sum 

= log {a?+ vV- 1)} {a?- vV-1)} 

= log {a? 2 -(ar — 1)} 

= logl 
= 0, 

so that, for any value of x } there are two real values of cosh' 1 x equal 
in magnitude and opposite in sign, as is obvious from the graph in 
Fig. 84. This is the graph of y = cosh a;, i.e. a? = cosh -1 y, and 
from the figure, it is evident that, taking any point on the axis of y, 
there are two points on the graph corresponding to it, which have 
equal and opposite absciss®, i.e. to any value of y correspond two 
values of cosh -1 y, equal in magnitude and opposite in sign. 

In the case of sinh -1 a?, to each value of x corresponds one and 
only one value of sinh“ 1 a;. 

Again, if y = tanh -1 a?, x = tanhy = (e* 7/ — l)/(c 2 y + l) r 
whence e 29 = and y = 4 log • 

This gives tanh' 1 # in terms of logarithms. 

Examples XXXII. 

1. Find Lt (1 + m)V m as m -► 0. 2. Find Lt (e*-\)/x as x-+Q. 

8. Evaluate Lt xe~ m f Lt x log x, Lt ar 1 log(l +«). 

*-*oo *-*■ 0 * -♦ 0 

4. Calculate, from the series of Art. 90, the values, to 4 places of decimals, of 
1/e 4 , /e and l//s. 

8. Prove that 1-1 + ^. + £ + .... 

6. Expand (e*® + e*)/#* in a series of ascending powers of x. 

7. Prove that the series 

4 8 16 

2 + 2i + 8i + ri + - 

is convergent, and find its sum. 


UN 


O 
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6. Sum the series 

, 8 9 27 

1 + 2 + 2~4 + 270 + "• t0 infinity * 

0. Draw the graph, of «*’ and a - *'. 10. Draw the graph of tanh a 

11. Draw the graphs of + «“*, e~* sin x and g~*/* oos x. 

12. Prove that 

sinh 2 x — 2 sinh x cosh x 

cosh 2 x — cosh* x + sinh* x — 2 cosh* a?— 1 — 1 + 2 sinh* x . 

13. Find, from the definitions, the values to 4 decimal places of 

(i) cosh 1, sinh 1, tanh 1 ; (ii) cosh J, sinh }, tanh}. 

14. Given log 10 2 - -3010, find, by the aid of Art. 91, the values of log, 20, 
log, 16, log,e. 

15. Prove that (1 + tanh *)/( 1 - tanh x) - «**. 

10. Show that cosh (x + y) — cosh x cosh y + sinh x sinh y. 

■inh (x + y) — sinh x cosh y + cosh x sinh y . 

17. Draw graphs of sinh” 1 a?, cosh -1 x } tanh" 1 *. 

18. Draw the graph of y — log tan (}n- + }x). 

10. Prove that the functions tanh(l/:r) and sV* are discontinuous when 
x — 0. Draw their grapha 

20. Show that, if | x | < 0 , 

. - ,* 1, a+x 

tanh ’--.jlog — . 

and if | * | > a, coth -1 - — g log . 

a & x — a 


21. Find 


sinh x 
A~x~ 1 


tanh x 


L l - cosh x 

t _ J? 


22. Find from Art. 94 and Table IX, the values of tanh -1 J , sinh- 1 1. cosh- 1 2. 

23. If u — log tan (}tt 4 \ Q), prove that 


■inh u — tan d, cosh u — sec 0, tanh u — sin 0 } tanh } u — tan } 0. 

24. Prove that the coordinates of any point on the hyperbola x'/a % — y*/5* — 1 
can be expressed in the form x — a cosh u, y — b sinh u. 

25. Calculate, by the aid of Art. 91 and a table of ordinary logarithms, the 
values of log, 2, log, 10, log, 15. 

26. Calculate also the values of «V*, er*/ 9 , *~* ; and compare with the results 
obtained by expanding by the exponential theorem, and retaining 
only terms of value greater than ’001. 

27. Obtain, by aid of Table X, the values of sinh f , cosh 2, tanh 1*5, 
einh“ l l*4, cosh- l 3, coth 

28. Prove that smh” 1 - *= log x -~—^ cosh” 1 - log ^ — — • 

a a 9 a ° a 



CHAPTER XI 


DIFFERENTIATION OF EXPONENTIAL AND 
INVERSE FUNCTIONS 

86. Introductory. 

We will now Bhow how to find the differential coefficients of the 
functions considered in the last chapter. 

The differential coefficients of e* and log x may be obtained in two 
ways, (i) We may find the d. c. of log x by the aid of the limit of 
Art. 87, and then deduce from the result the d. c. of e*. [One 
advantage of this method is that it does not require the use of 
the exponential theorem. This may then be taken later on as a 
particular case of Taylor’s Theorem (Chapter XXII).] (ii) We may 
find the d. c. of e* first by the aid of the exponential theorem, and 
deduce from it the d. c. of log x. 


86. Differentiation of logo; and e*. First Method. 


if 


Taking the first of the two methods mentioned above, we have, 

h~+0 



Let h/x — 1/m; then, as h — ► 0, m—* oo, and therefore, Bince 
1/A = m/x, 


% - Lt ” '°e (1 + s ) = \ Lt » '<* (‘ + *) 

tn -+ ® m 00 

= \ Lt Io 8 C 1 + = i lo « « t Art - 87 J- 

CO 


If e be the base of the logarithms, loge= 1, and dy/dx = 1/x. 
Hence thed. c. of log, x — 1/x — x~\ 

If the base be any other number a, then dy/dx — x~ l log, e. 

The d. c. of e* can now be at once deduced from this by the 
theorem of Art 86. 


For if y = e x , x-log e y, 

.’. dx/dy = l/y, and dy/dx = y = e x ; 
i.e. the d. c. of e* = e*. 

o 2 
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07. Differentiation of e*. Second method. 


Taking now the other method mentioned in Art 95, we have, 
using the general method of Art 26, 


if 


T «* + *— e* r e* (e*— 1) 

*-*' I* -La — h — Ljt 


A- 

A-*0 


if 

A-* 0 


=Ltfh^+S + -] (Art90) 

eB Lt <! *[ 1+ li + lT + fl + ■•••] 
Lt e *[ 1+ *(^i + 8i + ri + •••)]• 


The aeries within the inner brackets is convergent (Test 8, Art. 86), 
and therefore has a finite sum S. 

... 


A -e 0 


The same result may be otherwise obtained as follows. The series 

jP* x* 

1+aj-f- g-j + +••• 

satisfies the conditions referred to in Art. 29 (ii). Assuming this , we have, 
on differentiating each term, 

d. c. of ✓-O + l+lf + ^ + 4 ^+... 

■* +a,+ S + fi + "— *"• 


Hence c* is a 



function whose rate of change is, for any parti- 
cular value of x , always equal to its own 
value, e. g. when e x is equal to 4, it is in- 
creasing 4 times as fast as x ; when e x = 100, 
it is increasing 100 times as fast as x; and 
so on. 

Geometrically, this means that, if P (Fig. 85) 
be any point on the graph of e®, and if the 
tangent and ordinate of P meet the axis of x 
in T and N respectively, then 


Fig - 85> ta n PTN = dy/dx = e* = y = JVP. 

Hence, since tan PTN = NP/TN, it follows that TN is of unit 
length, wherever the point P be on the graph* 
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From the theorem of Art. 84, it follows that 
the d. c. of e 8 ® = 8e®*, 
the d. c. of e°*+ 6 = ae° x+6 , 
the d. c. of c Bin * = e»i»® xcos#, 

and generally, the d. c. of & with respect to # = e u x du/dx , where u 
is any function of #. 

Hence the rate of increase of the function $**+& is oc®* + *, which 
is always proportional to the value of the function, and it will be 
seen later (Art. 99) that e**’ 1 ’ 6 is the only function for which this is 
true. This is the reason that this function occurs so frequently in 
the investigation of natural phenomena. See Art. 181. 

98. Differentiation of log#. Second method. 

The d. c. of log# can at once be deduced from that of e* by 
Art 85. 

If y = log#, then # = e*, 

dx/dy = & = #, and dy/dx = 1/#. 

Hence the d . c. of log 4 # = 1/# = z~ l . 

To find the d. c. of log 10 #, the result of Art. 91 may be used. 
I°glo3=log fl xfloge 10 as log,# ; 

•\ the d. c. of log l0 # = fix l/#= *484 .../#, 

and generally, the d. c. of log a # = 

From Art. 34, it follow* that 

the d. c. of log (# + 5) — l/(# + 5), 
the d. c. of log(3x-2) ■■ 3/(8#-2), 
the d. o. of log (#* + 1) — 2 #/(#* + 1), 
the d. c. of log sin # — cob #/flin # » cot #, 

and generally, the d. o. of log u — ur l du/dx , where u is any function of # 

A rather more complicated case is 

the d. a of log {*+ vV±«*)} - * ( l + 2 V&&) 

1 ± <**) + & 

“‘*+y'(* , ±a*) * v'(®*±o’) 

1 

This ii an important result, to which we shall hare oocasion to refer later 
[See Art. 128.] 

In differentiating expressions which involve logarithms, it is 
advisable to begin by making use of the properties of logarithms as 
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shown in the following examples. In many cases, the work of 
differentiation is thereby rendered much less complicated 
Examples ; 

(i) The d. o. of log^— — — — the d. o. of Poga?+log(a?-3)-log(4-a:)] 

-* + J L + J_. 

* * — 8 + 4-* 


(ii) The d.e.of 


the d. c. of pog#-Jlog(a£-l)J 

1 _ 1 2x _ -1 

x 2 **-l "" «(«*-!) 


99. Integrals of c* and 1/x or ar l . 


Corresponding to the two differential coefficients of the preceding 
articles, we have the two very important integrals, 

/e* dx = e* 
r l 

dx = log 


n 


The latter supplies the one case which was missing in the result of 
Art 74. It was there shown that f op dx = aP+'/in + 1) except 
when n = — 1. When « = - 1, the integral becomes fxr 1 dx, which 
we now see to be logs. 

Using the theorems of Art. 75, we have 

y dx = e* +fl ; y c 2 * dr = \e* x ; 

f<F/ a dx =ae# a ; f<?* x dx = e^/m, 
and generally, f eP x+h dx = eP x + b /a. 

Similarly, J dx = log (x + 3), J ^ = i lo 3 ( 5 *~ 2 )> 

— , da? = - log (ax + h). 
ax+b a 


f an< * generally, J ^ 


We have f dx/(x-a) = log (a?— a) ; but, if a?<a, x— o is — , and 
log (a; —a) imaginary. In this case, we may write 

Jfe — JiSr “ (Art - 75 ^ l0 * <—*>■ 

In particular, if a: is — , 
log (-a?). 

We can now prove the statement made in Art 97 that a function 
whose rate of change is proportional to its own value is of the form 
eP*+ h [which may be written c®* x e b , i. e. fte 0 *, on writing k for the 
constant factor e 6 ]. For if y be such a function, we have, since dy/dx 
is the rate of change of y with respect to x, 

dy/dx = ay, which may be written dx/dy = 1/ay. 


ji 


dx is not log a? (which is imaginary), but 
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Hence x =* f— dy — 1 logy + C, where Cis an arbitrary constant, 
j ®y ^ 

Therefore log y = ax—aC, i. e. y = «“*-»<> — j ce tue f 

writing It for the arbitrary constant e~ aC . 


Examples XXXIII. 

Differentiate : 

l. **“, *»-, *»+*•, ««’, «*/“, .»-«■ 

^aooac^ ^Uqs 

8. **«**, *"<?**, «**sinax, «~ 8 *cos8x, *°*cos&x, e aB sin* x. 

4. e %m /a? 9 e**/</x t e*/ta,nx, (ax* + bx + c)/e m . 

6. log(2x-l), log (2 — a?), log («?■ — 1), log(a + &x*). 

6. log (5 + 7 ar), log(y — qx) f log(x* — 3® — 1), log (l-* 8 ). 

7. log cos x, log tan a, log (a + b sin x), log (3 -4 cos x), log (1 +cos*x). 
B. x n logx, sc* log(2— x), x log (1 — sc*). 

1 ogx log x log(ax + b) log a; 

’ IT* — ’ ~Vi' 

10. log {*" (a; + 2)}, log^l + ac*), log -^ -- ^ ' 

11. log ■/ sin x, log J[x (1 - *)], log • log g - 

12. log [x + — 1)], logfy^x-l) + -*/(*+ 1)], + </(a + hx)\ 

Find the 2 nd , 3 rd , and differential coefficient! of: 

18. **". 14. log a:. 16. 

16 § a ~ bm , 17. log(l-x). 18. log(a + frx). 

19. Prove that the equation d*y/da? — a*y is satisfied by y -■ Ae a * + Bt~ ax 9 
where A and B denote any constants. 

Write down the integrals of: 


20. 

e'\ * 

® f e*/\ 

*- m , 


21. 

1 

1 1 

1 1 

1 

5x+lf 

7 — 2* x— a* 

p-qx bx + c 

8 + 3* 

22. 

1 

i 4 

b a * 

2 


1-* 4x — 5 

a — bx bx + c 

8(5—2*) 


100. Differential coefficient of sin' 1 x. 

The differential coefficients of the inverse circular functions are 
easily obtained by the rule of Art. 35. 

If y = sin” 1 Xy x = siny, 

•\ dx/dy = cosy = ± -/(l— sin*y) = + -/(l— x 2 ), 

. * 1 =+— JL_. 

•* dx 1 V(1-* 5 ) 

The double sign ± needs some consideration. 
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The function sin'’ 1 * is a many-valued funotion of * ; it is undefined 
for values of x which are greater than unity (notice that for such 
values the 4 c. is imaginary), but if x has any value between — 1 and 
+ 1, both inclusive, there is on infinite number of values of sin" 1 # 
corresponding thereto [e.g. if x = £, sin” -1 a; maybe or £ir 9 or 
either of these + any multiple of 27 t], but among all these values 
there will be one and only one between — Jir and + 

The angle between — Jir and + J7r, whose sine is equal to x, is 
called the principal value of sin"" 1 x. 

If we take therefore the principal value of sin” 1 a:, then, as x 
increases from —1 to +1, sin” 1 a; increases from — to + Jir, and 
hence its d. c. will be + (Art. 25). In this case 
dyfdx = +lMl— z 3 ). 

There will be one angle between $ rr and $ n 9 whose sine is equal to x ; if 
we were to take this value of sin” 1 x, then sin” 1 x increases from $ tt to 

j rr as x decreases from + 1 
Y to — 1 ; hence in this case its 

d. c. would be — , 
i.e. -1M1-4 
The working of course gives 
both signs, because the selec- 
tion of one angle as principal 
value is a mere arbitrary con- 
vention of which the analysis 
takes no account In the 
general case, the sign of dy/dx 
is the same as the sign of cosy. 

The meaning of the double 
sign is perhaps best seen 
geometrically. The graph 
of y = sin” 1 x is shown in 
Fig. 86. It bears the same 
relation to the axes of y 
and x as the graph of 
y = sin a: bears to the axes 
of x and y. An ordinate 
corresponding to a value of 
Fig. 86. | x | > 1 does not meet the 

graph at all. For such 
values of x, the function is undefined. An ordinate corresponding 
to a value of | x | < 1 cuts the graph at an infinite number of points 

^4 •••• 
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The value of the d. c, at any point is the slope of the curve at that 
point, and it ia evident from the figure that at the points F lf P 3f ... 
the tangents to the curve make acute angles with the axis of *, and the 
slope is + ; whereas at the points ... the angles are obtuse, 

and the slope — • The principal value is represented by the ordinate 
between OB and OA, and between these two the slope is every- 
where + . 

101. Differential coefficient of cos -1 *. 

If y =■ cos* 1 z, x = cos y, 

dx/dy ss — siny = 4 </{\ - cos 2 y) = 4 ^ (1 — or*), 

•\ dy/dx = 41/ /(l —a? 2 ). 

The double sign is accounted for in the same way as in the 
preceding case. There is one and only one angle between 0 and ir, 
whose cosine is equal to x (if | x | < 1). This is taken as the principal 
value of cos" 1 *. [The range — $ tt to 4 \ it would not serve in this 
case, since throughout this range the cosine is always +.] 

Taking the principal value, cos" 1 a? increases from 0 to v, as x 
decreases from 4 1 to — 1, therefore its d. c. is — , 

Le. the d. c. of cos -1 * = — l/v^l— a; 1 ). 

In the general case, the sign of dy/dx is opposite to the sign 
of siny. This can be illustrated geometrically as in the case 
of sin -1 a. 

This result can also be deduced from the preceding result, for, 
taking the principal values, cos" 1 x = \ ir — sin" 1 x . 

.-. d. c. of cos" 1 * = — d. c. of sin” 1 *, 
since the d. c. of the constant \ it is zero. 

102. Differential coefficient of tan" 1 *. 

If y = tan" 1 *, * = tan y ; 

• \ dx/dy = sec 8 y = 1 4 tan 2 y = 1 4 * 2 , 

• \ dy/dx = 1/(1 4 a? 2 ). 

There is no ambiguity of sign in this case, since, as was pointed 
out in Art 52, y and * always increase together, and therefore dy/dx 
is always +. Tan” 1 * is a many-valued function of x, which is 
defined for all real values of * ; there is one and only one angle between 
— i* and 4-i ir, which has a tangent equal to *, and this is taken as 
the principal value of tan” 1 *. [Either of the ranges — tq 4*Jv 
and 0 to ir would serve in the case of tan” 1 *; — J it to is the 
one adopted.] 
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Geometrically, any ordinate cuts the graph of tan -1 * in an infinite 
number of points P lf P„ but at all theae points the tangents 

m.i;. acute angles with the axis of «, and the slope is +. (Fig. 87.) 



The differential coefficients of cot -1 ®, sec -1 ®, and cosec 1 ®, which 
occur much less frequently, can be obtained in a similar manner. 
The differential coefficients of all the inverse circular functions can 
also be obtained geometrically from the figure of Art. 89. 

By Art. 34, the d. c. of »in' 1 ^ 5^j * „ “ v(?=i*j 5 

1 1 o 

the d. c. of 

the d. c. of rin" 1 (2 ein x) - ^ * 2 C0B:C - 


Expressions involving inverse circular functions can sometimes be 
simplified before differentiation. 

The d. c. of taiT^- ^ - - “i> 

or, as is obvious geometrically, tan 1 (!/#)■■ Jir — tan 1 x\ 

•\ the d. c. — —1/(1 +^ 2 )- 

A gain , the d. c. of cos” 1 </(l — x a ) ■■ d. c. of sin” 1 x — 1/V(1 —&*)• 

The relations between the functions can often be seen geometrically, 
by drawing a right-angled triangle. 

Reversing the first two of these examples, we get the important 


integrals : — 


’/VW^) dX ~ “ n ' 1 a ; U 


-dx—\ tan" 1 
v 2 a a 


which we shall have occasion to use frequently later. 
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108. Differential coefficient* and integrals of hyperbolic 
functions. 

The d. c. of sinh », Le. of J («*—«“*), = } (e*+«r») = cosh x. 

The d. c. of cosh x, Le. of } (e*+ e~*), = i (e*— e~*) = sinh x. 

The differential coefficients of the other hyperbolic functions may, 
if required, be deduced from these two in exactly the same way as in 
the case of the circular functions (Art. 42). 

By Art 84, the d. c. of sinh 2 * — 2 coih 2 x, 
the d. c. of sinh tnx — m cosh mx, 
x 1 X 

the d. c. of coBh - « - sinh - • 
a a a 

Conversely 

J cosh xdx = sinh x , j sinh xdx = cosh flc. 

/ cosh mx dx » (sinh mx)/m f / sinh mx dx ■= (cosh mx)/m. 


104. Differential coefficients of the inverse hyperbolio 
functions and corresponding Integrals. 

(i) If y -- sinh -1 x, x = sinh y f 

. \ dx/dy = cosh y = + + sinh 2 y) (Art. 92) = + */(l + x 2 ). 

The + sign is taken since cosh y cannot be negative, 

•' dx ^ l+x*) 

(ii) If y = cosir 1 x, x = cosh y, 

•\ dx/dy = sinh y — ± V (cosh 2 y— 1) = ± V (s 2 —!), 


. ^_ + _J 

* • dx~~ V(x 8 — 1) 

Either sign may be taken here, because y is a two-valued function 
of x [which is defined for values of x such that | x | > 1 ; if \x | < 1, 
the d. c. is imaginary]. To each value of x (> 1) correspond two 
values of cosh” 1 x, equal in magnitude and opposite in sign (Art. 94). 
Taking the positive value, cosh -1 x increases from 0 to oo as x in- 
creases from 1 to oo ; therefore dy/dx is + • Taking the negative 
value, cosh -1 x decreases from 0 to — oo as x increases from 1 to oo ; 
therefore dy/dx is — . Hence the d. c. of cosh" 1 x = ±l/V(&— lh 
according as the positive or negative value of cosh" 1 x is taken. 


By Art. 84, the d. c. of sinh" 1 


? = _*_ 
a Vil+xt/a*) 



i . 
■/(<»*+**)’ 


the d. e. of cosh 1 ? = ± -77-r,- *— n * ~ = ± -77 ^ — k* 
« V (**/«*— 1) • — a*) 
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Conversely, we get the two important integrals : 

These two integrals can also be expressed as logarithms* See 
Ex. XXXII. 28. 


Examples XXXIV. 


Differentiate 


1. sin" 1 !*, sin -1 (a/x), sin” 1 */*, sin” 1 (1 - 1/*). 

5. cos^Or*), cos -1 #**, cos” 1 (1/V*), cos” 1 (Bin*). 

3. tan" 1 (a—*), tan" 1 (cot*), tan" 1 (**/o 2 ), tan" 1 */«• 

4. cot” 1 *, cot -1 (*/a), cot" 1 (1/a?). 

0. sec" 1 *, coseo" 1 *, sec” 1 (a/*), coaec” 1 (1 -* 2 )" 1 / 2 . 

6. sinh j*, sinh(**), sinh(l/*), sinh 2 *. 

7. cosh (a* + 0), cosh**, sinh * + J sinh* *. 

8. tanh*, coth*, tanh (so/a), coth (a/x). 

10. tanh" 1 *, coth" 1 *. 
12. */(l -* 1 ) gin" 1 *. 

14. coseo” 1 ( 1 / *)# 

2 * 

ie. tan-> ra - 


0. sinh” 1 !*, cosh 1 (**/«*). 
11. (1 + *“) tan" 1 *, * cos" 1 *. 


13. sin”V(l-**). 
Integrate 


17 

18 


1 1 1 1 1 

’ V(9 ~* , ) > V(5— « a ) , V r [l — (*4 l) s ] */(9-4* 2 ) */(<»* — & 2 **) 

1 1 1 _1 _ 1 _ 1 1 

1+**' lOO** 2 ’ ** + 7* 9** + 4 2* 2 + 5 aV4i* &* 2 + o 


“■ -7(** + 16) ’ yV-9)’ y/ (5 + x 1 ) ’ i/(4 ar a — 1 ) v\25x* + 9)’ y'^V-o*)' 
SO. sinh 3*, cosh 2*, sinh(*/a), cosh (*/o). 


105. Applications. 

We will now work out a few more examples in illustration of the 
principles of Chapters V-VIII, introducing some of the differential 
coefficients just obtained. 

Examples : 

(i) Prove that in the catenary y — a cosh (x/a) (Art. 93), the length of the 
perpendicular NK (Fig. 88) from the foot of the ordinate PN to the tangent at 
P ie, constant . Show also that the length of the arc, measured from the vertex A 
of the curve to the point P, is equal to PK. 

When * ■» 0, cosh (*/<*) « 1 , and y — a. 

EK — y cos^j and tan ^ ^ “ a sinh? x ? — sinh jj; 
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m V[l + (dy/dx ) 9 J " -/{l + sinh* (x/a)} "* cosh (x/a) ^ ; 

-NJ5T — y c on ^ mm a cosh (a?/o) x — -= a, which is constant 

It follows from this that OA ** a, for if P be taken at A, the tangent at 
A is parallel to OX, and AO is the ordinate ; hence NK in this case becomes 
OA, which is therefore equal to a. 



Kg. 88. 

To prove the second part of the question, we have (Art. 82) 
ds/dx mm eecyfr ^ cosh (x/a) ; 

9 —/cosh (x/a) dx=* a sinh (x/a) + C. 

Since $ is measured from A, s — 0 when x — 0. ,\ 0 — C, 

and s — a sinh (x/a) « a tan y// 

-Amanif'- PK. 

(ii) Find the maxima , minima and points of inflexion of the curve y «■ x l e _x, l 
and draw it roughly. 

The d.c. of — <T* a x d.c. of -ar 3 — r ri x -2a?. 

dy/dx wm a? . «“*' ( - 2 x) + . 2* 

-2a?*-* (1 — a?*). (1) 

Writing this as 2 s”* 1 (a? — X s ), for convenience in differentiating again, 
wo have 

fy/dx* - 2* -1 * (1 -8*«) + (*-*•) 2«-*'(-2x) 

■> 2e -, '(l — 8*'-2* a + 2*‘) 

-2«-* , (l-5*‘+2» 4 ). (2) 

From (1), dy/dx *= 0, when a? » 0 or ± 1. 

If <Py/da? ■* +2 ; » » 0 makes y a minimum, and equal to 0 

If as— +1, ipy/dj? — 2 e' 1 (-2) — -4/s; /. a?« +1 makes y a maxi- 

mum, and equal to 1 x s*" 1 , i. e. *37 nearly. 

Hence (0, 0) is a minimum, and (1, *37), (-1/37) are maxima. 

From (2), d*y/dx J — 0, when 2x i -5 a? 1 + 1 ■■ 0, 
i.e. when ac* «■ J (5 + ^17) -» 2*28 or *22 nearly, 

and ae— *1*51 or ±*47 nearly. 
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The studefet should pay attention to the graphical representation of the 
motion. It has been notioed that the maximum and minimum values of 
<ur ** sin bt occur at constant intervals n/b, so that there is the same interval 
between consecutive maxima and minima as in the case of a sin bt ; but the 
actual values of t which give maxima and minima do not coincide for the 
two functions unless oc — Jw, in which case k ■■ 0, and the two functions 
coincide. 

Again, the graphs of s — sin bt and s — meet where sin bt - 1, 
and therefore cos bt « 0 ; at these points on the first graph, ds/dt becomes 
ae-H x - k t which is also the d. c. of ae~K Hence the graphs of the two 
functions have the same slope where they meet, and therefore they touch 
each other at their common points. Similarly the graphs of the given 
function and of s -■ meet and touch one another when sin bt — -1, 

Fig. 90 shows the form of the graph ; its actual dimensions depend upon 
the numerical values of a, b, k . 


Examples XXXV. 

X. Prove that, in the curve y — cs x /°, the subtangent is constant, and the 
subnormal varies as the square on the ordinate. 

а. Find the lengths of the subtangent and subnormal in the catenary 
ywm C cosh (x/c). 

8. Show that, at the point of intersection of y «• ce*F and y « c cosh ( x/c) 9 
the subnormal in the former curve is equal to the normal in the latter. 

4. Prove that the curves y — ae~ kx and y «« aer kx cos bx touch at the points 
where x — 2nn/b . 

5. In the curve y — b log ( x/a ), the tangent at any point P meets the axis 
of y in T 9 and PM is drawn perpendicular to the axis of y ; prove that 
MT is of constant length. 

б. Find the equation of the tangent and normal to the curve y «* log x, at 
the point where it cuts the axis of x . 

7. Prove that, in the catenary y ■* a cosh (x/a), ds/dx ■■ y/a . Hence find 
the length of the arc * from the vertex to any point (x, y) on the curve, 
and prove that y* — s* + a\ 

6. Find the angle between the tangents at two consecutive points of inter* 
section of the ordinate x ■■ \ with the curve y — sin” 1 x. 

0. When is the ratio of the logarithm of a number to the number itself a 
maximum ? 

10. Examine a cosh jr+6 einhar for marima and minima. 

11. Find the minimum value of as** + be* m . 

12* Find the minimum value of x/logx, and the points of inflexion on its 

. graph. Sketch the graph. 

18. Find the maximum value of xe~* and the points of inflexion of y — xtT m , 
Sketch the graph. 

14. If x be tbe ratio of the radius of the core of a submarine cable to the 
thickness of the covering, the speed of signalling varies as jtMogfl/#)* 
For what value of x will the speed be greatest ? 
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15. The graphs of y — sinh x and y — 8 tonh x are drawn with the same axes ; 
find where the distance between them, measured parallel to the axis 
of y, is greatest 

16. Find the maximum and minimum values of e~ ax sin ax. 

17. Find the maxima and minima of «~ 7 " cos (10x-35°) [tan 35° «= *7]. 

18. Find the points of inflexion of y — e“* s , and draw the graph. 

10. Find the maxima, minima and points of inflexion of y ■» xe~ x% . Trace 
the curve. 

20. Show that the origin is a point of inflexion on the graphs of sinh x and 
tanh x, and that the graphs of e* t cosh x and log x nave no points of 
inilexion. 

21. Prove that, in the curve y — a log sec (x/a), ds/dx — sec (x/a). 

22. Find the difference for 1 minute in a table of logarithmic cosines in 
the neighbourhood of 45°. 

23. Find the difference for 1 minute in a table of logarithmic sines in the 
neighbourhood of 120°. 

24. Find the area between the axes of coordinates, the graph of e m t and the 
ordinate x ■» 3. 

25. If this area rotates about the axis of x, find the volume of the solid 
generated. 

26. Find the area between the rectangular hyperbola xy =» 20, the axis of 
x, and the ordinateB x — 2, x — 5. 

27. Find the area between the catenary y — a cosh (x/a), the axes and the 
ordinate x — b. 

28. Find the area between the axis of x, y =* sinh x, and x 4. 

26. Find the area between y»coshx, y — sinhx, and the ordinates 
x ® 1, x « 5. 

SO. Find the area between the axis of y, y ■■ cosh x, y «■ sinh x, and x«* a. 
If the ordinate x — a recedes to a very great distance, to what limit 
docs this area tend ? 

81. Find the area between the axis of y, the curve (a fl +x*)y* * a 4 and 
(i) x — a, (ii) x ** b> 

82. The two areas in the preceding question rotate about the axis of x; 
find the volumes generated. To what limit does the latter volume tend 
as b -► oo ? 

83. Find the area between the axis of y, the curve y 1 — a 4 /(a*— x 2 ), and the 
ordinate x — $a. 

84. Tf the distance travelled by a moving point be given by the equation 
a mm «#** + &•”**, prove that the acceleration is proportional to the distance 
travelled. 

8$. The acceleration of a point moving in a straight line varies inversely as 
its distance from a point in the line 2 feet behind the starting-point ; 
if it Btarts from rest with initial acceleration 1 ft. sec. per sec., find its 
velocity after travelling 20 feet. 

86. A particle starts from rest and moves under the influence of an 
acceleration, which at the end of t seconds is 12/(£ + 1)*; find the distance 
travelled in 3 seconds. 

87. If s «■ cos make a table giving the position, velocity, and 
aoeeleration of the particle, initially and after 1, 2, 4, 10 seconds. 

Ull F 
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38. Draw the graphs of a — + S"** 0 , a *■ r^ 10 ®in2<. Where do they touch 
one another ? Where and at what angle does the latter graph cut the 
axis of t ? 

89. Draw the graphs of s — s^/*oos (3/ — Jw) and a *■ r“*/ 4 sin (2f+}ir). 

40. The distance of a moving point from the origin at the end of time t is 
given by the equation a — e~ 1 /* cos } nt ; find the velocity and accelera- 
tion at the end of 4 seconds. 

41. A point moves in a straight line so that its acceleration towards a fixed 
point 0 in the line varies as its distance from 0 ; if it starts from rest at 
distance a from 0, find its velocity in any position, and its position at 
any time. 

42. Given that a -»^lc" irf sin (p* + a), prove that 

S+2** + (J=*+J>V-0. 



CHAPTER XII 

HARDER DIFFERENTIATION 


100. Extension of theorem of Art 84. 

It is proposed in this chapter to consider the differentiation of 
expressions of a more complicated nature than those we have hitherto 
considered. 

We have seen (Art 84) how to differentiate a function of a function, 
e.g. {x 1 + 1)", log sins. This method can be extended. 

For example, let y = log (1 + sin* *). 

Here y = log«, where u = I +i> 2 , where v = aiax. 

Exactly as in Art 84 we shall have 


dy _ dy du dv 

die du dv dx 

as (l/u)x2«X COS® 

2 sin x cos x 
1 + sin 2 x 

It is hardly necessary in practice to introduce the «, v ... , explicitly. 
The results may be written down thus > 

(i) the d. c. of 

V(l+ sin" x) = — — , x d. c. of (1 + sin” x) 


2^(1 + sin"*) T ’ 

= n 771 r - „ i x n sin" -1 * X d. c. of sin x 
2v(l+siu n *) 

= o -- ;.. - 1 - . - - — , x n sin" -1 xx coax. 

2V(l + am n x) 

(ii) the d. c. of 

(log tan i#)* = 4 (log tan \ x) 3 x d. o. of log tan \x 

= 4 (log tan \x) a x x d. c. of tan \x 

= 4 (log tan l*) 3 x ^ x see * t* x A °- 

= 4 (log tan i *)* x x sec* J * x 4 . 


107. Taking logarithms before differentiation. 

(1) In the case of some expressions of a complicated type, e.g. if 
the expression consists of a root or power of a product or quotient of 
several factors, it is advisable to take logarithms before differentiating, 
and use the result of Art. 98. 


i> 2 
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and 


Examples : 

(i) If y — &[x (x-a) (x -b)(x- e)]. 

logy — [log x + log (*-«) + log (x-b) + log (x - c)]/» ; 
differentiating with respect to x, 

!.g.lrl + -J_ + » + _L/|. 

y dx n lx x-a x-b x-c J 

&.rr? + J_ + > +-!-] 

dx n\_x x-a x-b x-c J 

_ V[x (x-a) (x-b) (x-c)] rl + _1_ + _1_ + J_“i 
n lx x-a x-b x-cj 

(ii) If y — e a * sin 8 x cos 8 x , 

log y ** ax + 3 log lin x + 2 log cos x ; 

1 dv 1 2 

•\ o-f3 — . coaap + (-Bin a:): 

y dx sin x cos x ' 9 

•* T ' 

dx 


e w sin 8 x cos* x [a + 3 cot x — 2 tan a?]. 


(2) If the expression to be differentiated contains an index 
involving z, it is advisable to begin by taking logarithms, except in 
the case of e u where u is a function of x ; the d. c. of this was seen 
in Art 97 to be e u du/dx . 

Examples : 

(i) If y * 2 ax+b , then logy — {ax + b) log 2, 
l.dy, 
y dx 
dy 


differentiating, 


log 2, 


and 

(ii) If y ■■ a* tan x, 


“ fly log 2 ■* a . 2 ax + 6 log 2. 

log y « a- log a -+ log tan x ; 

1 dy . ,1 

~ — log a + r . sec 1 a? 

y dx ° tan a? 


da; * 


— log a + sec a; coaec op ; 

■ a* tan x [log a + sec x cosec a?]. 


108. Inverse circular functions. 

* Some simple examples of these have been given in Art. 102. Here 
are two of a more complicated nature. 

(i) the d. c. of sin^ 1 \2zV[l — a? 2 )] 

= x d - *• of 2xv/ (i -xSI ) 

= V(l— 4** + 4**) X [ 2aJ '2v'(l-a: li ) +2v/ ^ 1-!e ^3 

- 1 v r - 2 ^ 8 + 2 ( 1-^) 1 

1-2** L V(l-**) J 
2 


vYi-* 2 )’ 
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The result can also be obtained by Trigonometry, for if x == sin 0 
[and this is a legitimate substitution, since \x\ must be < 1 if the 
given expression be real], -/(l— x 2 ) will be cos 0, and 
2z\/(l—x*) = 2 sin 6 cos 0 = sin 20; 

•\ sin -1 2x V (1— ofl) = sin” 1 (sin 20) = 20 = 2 sin” 1 x 9 


whence its d. c. = ■ 


as before. 


V (1— a? 2 )’ 

(ii) the d. c. of 


\-x 


Xd. c. of 


1 — x+x 2V[x/(l — x)] 

_ i zi v 1 A 1 -^ v 

“ 1 2V^ * ^ (1-af 

1 //l-xs 1 
~ 2* \j ( a; ) X 1-* 


1— a 


2\f(x—x*j 


The result may also be obtained as follows, 
geometrically * that tan““ l \/[«/(l —a?)] = sin -1 a/ x . 

“* d - "■ = Tir^ii x 2 7i “ 87^?) • 


It is easily seen 


Examples XXXVI. 


Differentiate the following function* : 

1. log sin (Of - 3 x). 2. log (1 - cos* x). 

*■ log [>/(*+ 1) + 

6. (1 +co»* ax)". " * 


9. (1 + sec lx) 1 / - . 
12. sin-^Vsinx). 

15. sin • 

18. log cos (1 + ^x). 

Si. 

24. 5i+»«to* 


27. 


*1* (!-«)(«-»)] 


7 ’ 1— tan*8x 
10. log (1 + COB* ox). 

18. log^l + yV)* 

16. tan- 1 ! , ) 

\ 1 - cos x/ 

19. 3*. 

22. 2 1 /®. 

V[^] 


2a 


8. log tan(lrr + Jx). 
5. V'(2—Bin*2x). 

8. [log(l + ✓*)]'• 

11. e l+ »in*». 

14. cob*’ 1 v / (3x-2). 

17. tan- 1 -77-1 — *-• 

20. lO**' 1 . 

23. a 1 /*". 

^(a-3x) 
(«-*)' ’ 

Bin”* x cos 4 x 


26. 


* Draw a right-angled triangle with sides y/x and V^l - *), and therefore 

hypotenuse U 
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20 . 

81. 

53. 
35. 

88 . 

41. 

44. 

46. 

40. 

52. 

54. 


*V(3~2*0 

(IT-) 

«"■ sin w x cob" x. 

\/[a m Bin (x + tt) oos (a? - 0)} 


80. 


(a -x) s 


*/(l-**) 

COS 1 — 

X 

(1- a?*) 8 /* sin- 1 x. 

■ /(!-*)+ +/(!+*) 
7(l-*)-V(l+*)' 

log cosh (x/a). 

(a* + xy 


(e—2 x)* 

82. (a + aj) s sin»C0B s 2ap. 
34. log (log x). 

80 . (log®)*. 87. 

2a? 

W 

a? cos or 


so. tarr 1 - 


40. ooaec” 1 — • 
2a? 


42. tan" 1 - 


43. Bin" 




50. 


(aH*') 3 /* 


56. log 


58. 

60. 

02 . 

64. 

66. tan* 


68 . 

70. 

72. 

74. 

75. 


(1 + x*) n tan" 1 (x*). 
tan -1 (cot j x). 

y/fx-f g)~ y^(x-fl) 

^(x + a)+ \/(x—a) 

>W[ra^]- 

x*/[x * + o’) + a* log [x + J{x y + o’)]. 
«°* (a sin bx — b cos 6*). 
sec-* [1/V(1 -x s )]. 

-i a // 1 - cm » v 

V\l4COB*/ 

log sec tan” 1 a:. 

tan- 1 (x/a) + tanh” 1 (x/a). 

, 1 4 tanh x 

log 


1 +xsin a 

./(*»+ l)-V(*»-l) 

./(**+ 1)+ 1) 

47. log «inh (o/x). 48. log (1 + cosh* ax). 

61 - ( 1+ log x) * 

53. (a 1 4 sin 9 x cos* x) w . 

65. log sin" (bx 4 c). 

57. f®- , (V(^) lanJ *)' 

. , a4bcosx 

59. Bin” 1 : 


Hfl cos x 

01. x — X s ) + a 1 sin” 1 (x/a). 

63. tan -1 [v^(x B + l)—x]. 

05. tanh” 1 (tan $ x). 

07. coir’? + log V(iTs)’ 
60. log^a. 

71. log tanh Jx. 

1-tanhV 78 ’ lo « V (£rri) -*■ 

Find dp/dd (i) if p — ab 9/ ^ y+0) t (ii) if logp -• a4ba*-c/3** 

Prove that the d. c. of cob” 1 — ~ C ~ *— — * If a* < b 9 # this 

a4bcosx a4bcosx 

is imaginary. Explain this. 


109. Successive differential coefficients of implicit functions. 


The method of finding dy/dx } when y is given as an implicit 
function of x f is contained in Art. 36. If differential coefficients of 
higher orders are required, the method of procedure is indicated in 
the following example. 

Given a^+ay+y 2 — o a , find d?y/d&. 

Differentiating with respect to x f 2x+x^~ +y+2y~ = 0, (i) 


whence 


dy _ 2x+y . 
dx 2 y + x* 



HARDER DIFFERENTIATION 


216 


differentiating again with respect to z, 

(2y+*)(2+|)-(2*+»)(2g + l) 


_ 

dx* ~ 


8y—8x 


dy 

dx 


8»+8«.f2±* 

2y+* 


(2y+*) a 


<2y+af 


dy 


— (2 y + x ? — ’ on •ntortituting the value of ^ from (i) 

__ 6 3^+6^+ 61/* 

" (2y+x) 3 

6a 1 

*■» — ( - 2 - y - -^ , from the given equation between x and y. 

Or, the same result may be obtained by differentiating equation (i) 
again as it stands ; this gives 

•+(-3*i)+2+*fr3+£. !)=»■ 

— -.9 m 6a 2 


(2 y + xf 




as before. 


110. Successive differential ooefflcionta of sin(^ + c). 

The graph of y » §r* sin (bt + c) is one of great importance in certain 
physical and engineering problems. It Bhares the characteristics of the 
graphs of y ** tf -a/ and y -» sin (bt -f c ), and consists of a number of undula- 
tions, whose alternate maxima and minima occur at equal intervals and 
decrease in geometrical progression. Cf. Art. 105, Ex. (iii). 

Differentiating with respect to t f 

dy/dt — e** 1 x b cos (bt + c) 4 sin (bt 4 c) x — ae~** 

— — [o sin (bt 4 c) - 1 cos (bt *4 c) ). 

This can be put into a more convenient form by the artifice (which is a 
common one) of putting a « r cos 6 , b = rain 0 [whence tan 6 ■» b/a, and 
r 1 -* a a + h 2 , so that 0 and r can always be found]. 

. \ dy/dt — — s"® 1 [r cos B sin (bt 4 c) — r sin 8 cos (It 4 c) ]. 

■** — e-** */(a f 4 6*) . sin (bt 4 c — 6), 

The higher differential coefficients can now at once be found. 

The d.c. of e-** sin (l>*4 c) is found by multiplying by — ^(a*+V) and 
subtracting 8 (i.e. tan' 1 b/a) from 5* 4c; this d.c. is an expression ot the 
same form as the original one, and therefore its d.c. is found in the same 
way, by multiplying it by — </(a % + b*) and subtracting 6 from 5*4 c— 8, 

i.e. dtyrt 1 - -S(a*+b*)e-«m(bt+c-$-8)x -vV + * f ) 

— 4 (a* 4 & 2 ) e sin (bt 4 c - 2 0), 
and so on for any number of differentiations. 
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After n differentiation*, 

(Ty/dt ■- ( - 1)* (*» + 6*) V» r* sin (bt + e - nff). 


111. Leibnitz’s theorem. 


This is a theorem which expresses the successive differential 
coefficients of a product in terms of the differential coefficients of its 
factors. The theorem is due to Leibnitz, who shares with Newton 
the distinction of having discovered the principles of the infinitesimal 
calculus. 


It was seen (Art. 80) that 

d , . dv , du 

a w = « s +« s - 

Using the notation Du, Iflu, D*u ... for ~, 

dx dx A dx* 

D(uv) = uDv + v Du. 


Differentiating again, 

Jfi(uv) = (u D*v + Dv . Lu) + (v D 2 u + Du . Dv) 
= uD 2 v + 2Du Dv + vD 2 u ; 


differentiating again, 

D 3 (tie) = (uD*v + Du . D 2 v) 4- 2 (Du D z v + D*u Dv) 

+ (vD*u+Dv.D 2 u) 

= uD*v + SDu.D 2 v + SB 2 u.Dv + vD 3 u. 


It will be noticed that the coefficients in these results are the 
same as the coefficients in the expansions of (x + y) 2 and (x + y) 3 ; and 
if the method of formation of these successive differential coefficients 
is compared with the method of expanding by multiplication the 
successive powers of the binomial a?+y, it is evident that this must 
always be the case. The coefficients in the expansion of D n (mi?) are 
the same as in the expansion of (x 4- y) n by the Binomial theorem. 

Hence D^uo) = uDf n v+ nDuD”' 1 ^ * 

2 l 

... +p ^ 

o I 

A complete formal proof by induction may be given as follows : 

Suppose the theorem to be true for Borne one value of n, i. e. suppose 
D* (uv ) «« uD n v + "C, DuD v + n C t IfuD*-* v + ... 

+ *C r _ x Z> fWl «Z)*” r+l v 4 *C r D r uD"”* v + ... +eB n u. 

Differentiating again, we get 

D* +l (uv) - (uD^'v+DvD^ + 'C^DuITv + IPuD^'v)*... 

+ (D r - 1 «D*“- r+, e 4 Jr uD^* 1 r) 4 n C r (IT uD"-** 1 * + IT+'uD*-* v ) 

+ ... + DvD n u + vD n+1 u 

— uD* +l p + (1 + "(7,) DuD"p + ... + + n O r ) D T uD” Jrl - r t + ... + «D»+* u 
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Now 1 4 *C, — 1 4 n — * rH C y , and it it thown in text-books on Algebra tbat 
*C Tmml 4 u C r «■ 

/. ZP+ 1 ( ud ) - uI)* +1 *4* +, C 1 0uZ> ,l t>4 ... 4* +1 C r Z>^J)" +, ^e4 ... 

Honce, if the theorem be true for any ralue Of n, it must be true for 
the next value ft 4-1. It hat been teen that it it true when n ■» 8, and 
therefore it is true when n — 4, and therefore again when n ■■ 5, and so on 
for all values of n. 

This theorem is particularly useful when one of the two factors is 
a small integral power of x ; if this be taken as u in the preceding 
formula, its differential coefficients soon vanish, and the series 
consists of a few terms only. 

E.g. (i) Find the * th d. c. of (x*4l)c 2x . 

The successive d. c/s of e 2x are 2e 2x , 2 2 e 2x , ... 2 w e 2x , 
hence, taking jr“4 1 as u and e 2 * as v, Du = 2x , Z) 2 « == 2, and higher 
<L c/s of u are 0. 

2> w [(a^+ l)e 2x ] = (sc 2 4l)2 w e 2x 4n. 2z . 2 w " l e 2x 

_ 2»-*e* x [4 (** + l) + 4na:+«(»— 1)]. 

(ii) Find the n th d. c. of x log x. 

If = x, Du = 1, and higher d. c/s are 0. 

If v = log®, Dv — 1/x, D 2 v = —l/x a , ... 

D*v = J"- 1 1)W 1 ) 1 


[Art. 67]; 


^"(xlog®)^®.' — -i —A — 

SC” flr i 

^=1 [«— 1— nj 

= (— 1)" (»— 2)I/® B_1 . 

112. Formation of differential equations. 

The following example illustrates how in many cases a relation between 
successive differential coefficients of a function can be found. 

If y - «“ prove that (1 -x>) ^ - X d /- - a»y. 

dye* doc 


We have ^ x 


dx 


1 w ^ich ma y wr i^ en 


✓(I-.*). 






differentiating again, 


V\I— ar) . - , + , • 


— ® 


dy a*y 

— a~- — -77 . ■ ■ 


iiad d* ' y^(l — x*) "" d* “ 
multiplying by Vll-**), (I-**) ^ °'y. 


r, from (i); 
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A relation such at this, between #, y and d. c.*s of y with respect to it 
called a differential equation. 

If thit be differentiated n times by Leibnitz’s Theorem, we get a relation 
between any 3 consecutive differential coefficients of y, viz. : 

fri ^ ( g ri g!l , «(»->) / o^l 

L (1 ’ dx*+* + * 2 + 2 ' -2 ^d*"J 

i*+>y 


-[ 




v| 

ap» J ' 


which becomes, on collecting like terms, 


(•-*■' £?.-<*•+•)*££ -(••+.■> g-». 


Examples XXXVII. 

1. Given ap 1 — airy + y 8 -■ a*, find d'y/da? 

2. If ac* + 3 ooy+y 8 ■■ a s , find d*y/da?*- 
8. Find (Pyjdx 1 if a? w + y" ■* a". 

4. If a?® + y* ■« a®, find d*y/<ir®. 

5. Given a (a? + y) —■ ar* + y 8 , find dty/dx 1 . 

0. Find the 4 th d. c. of «~ 8 * sin (2 x -f a). 

7. Find the ti 411 d. c. with respect to f of e -** cos at . 

8. Prove that the 2 ttd d. c. of «“* sin 2 a? — 5 sin (2 a?- 126° 52'). 

0. Find the 10 th d. c. of a^e*. 10. Find the n 4 * 1 d. c. of (a^ + a®) e ar . 

11. Find the 6 th d. c. of a? 8 log a?. 12. Find the n tb d. c. of x * log a?. 

13, Obtain the 5 th d. c. of x* sin 2 x. 14. Obtain the n tb d. c. of x'e'". 

15. If y — (sin -1 x)\ prove that (1 -x*) ^ -i^«2. 

oar oas 

10. Differentiate the result of the preceding example n times by Leibnitz’s 
Theorem. 

17. If y — log [x + </(& - a*)], prove that (a? 8 - a ■) 

18. Find the relation between any consecutive 3 differential coefficients of 
y in the preceding example. 

10. Determine the n ^ d, c. of ap® (1 +x) n . 

20. If y *■ A cos (log x) + B sin (log a?), prove that x* ^ ^ + y ™ 

d^v du 

21. Given y ■■ sin (m sin -1 a?), prove that (1 -**) -t-s -a? + m 8 y — 0. 

oar aap 

22. Find by Leibnitz’s Theorem a relation between any consecutive 8 
differential coefficients of sin” 1 x. 

23. Find the d. c. of x 2 y with respect to x. 

24. If x and y are given as functions of a third variable t by equations 
x ■=/(<), y ■* F[t) ; find d*y/dx* in terms of differential coefficients 
of a? ana y with respect to t. 

25. If u — ar*r and t *= log a?, prove that — * *= 2 ~ nr. • 

oa? ax 9 
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APPLICATION TO THEORY OF EQUATIONS. 
MEAN-VALUE THEOREM 

118. The differential ooeffloient of a function vanishes in the 
interval between two eqnal values of the function, provided 
both the Amotion and its diffbrenti&l ooeffloient are continuous 
throughout the interval. 

Let y — b when x = a, and let a' ( > o) be the next value of x for 
which y = b. After passing through the value b when x — a, y must 
either remain constant or increase or decrease. If it remains constant, 
its d. c. is zero ; if it increases, then before reaching the value b again 
(when x = o'), it must decrease and therefore, if continuous, must 
pass through a maximum ; similarly, if it decreases, then before 
reaching the value b again, it must increase and therefore, if con- 
tinuous, must pass through a minimum, and in either case, at the 
maximum or minimum, its d. c. is zero. [Art. 63.] 

Geometrically, it is obvious that, between two consecutive points 



with equal ordinates, there must, on a continuous curve of continuous 
slope (Fig. 91), be a point where the tangent is parallel to the axis 
of x, Le. a point where dy/dx - 0. There is not necessarily one 
point only ; there may be any odd number of such points. The fact 
proved in the theorem is that there is at least one such point The 
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result may also be stated in the form that between two equal values 
the function must have at least one maximum or minimum. The 
theorem is clearly not true if either^ or dy/dx be discontinuous between 
x = a and x~af, Cf. (i) the graph of tan#, (ii) Fig. 66 [Art 64]. 

In particular, between two values of x for which y = 0, there is 
at least one value for which dy/dx = 0. The graphical solution of 
the quadratic a£ a +foc+e = 0 furnishes an illustration of this. The 
graph of y = axP+bx+c is a parabola whose axis is vertical, and 
the roots of the equation are the abscissae of the points where the 
parabola cuts the axis of x ; at tbo vertex of the parabola, which is 
between these two points, the tangent is parallel to the axis of £, 
Le. dy/dx = 0. 


114. Application to equations. Hollo's Theorem. 

If y be a rational integral function of x (Art 7), denoted by f(x), 
y and dy/dx or f(x) are both continuous so long as £ is finite. The 
above theorem therefore states that between two real roots of f (x)=0 
there must be at least one real root of f'(x) = 0. This is known as 
Bolle’s Theorem. It evidently follows that not more than one real 
root of f(x) = 0 can lie between two consecutive roots a and fi of 
f'(x) = 0, for if there were two, then between these two roots 
of /( x) = 0 would lie a root of f(x) = 0, and therefore a and /3 
would not be consecutive roots oif f (x) = 0. There is or is not a root 
of f(x) = 0 between a and /9, according as /(a) and f{ft) have opposite 
signs or the same sign [Art. 17 (4)]. Geometrically, between two 
consecutive points A and B on a continuous curve, where the tangent 
is parallel to the axis of x, the curve cannot cut the axis of x more 
than once. It will or will not cut it according as A and B are on 
opposite Bides of the axis of x or on the same side. 


As an example, take the function considered in Ark 55, Ex. (i). 
f(x) — - 9a? 8 + 15x. 

/'(*) - 8**-18* + 15 - 3(£-l)(a?-5). 

The roots of the equation f (a?) ■■ 0 are 1 and 5, hence the roots of the 
equation f(x) 0, if real, will lie between — oo and 1, 1 and 5, 5 and + oo. 
If x mm — ao , y is — 


If 1, y is + , 

If x ■- 5, y is -, 

If + oo, y is +j 


y — 0 at some point between — oo and 1. 

[Ark 17 (4).] 
y 0 at some point between 1 and 5. 

y ■» 0 at some point between 5 and -f oo. 


the equation fix) — 0 has three real roots, as shown in the figure, vis. ; 
0, 2*2, and 6*8 approximately. 
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115. Equal roots. 

If two of the roots of f(x) = 0 approach one another and 
ultimately coincide, the root of f(x) = 0 which is intermediate 
between them must also coincide with them. In the figure of 
Art. 55, Ex. (i), imagine that the graph gradually ascends vertically, 
the axes remaining fixed. The points of intersection of the graph 
with the axis of x gradually approach one another until ultimately, 
when the curve touches the axis of as, they coincide, and dearly the 
minimum point coincides with them. [The graph then represents 
the function there given with each ordinate increased by 25, ie. it is 
the graph of y = a? 3 — 9x*+ 15#+ 25, and the abscissae of the points 
of intersection with the axis of x are the roots of the equation 
9a 2 + 16®+ 25 = 0. Since the vertical ascent of the graph does 
not alter the abscissa of any point on the curve, it follows that this 
latter equation has two roots each equal to 5. It is equivalent to 
5) a (®+ 1) = 0, so that the third root is — 1.] Hence, if a root of 
f (x) = 0 is repeated, it is also a root of f ' (x) = 0. 

This can also be seen analytically as follows : — If Dt be a root of 
the equation f{x) = 0, where f(x) is a rational integral function of x, 
the function contains ®— a as a factor; if a be a double root, the 
function contains (x— a) 2 as a factor; 

f[x) = (®— a) 2 <f> (x), where <#> (®) == 0 gives the remaining roots. 
f(x) = (x— otf <(>' (X) + 4> (x) . 2(x— a) 

= (x-a) [(x— a) 4>'(x) + 2<f> (x)J. 
f(x) = 0 when x = at, so that a is a root of /'(#)-= 0. 

It follows in a similar manner that, if a be a root of f(x) = 0 
repeated r times, it is a root of f'(x) = 0 repeated r— 1 times ; then 
by the same argument, it is a root of f\x) = 0 repeated r— 2 times, 
and so on. For instance, a triple root of f[x) = 0 is a double root of 
f\x) =b 0, a single root of f"(x) = 0, and is not a root of f"'(x) = 0. 

He ace, to multiple roots of f(x) = 0 correspond common factors of 
f(x) and /'(#) ; and therefore such multiple roots can be obtained 
by finding the H. C, F. of f(x) and f\x) (by the ordinary algebraical 
method). 

Examples: 

(i) A simple illustration is furnished by the quadratic oa?* + due + c ■■ 0. 
If it has equal roots, then the root is also a root of 2o® + d-t> 0, i.e. the 
root is — d/2 a, and the condition for equal roots is obtained by substituting 
this in the given equation, 

d* d 1 A 
^ a *4T*-2i + ‘-°’ 

which reduces to d* ■■ 4 ae t the well-known condition. 
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(ii) Solve the equation x 4 — f5x a + 8# + 24 — 0 [cf. Art. 55, Ex. (ii)] f having 
given that it has a multiple root. 

/(a?) -4a? 8 -12a: + 8 - 4 (a 8 -3 *4-2). 

The H.C.P. of a?— 3*4-2 and x 4 — 6x a 4-8x4-24 is *4-2; therelore ~2 
is a double root of the given equation. 

Hence /(x) contains the factor (x4-2)*; dividing out by this, the other 
factor is found to be x* — 4a; 4*6, and solving the equation x a — 4x + 6 — 0, 
the other two roots (which are imaginary) are obtained. 


Examples XXXVIII. 

Between what values do the real roots of tho equations 1-Q lie ? 

I. x 8 — 6x*4-2 — 0. 2. a^-18a? + 12-0. 

8. x s — 12x*4-36x — 10 — 0. 4. ar 4 4-4x 8 -20x s 4- 10 - 0. 

6. 2a^ — 3a^-36ar — 5 — 0. 6. x 4 -8a^ + 22x i -24*4 12 — 0. 

Solve the equations 7-12, given that each has a multiple root : 

7. xM^x*— 7x4-4. 8. 4X 8 - 16x*- 19x-5. 

0. x 4 — 4x s 4-16x-16. 10. x B -7x 4 -2x 8 4' 14x a 4-x — 7. 

II. 12x 8 4-28x*4-3x — 18. 12. x 4 -Gx 3 4- 10x B -6x4-9. 

13. Find the condition that the conic ax 1 4- 6y a 4-2yx + 2/y4-e — 0 may 
tonch (i) the axis of x; (ii) the axis of y. 

14. Prove that the curve x 8 4- y 3 — 3x-*4y4-2 — 0 touches the axis of x. 

15. Show that the curve y «* 2x® 4- 3x 2 — 1 touches the axis of x. 

Verify the theorem of Art. 113 in the following cases 16-20, and find the 
coordinates of the point where the d.c. is zero. 

16. y — 3x* - 7 x 4 - 4. 17. y — (x — l) a (x — 3). 18 . y — \ x 4- x~ J 4- 2. 

10 . y — log [(x* 4- 8)/6x]. 20 . y — sin x - cos x. 

Discuss the application of Rolle’s Theorem to the functions 
21. x(x-4)/(x-l). 22. tanx. 23. 4-(8-x)V® # 

24. Find the condition that the equation x s 4-px4-fl — 0 may have two 
equal roots. 

116. Mean-value theorem. 

Ij f (x) and f'(x) be continuous throughout the range x = a fo x = b, 
then 

b — a 

for some value o/x between a and b. 

The expression is the ratio of the total increase in the 

function to the total increase in the variable x, and therefore is the 
average rate of increase over tiie range x = a to x = 6. Hence 
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the theorem states that the average rate of increase throughout the 
interval is equal to the actual rate of increase at Borne point in 
the interval (e. g, the average velocity of a train between two stations 
is equal to the actual velocity at some intermediate point). This 
follows from general reasoning, for the average rate of increase in 
the interval is evidently intermediate in value between the greatest 
and least rates of increase ; and in passing between its greatest and 
least values, the rate of increase, being continuous, must pass through 
every intermediate value, and therefore at some point must equal the 
average rate of increase. 

Geometrically, this can also be seen at once, for let A and B 
(Fig. 92) be the points on the graph of /( x) for which x * a and 
x = b respectively ; then the ordinates AM and BN are f[a) and f(b) 
respectively. Let AK } parallel to MN> meet NB in K. 



OJ ^ M H NX 

Fig. 92. 


Then M = 

b — a MN AK 

If y and dy/dz are both continuous, there is obviously some point 
on the curve between A and B at which the tangent is parallel to 
the chord AB, i.e. there is some point, T say, at which tan^, 
ie. dy/dx or f{x), = tan BAK f 

i.e. there is a value of x for which f{x) = • 

fc — a 

It is easily seen by drawing figures that there is not necessarily 
such a point, if either y or dy/dx be discontinuous anywhere between 
A and B . 

117. Analytical proof. 

The theorem can also be deduced analytically from Art. 113 as 
follows, and this method is important because it can be used to 



224 APPLICATION TO THEOBY OP EQUATIONS 

extend the given theorem, and ultimately obtain one of the moat 
important theorems in Mathematics. (Chap. XXII.) 

Denote the expression [/(&)— /(<*)]/(&— a) by Jt, and consider the 
function 

/(a?) -/(a) -(s-a)B. (i) 

If x = a, this function =/(fl)-/(fl)-0x5 = 0. 

If x = b, the function = /(&)— /(a) — (b— a)7i, which is seen to 
be 0 on substituting the value of JR. 

Therefore, since the function vanishes when x = a and also when 
x = 6, its d. c. must vanish for some intermediate value of x [the 
function and its d. c. both being continuous between x = a and 
x = b] (Art. 113). The d. c. is f(x)~ 22, and therefore 

12 = 0 for some value of x between a and b . 

•** /'(* i) = B = where a < x 1 < b. 

Geometrically, it should be noticed that if, in Fig. 92, Q be the 
point whose abscissa is x and ordinate f(x), and if the ordinate of Q 
meet the axis of x in 77, AK in L f and the chord AB in Q' y the 
expression (i) considered above is equal to 

1IQ-MA -AL tan BAK= QL-Q'L = -QQ\ 

Now QQ' is obviously zero at A and at B } and it is a maximum^ 
and its d. o. vanishes, at some intermediate point, viz. at the point T 
where the tangent is parallel to the chord. 

The preceding result may be written 

/(b)— f{a) = (b — a)f(xy) t where Xj is between a and b . 

Let b = a+b, then x } , being > a and < 6, i.e. < a + 7i, may be 
written as o + 0b, where 0 is a positive proper fraction; and the 
theorem takes the form 

f(a+h)-f(a) = kr(a+6h), 

i.e. /(a + /*)=/(a) + V y (a + 0A). 

It should be noticed that this involves the definition of a d. c., for 
the last result may be written 

f(a+h)-/(a) _ ^ + 

and when h — ► 0, a + Oh — ► a, since 0 < 1 ; 

^ f j a + h)-f(a) as in Art. 26. 

*-♦0 91 

It also indicates the amount of error involved in the use of 
differentials (Art. 24). It was there pointed out that 

ly = ^ lx =/'(«) lx approximately. 
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From the preceding result we have, if h = bx, 
bp =/(*+*)-/(*) = hf(x+6h) a as./fc + ^aj), where 0 < $ < 1. 

If G and L be the greatest and least values of x ) in the interval 
from x to x + bx, then the greatest possible value of bp is Gbx, and 
the least possible value of bp is Lbx ; hence the error involved in 

the statement 




is not greater than | G — L | bx. 


All that is known about 0 in the general case is the fact that it is 
intermediate in value between 0 and 1. Usually its value depends upon 
the values of a and h. In some particular cases, its value can be found, 
c. g. if f(x) -■ ax 9 + bx + c, then 

f(x + ft) ■* a (x + h) % + b (x + h) + c, f'(x) = 2 ax + b 
and f'(x + 6h) — 2a(a? + 0fc)-f 6; 

hence the theorem gives 

a (j?4 &)*-+- b(x + h) + c « flwc* + 6a:+c + /»[2a(a?+dh) + 6]; 
whence, after multiplying out and cancelling, 
ah i =*2a0h 9 , and 

This is obvious geometrically, for the graph is a parabola with its axis 
parallel to the axis of y (p. 18), and if any chord of the parabola be drawn, the 
tangent at the end of tlie diameter which bisects the chord (and which is 
parallel to the axis of y) is parallel to the chord ; hence the abscissa of the 
point of contact of the tangent is half the sum of the abscissae of the ends 
of the chord. 

In the preceding case, 0 is constant, but if we take /(a?) x*, and 

therefore f'(x) — 3 a? 2 , we get from the mean- value thoorem 
(x + h)' = tx* + h.Z(x + eh)\ 

Whence, on multiplying out and dividing by h 9 t we have 
8fcd s + 6:r0 — 3:r + ft, 

from which 6 can be found in terms of x and h. 

If h be very small, the terms in this equation which contain h may 
be neglected in comparison with the others, and it follows then that 
0 is approximately equal to }. 


118. Indeterminate forms. 

The following is a useful application of the mean-value theorem. 

Let/(x), F(x) be two functions of x which both become zero when 
a? = a; then, if f(x)/F\x) approaches a limiting value as 3 — +a f 
f(x)/F(x) will tend to the same limit. This is often called the ‘ true 
value* of f(x)/F(x). 

^ /(« + *) _ f(a) + hf'(a+0h) _ f(a+0h) 

F{a+h)~ F(a) + hF' (o + d'h) “ F'(a+ Vh) * 
since f(a) and F(a) are both zero ; 

. T /( a + ft) _ T />+**) _ /» 

*• P(a +h) ~ F'(a+ 6h) Ffr) 

IW 


o 
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If f'ix), F'ix) also both become zero when x — a, the same 
argument shows that the ‘true value* is f '(a)/F"(a), and so on. 

The ‘true value* is found in the same way if fix) and Fix) both 
become infinite when x — a. 


For then 


m 


f i 
/(a)’ 


and 


F(a) F(a )/ /(a)’ F(a) 

therefore, by the preceding case, the true value 


1 

/(a) 


Are both zero 




F'ja) 

/(a)' 


/(«)’ 


whence A =f'(a)/F'(a) as before, provided A be neither zero nor 
infinity, and it can be shown that the rule holds for these cases also. 


Examples: 

The true value 


1 — x 1 

(i) of . , when *—1, is the value of i-o. —I; 

lo gx 1 jx 

/•■v - xcosx + tt . s , - — x cos x , 

(u) of — _ (X — r) — the value of — —1; 


Bin a? 
x® 


cos a? 


x® 2 x / 0 \ 

(iii) of = (x -■ 0) — the value of - — [ which is still of the form ^ ) 

1 ' 1 — con x v 1 sin a? \ 0/ 


•» the value of — 2 ; 

coax 


(iv) of — oo ) — the value of jj ™ g • 


110. Extended mean-value theorem. 

We have proved (Art. 117) that, provided f(x) and f'(x) are 
continuous in the interval from x = a to x = b, 

/(b) = /(a) + (& — a) /'(xj, where z l is between a and b. 

This result can be extended to show that, provided /"(, x ) is also 
continuous in the given interval, 

/(b) =/(a) + (6 — o)/'(a) + /"(**)> where x 2 is between a and 6. 

a 1 

Using a method of proof similar to that of the preceding case, 
denote 

m~f(a)-(b-a) /'(a) by (i) 

and consider the function of x 

fib) ~fix)-ib-x)f’ (*) - i (b-xf B, 
which, with its d. c., is continuous within the given range, since 
f[x), f\x) and/" (*) are continuous. 
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This function obviously vanishes when x=b. If «== a t it becomes 
/(5)— /(a)— (6— a)/'(a)— i (6— a) 2 R, which = 0 from (i). 

Since the function vanishes when x = a and when x = b, its d. c. 
must vanish for some intermediate value. 

Its d. c. - = ~f\x) - (& - a) f"{x) +f'(x) + (5 — s) B. 

This therefore must vanish for some value of x between a and b, 

i.e. after dividing out by the factor 6— x, 

+ -R = 0, or It =/"(ar a ), where x % is between a and 2»* 

Substituting this value of B in (i) and re-arranging, we get 

/(&) =/(«) + (t“«)/'(a) + l(^--a) 2 /' / W > where a < x % <b. 

If 6 = o+ ft, then x % , being between a and a 4- A may be denoted 
by a + Ph, where 0 < O' <1, and the theorem takes the form 

/(<* + &) = /(a) + */'(a) + i /*’/"(<* + **). 

The geometrical interpretation of this result should be noticed. 

If in Fig. 92 the tangent at A meets BN in V, then 

/(6)-/(a)-(&-a)/'(a) = NB-MA-MNt&n VAK= KB-KV 
= VB. 

Hence the preceding theorem gives the result 
VB—\ MN 2 . f\a -f &h) t 

Le. when b — a is very small, and therefore f\a + V h) — */"(a), 

Hence, since f"(a) is finite, if B is indefinitely near to A, VB is 
very small compared with MN r L e. the distance between the curve 
and the tangent (measured along the ordinate) is very small, or is of 
(at least) the seoond order of small quantities, compared with the 
difference in the abscissae (Art. 24). 

This also includes the results of Art. 59, for VB is + or — 
according as /"(a) is + or — , and the curve in the neighbourhood 
of A is above or below the tangent at A according as VB is + or — , 
i.e. according as /"(a), the value of the second d. c. at A, is + or — . 

As in the case of the first mean-value theorem, the value of & depends in 
general upon the values of a and h ; a fixed numerical value can be found 
for it in the oase when f(a) — o s , for then /'(a) — 3 a*, /'(o) — 6 a, and 
the theorem gives 

(a + *)■ - a * + h . 3 a 1 + ) V 6 (of $'h), 

*2 


whence 
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120. Principle of proportional parts. 

The extended mean value theorem can be used to prove the 
principle of proportional parts, a principle which the student has 
probably used in elementary work in connection with tables of 
logarithms, trigonometrical ratios, &c. This principle states that 
4 if the increase in the variable be small, then the increase in the 
function is proportional to the increase in the variable ’• 

We have /(a + 7*)-/(fl) = hf(a)+\h*f\a + Qh) 
and /(a+k)— /(a) = ^(a) + P 2 /'(«+«)l 

. /(a +/»)-/ (a) h f(a) + \hf'{a+8h) 

* ‘ f(a+k)—f(a) ~ k * f (a) + {k f"(a+&'k)' 

When h and k are small, the last term in both numerator and 
denominator generally becomes very small compared with the first 
term, and both numerator and denominator approach the value f (a). 
The right-hand side of the equation then becomes approximately h/Jc f 
and we have 

f(a + li)-f(a) __ h 

i. e. the increase in the function is proportional to the increase in the 
variable. 

The lost terms in the numerator and denominator mentioned 
above do not become small compared with the first term if /"(a) is 
large compared with /"(a); hence the principle will usually fail 
when the second differential coefficient of the function is large 
compared with the first. E. g. in the case of common logarithms, 
the 2nd d. c. of log 10 x = — (jl/x 2 , which is large compared with the 
first d. c. fi/x t when x is small ; therefore the principle is not true 
for the logarithms of small numbers. Again the 2nd d. c. of 
tan x = 2 Bee 8 # tan x , which is large compared with the first d. c. 
sec 2 ^, when x is nearly Jir ; therefore the principle does not hold for 
natural tangents in the neighbourhood of 90° [or of any odd multiple 
of 90°]. 

For a more complete discussion, and investigation as to the amount 
of error involved in using the principle, the student is referred to 
more advanced works. 


Examples XXXIX. 

Find the value of 6 in the application of the mean-value theorem to the 
functions 1-4 : 

1. 1/a?. 2. **. 8. sin a?. 4. log a?. 

6. Trove that, with the usual conditions, f(x) "*f(Q) + xf \6x) t 
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6. Discus* the application of the mean-value theorem to the function 
»(x-4)/(*-l), in the neighbourhood of x ■■ 1. 

7. Also to the function tana, in the neighbourhood of X">\ir. 

9. Also to the function 4— (8 — sp)*/ 8 , in the neighbourhood of * — 8. 
Find the value of 6 in the application of the extended mean-value theorem 
to the functions 0-12. 

0. «x , +fcr l +c*+d. 10. **. 11. 1/*. 12. r*. 

18. Prove that, with the usual conditions, /(*)"/( 0 )+< 5 f( 0 )+J**/'(d#). 

14. Deduce from the theorem of question 13 that cos*>l-J*\ 

15. Also that log (1 +«)>»-$**. 

10. Also that log (1 + cosx) < log2-}x'. 

17. Prove, by the method of Arts. 117 and 119, that 

/(•+*) -/(«)+V»+ J/W+ £/'"(•+«), 

where 0< 6< 1, provided f(x) and its first 3 differential coefficients 
are continuous in the interval a to a+h. 

18. Deduce from the preceding result that 

m -/«>)+*/' (0)+ + f f"(6x). 

10. Deduce from the result of Question 18 that sin® >x-$aA 

20. Alsothat tan a: >*+£**. 

21. Deduce from the mean-value theorem that, if two functions have the 
same derivative, their difference is constant. 

22 . Discuss the application of the extended mean-value theorem to the 
function log (ar— 4), in the neighbourhood of * «= 4. 

23. Also to the function 1 -(1 in the neighbourhood of x ■» 1. 

24. Also to the function log cos x, in the neighbourhood of x = & ir. 

25. Find the true values of (i) , when x - l*. 

coax , 


.... sin*“sina , 

(u) — , when *-a. 

— OL 

(iii) sin ax cosec bx, when x — 0. 
28. Find the true values, when s-0, of 


CO 


Bina-a: 


# g-g \nx 

tanx-x’ ' U 5 

27. Find the true values, when *■» oo, of 


(» **!> 


m 


3**-2x+ 1 
5**+3x-2’ 


(iii) 


c'-t 


.. x* 
(HO r 



CHAPTER XIV 


METHODS OP INTEGRATION 


121. Introductory. 

The integration of very simple functions and some easy applications 
thereof have already been considered in Chapter IX, and several 
other integrals have been given in Chapter XI. We now proceed to 
discuss various methods by means of which more complicated 
functions may be reduced to some combination of these simpler 
functions. 

The first process that will be considered is the integration of 
rational algebraical fractions, i.e. fractions whose numerator and 
denominator contain only positive integral powers of z with constant 
coefficients. 


122. Integration of rational algebraical fractions. 


In the first place, if the degree of the numerator is equal to or higher 
than the degree of the denominator , the numerator must "be divided by 
the denominator until the remainder is of lower degree than the 
denominator . This gives one or more terms whose integrals can be 
written down at once together with a fraction whose numerator is of 
lower degree than its denominator, and it remains to consider the 
integration of such fractions. 


1. Let the denominator be of the first degree. 

After division, the remainder will be independent of x ; therefore 
the process just described gives the integral as the sum of a number 
of powers of a?, together with a logarithm. 

^==*’+ 2 *+ 4 +^ ; 

f^a* = l*+*+ix + 8lo g(x -2). 

Again, g after arranging in powers of x and using ordinary 

8 J 


division, becomes 


l 8 - 2 *' 
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. f 3x— 5 , 3 1 T 1 3 1, „ 

*• j3^2i‘ Ia!== -2 X -2-j3^ d * = -2 X+ 4 Ioe(8 “ 2x) ' 

It must not be forgotten that in every case an arbitrary constant 
is understood. 


Examples XL, 


Integrate the following expressions : 
, * 

'■ x + 3* 

«•* 

« z 


13. 


2x- 3 
2j43 
x — 4 
x 

ax+b* 


a. 

«■ 

8. 

X* 

x4 3* 

x-f 3 ’ 

6. 

X 

7. 

X 2 

1 - 2x 

1 -27 

10. 

3 — 2 x 

2 x— 1 

11. 

X* 

a - x ’ 

14. 

X* 

15. 

X 3 

px-q' 

c — 2 x 


4. 


8 . 


ia. 


16. 


2x— 3 
I — x 

F^x’ 

x* 

cix + 6 
ex4d 


123. 2. Denominator of the second degree. 

(i) If the denominator breaks up into rational factors, use the method 
of partial fractions, as illustrated in the following examples : — 

Examples : 

r 5x-4 

w 




-8xf 12 

The denominator is equal to (x~6) (a? — 2). 

5a? — 4 _ A B 

we assume - 2 — 5 — ,^r 0 = * + s * 

x*-8x+12 x-6 x~2 

We have to find A and B. Clearing of fractions, 

5a?-4 = ^(a>-2) + £(*-6). (i) 

This, being an identity, is true for all values of x ; 

putting x — 6 (which makes the denominator of A, i.e. the coefficient 

of B in (i), vanish), 26 — 4 A, and A — 

putting x — 2 (which makes the denominator of B f i.e. the coefficient 

of A in (i), vanish), 6 m -4 B, and B — 

IT 5 x— 4 JjA -t 

Hence s ^ 4 — ? ; 

«* — 8x412 x — 6 x — 2 


and 


(«) j„ 


log (*-6) -j log (x-2). 


, dx. 


| 2x*4x — 3 

Here the numerator is of the same degree as the denominator, and there* 
fore must be divided by it. 

x* _ 1 lx- 1 11. x— 3 

2x*+x— 3 “ 2 ~ 2x* + x~3 “ 2 2 ’ (x~ 1) (2x i 3j* 



METHODS OP INTEGRATION 


To resolve the latter into partial fractions, assume 


a?-3 _ A B 

a?-3 = ^(2a? + 3) + 5(«-l). 

To find A, put xr— 1, -2 — 5.4, and A — -f. 

To find B, put a? — - - £ — - $ Z?, and 2* — J . 


. _jL _!_? [\rf +_±_l»i + __1 ? 

•' 2** + *-8 2 2 Lr— 1 2*+3j 2 T 5(*-1) 10^2* + 8)’ 



2xr*+x-3 


dx — Jar+i log (x- l)-^log (2*+8). 


(iii) The case in which the two factors of the denominator are coincident 
should be noticed. E. g. find J 

t a* i a 4ar + 3 <4 5 

In thw ca»e, let ^~ 3) , = ~ 3 + 


[These are the only two fractions whose denominators could hare the 
L.C.M. (*-3)V| 

Clearing of fractions, 4 x + 3 == A (x - 3) + B, 

To find B , put x — 3 ; .\ 2? — 15, 

To find .4, compare the coefficients of x in the preceding identity ; these 
are, on the left-hand side 4, and on the right-hand side A ; A — 4. 


and 


4a; + 3 _4_ _ 15 

(*-3)*~a:-3 (*-3) ,> 


f4a? + 3 

J(*-3) a 


dx 





The values of -4 and I? can be found in all the preceding examples 
by comparing coefficients, although the method given above is 
shorter, e. g. in Ex. (ii), 

comparing coefficients of x on both sides, 1 = 2 A+B, 
and comparing constant terms, —3 = 3 A — B. 

These are two simultaneous equations of the first degree for A 
and B which, when solved, give .4. = — *, B = f as before. 


Two integrals which can bo obtained in this way are of special 
importance, and will be included among the standard forms. These 
are 


j 



and 


dx 

a 1 2 — sc 2 


Taking the former, 


1 A B 

x*—a? — x—a x+a f 


•\ 1 = A (* + a) + B (*-a). 
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Put x = a, 1 = A . 2a, and A = 1/2 a. 

Puta? = — a, 1 = J9(— 2 a), and B = —1/2 a. 

1 _ 1 _1 1 
a? 2 — a 2 2a*aj — a"" 2a'a + a > 

ftnd J ^ log (* - a) - ^ l0g ( * + a) = 2^ l0g • 

Similarly, it will be found that f ~ log^-^ • 

* J a 2 -ar 2 a e a-a? 

It must be remembered that the logarithm of a negative quantity 

is imaginary. In the former of these two expressions, a? 2 is supposed 

> a 2 , and in the latter, s 2 < a 2 ; the logarithms which occur in the 

results are then reaL 


Examples XLI. 

Integrate the following expressions: 


1. 

4 . 

7 . 

10 . 


a? 

X 1 — 1 

a? a 

x* -4* 

JC+1 

a^-t 1 


a: 2 — a?— 2 
13 a^-l' 

1 


10 . 


a? 3 — (a+fc) ar + a& 


2a?— 5 


* 3 -5a? + 4 
« 5a? + 2 

° a? 3 -4a? + 4' 
4ar + 3 


11 . 

14 . 

17 . 


3**-10a? + 8 

x 


(2 ar— l) 9 
a?* 

ar 2 —5 


2 a? +3 
a* + *-30 

e * 3i*-a?-i* 

A 5 + ar* 

9 * 9-i 3 ’ 



15 . 


18 . 


a? 8 

ar“ + a?-20 - 
a^ + l 
5 a?— 2a;"* 


124. 2 (ii). Denominator which does not resolve into rational 
factors. 


It has been shown, in Art. 102, that 


dx 

a^ + o 2 

and, in the preceding article, that 


l: 


1 , , X 

= - tan 1 -t 

a a 


ii x 2 > a 2 , 
if < a* 



2a 


, a?— a 

e a? + a 



a + x 
a—x 




(ii) 

(iii) 


Divide out before squaring. 
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The two latter integrals may also (from Art. 94 and Ex. XXXII. 20) 
be expressed in the alternative forms 

— - coth"" 1 ~ and - tanh" 1 - 

a a a a 

respectively, which are analogous to the form (i). 

Taking the case 2 (ii) mentioned above, 

(a) Let the numerator he 1. 

Then, dividing the denominator by the coefficient of and 
completing the square of the terms which contain z , the integral 
reduces to one of the three forms just mentioned. 


Example* : 
dx 

x* 4 8x 4 25 
dx 

3x»-4x4 7 


j 

J 


dx 

x tt 4Cx-4 

dx 

6* -7 -x* 
dx 


J 


dx 


1 . . ar + 4 

3 tan -3- 


(* + 4)» + 9 
1 dx 1 f dx 

3 J + | “ sj (*-«)* + V 

~ 3 • r7T7 taD ~' JV11 “ Ti7 


by (i). 


. . 3x — 2 ... 

tan 1 — yrt - . by (i). 


dx 

(7+l5) 5 ^T3 

dx 

2-(x-3)* 


1 , x + 3-,/13 

2^13 B x + ;jTVT3’ 


w 

by (ii). 




If dx if 

2 J V-2x-x* “2J V- 


1 1 \/2 + x — 3 

2^ l0g ^2-^3’ l, y 

dx 


(*+l)* 

1 1 , v^ + * + l . 

“ 2 • 2^? log by (,n) * 

1 1 42x42 

- 2^/26 ° g *726 -2i- 2* 


Integrate 

1 

X# x*4 2x+ 10‘ 
x* — 2x — 1 * 


7. 


30. 


10 — 4x— Sx 3 
x* 4 2x 
+ 2 * 


18. 


x* 4x42 
x a ^ x — 1 * 


Examples XLII. 


2. 

1 

8. 

1 

2x*42x4 5 

x*- 4^+15* 

fi. 

1 


1 

Sx 2 4 8x — 4* 

O* 

4 — 2x — x 2 * 

8. 

1 

0. 

1 

4x*-4x-7' 

5x a — 7* 

11. 

x a 4 4x 
x 2 44x— 1* 

la. 

X 4 

x a 4 7* 

14. 

1 

15., 

1 

84 3x-2x 2 * 

10« a 4 4«x— x* 


id. 


1__ 

ox* 4 bx + c 


(i) when 5*>4ac, 


(ii) when & ? <4oe. 
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125. A useful rule. 

Before proceeding to discus* the next case in the integration of 
rational fractions, it is necessary to call attention to the following 
fact : — 


The integral of a fraction whose numerator is the d. c. of its 
denominator is the logarithm of the denominator , i.e. the integral of 
f\ x )/f( x ) with respect to x is lo g/(x). 


This is obvious from the method of differentiating the logarithm 
of any function of x (Art. 98). 

The d. c. of log u with respect toaj = ix~c=^ ^ w, a fraction 
whose numerator is the d. c. of its denominator. Therefore, 
conversely, the integral of the fraction u with respect to x 

is logu. 


This is a rule which is often useful in dealing with all kinds of 
functions, algebraical, trigonometrical, exponential, &c. It is really 
a particular case of the method of integration by change of variable 
considered later, but the student should try to accustom himself to 
recognizing at a glance fractions of the above type. A good deal of 
labour is often thereby saved, e. g. in the first two of the examples 
immediately following, the integral can be written down at once, 
whereas if the method of partial fractions be used, the working is 
long. In some cases, the insertion of a numerical factor is required 
to make the numerator equal to the d. c. of the denominator. 
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l. 


7. 


Integrate : 
2ar + 8 


ap* + 3ap— 4 
a?+l 

a?* 2 a? + 7 * 

ain ar cob x 
1 + 3 sin* x 


Examples XI*IU, 


2 * **-1* 
5. tanx. 


8. 


x* +a a 


8 . 


a 4 — a? 4 
6. cot oar. 


0. 


10. 


ii 0X46 

12. 


aa^ + 2 6a? + c 

13. 

tftnh Xm 

1 

14. — : 

x log X 

16. 

10. 

sin ar — cosap 
sin x + cos x 

1 +are® 

18. 


Bin a* 

a + b cos x 
3 + 4 tan x 

a;*”* 

rrp* 

ain 2 a? 
o + 6 sin* a? 


128. 2 (ii) b, Numerator of the first degree. 

Returning to the integration of rational fractions, the case in 
which the denominator is of the second degree and the numerator of 
the first degree has next to be considered. 

The following method will effect the integration : — Put the 
numerator equal to k x (the d. c. of the denominator) + 1, where k and l 
are constants which can be determined by inspection (or by com- 
paring coefficients) ; the integral can then be divided into two parts, 
of which the first is a fraction whose numerator is the d. c. of its 
denominator, and whose integral is therefore the logarithm of the 
denominator (Art. 125), and the second is a fraction of the kind 
considered in the previous case (Art. 124). The process is illustrated 
in the following examples. 

If the numerator is of the second or higher degree, it can be 
divided by the denominator until the remainder is of the first 
degree, and therefore it has now been shown how to integrate any 
rational algebraical fraction whose denominator is of the first or 
second degree. 


Examples : 


i 


> 2 log (ar + 2 x + 2) + 


2 a? + 2 
x* + 2ap + 2 

dx 




a^ + 2 a? + 2 


dx 


(ar + l) a + 1 

2 log (jp* + 2 ar + 2} + tan" 1 m + 1). 
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ri^a+e^-v 

j25f+6*+l I 2**+6*+ 1 

„ 3 r _4 *+«_ J, 19 f dx 

" _ 4j2» , + 6*+l x 2 J2a?T6*+l 

- !>«(«-+•-+ d- " 

J?ri‘ ir - J[— ???]*'- 

- **■- dx - i* 1 " 2 

*■ Jx 2 - 21og (x* + 4) + 4 tan -1 $x. 


Examples XLIV. 


Integrate the following : 
x+1 4x-3 

x* + 9 - x’ 1 - 5 " 

1 —a? 6x+3 

8. 

X 3 

x* + a 2 

4x — 5 

7-x* 

8 x — 3 

x* + 4x + 13 
.. 4 3 — 2 x 

6. 

A 

x»-2x-r 

5x — 1 . 

2x 2 + 2x + l 

3x* + Gx-l’ 

V* 

x 9 — 3 x + 5 


X s 

1 1 


X 

1 x*-2x + 5 

x‘-6x + 10 

Id- 

4** — 10x— 8 

X*— x+1 

— 8 * + 2 

1 K 

**— 1 

l3 - x> + x+l' 

’ **— 2x+3 

in. 

x* + 5x + 6 

io 

„ **+l 

i a 

x— a 

x 2 + ax + a* 

17, i*+r 

io. 

x* + 2 ax— a 9 


127. 3. Denominator of higher degree than the second. 

If the denominator breaks up into rational factors of the first and 
second degree, use the method of partial fractions. 

To illustrate the various cases which may arise, three examples 
will be worked out, in the first of which the denominator resolves 
into three factors of the first degree ; in the second, into one factor 
of the first degree and one of the second degree ; and in the third, 
into a factor of the first degree repeated and one of the second degree. 
In each of the constituent fractions, we take a numerator of lower 
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degree than the denominator, since the given fraction is of this type, 
Le. for the numerator of a partial fraction with denominator of the 
first degree, we take a numerical quantity A (as in Art 128) ; for the 
numerator of a fraction whose denominator is of the second degree, 
we assume an expression Bx+C of the first degree; if the given 
fraction contains a repeated factor (x— a)* in its denominator, 
a fraction with denominator (x — a) 2 and numerator Bx+C might 
be assumed, but this would resolve into two simpler fractions 
JE P 

and 7 rn, and these are therefore taken as the partial fractions 

x— a (x— a) J 

corresponding to a repeated factor (x— a) a . Similarly, to a repeated 
factor (x— a) 3 , in the given denominator, would correspond three 

fractions — . , - — C , and so on. 
x— a (x— a) 1 (x— a) 6 

For a complete account of the general theory of partial fractions 
and the integration of rational fractions in general, the student is 
referred to treatises on Algebra and more advanced works on the 
Integral Calculus. The examples here considered are sufficient to 
enable the student to deal with most of the cases he is likely to meet 
with in elementary work. 

Examples : 


f x» + l 
J x (x 2 — 4 


x a + I _ A 


x (x* — 4} x + x — 2 f x + 2 
Clearing of fractions, x* + 1 = A (x 1 — 4) + £x(x + 2) + Cx(x— 2). 
To find A , put 1 — A ( — 4), and A -» — J . 

To find B, put x-2; 5- £.2.4, aud £«£. 

To find C, put x — 2 ; .*. 5 - C. -2. -4, and C — |. 


JL. + JL. 

x — 2 x + 2 


ar*-fl 
x (x d — 4) 


8 (i - 2) 


+ 8l* + 2)’ 


*’• J g *** " “ 4 1 o 8 x+ §log(*-2) +|log(* + 2). 


^ J(2 — *)(*’ + 4 * + 5) 

® __ A Bx+C 

Let (2 — x) (x 2 + 4 x + 5) 2-x + x a + 4x + 5 # 

Clearing of fraction®, x = -4 (x ,J + 4 x + 5) + (2 - x) (Bx + C). 

To find A, put x ■■ 2 ; •*. 2 *** A (4 + 8 + 5), and A — 

To find B and C, we must compare coefficients. The expression® being 
identical, the coefficient of any power of x on one side is equal to the 
coefficient of the same power of x on the other side. 
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Comparing coefficients of **, 0 <— A —B, whence B— A ; 
comparing constant terms, 0 — 5 A + 2 C, whence C «= — $ A — — \t 

Hence the given fraction - 


and 


f * ^ _ 2 r dx 1 2a?-f4»-9 

J (2-*H*‘+4* + 5) 17 J 2-* + 17 J ** + 4:c + 5 tfX 

2 . 1 f 2a? + 4 9 f dx 

” i 7 lo S( 2 *)+ !7 J *» + 4ar + 5 ir 17j(a; + 2) J +f 
— - ft log (2 -x) + ^7 log (ar* + 4a; + 5) - tan" 1 (a? >f 2). 


(ill) 

Let 


f dLr 

J (•-!)» (•* + !)• 


Ck+i) 


(*— lj*(a^+ 1) — ar— 1 T (»-l) f xU i 
Clearing of fractions, 1 EE -d (a? — 1) (x 1 + 1) + if (op* + 1) 4 ( Ca? + D) (a: — 1)*. 

To find if, put a? «— 1 ; .\ 1 ■* B . 2, and if — 1 . 

Comparing coefficients of ar 8 , 0 — A + C ; 
comparing coefficients of a: a , 0 * - A -f if + T) - 2 C ; 
comparing oonstant terms, 1 « hB + A 

Subtracting the last equation from the preceding one, -1— —2 C, 
and C — 4 ; 

and — =0. 

Hence the given fraction 


1 

" 2>-l) + 

r 4* _ » i 

1 

2(x — f)’ + 

r ^ + 1 1 

a; 

2(i r +l) 1 

' da; 1 [ 

1 (•-!)» (*» + !) 2 J 

*-l 2J 

(*-!)’ 4j 


2a; 


da? 


a; a + 1 


Integrate the following : 
1 


** (a? — 1) 


1. 

4 . 

7. 

10 - 'TfTTV 


(a;-l)(a? a + 4) 

1 

a?* (a?* +T) 

ic* 

(a; 8 -!? 


W ‘ a? 4 + ap*— 2* 


2 . 

5. 

8 . 

U. 

14 . 


Examples XLV. 

1 

a?(i a ‘-t 1)* 

a; 1 

(*■“1)12*+ iy 

1 

a? 4 — 1* 

1 


(a? + 1) (a?* + 2a? + 2) 
a^ 

a^ + l’ 


3 ‘ a?* — 3.^ + 2 jc* 
ar> 


e. 


(a; — l) a (a?+ 1) 

e< (S^ir 

ia - 

1 


15 . 


a; 8 (1 - a?) 
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10. 

X 7 

TT 


(*— 1)’ (**—4) * 

A/. 

1 —a; 4 * 

18. 

1 

20. 

1 —x 

a? 4 + 3;r 2 + 2' 

a?*(l -f ir + a? 2 ;* 

22. 

4x + 3 
ar 4 -5i s + 4‘ 

23. 


i 

25. 

x 4 

26. 

x* 

— a®’ 

(x a -lj(2x 8 + 9)‘ 


I8 ‘ TO’ 

”• zhi' 

i 

i^-l) (*»+!)* 


128. Integration of irrational fractions of the form 

px + q 

^/(ax^ + bx + c)' 

Many irrational expressions can be rationalized by a suitable 
change of variable, as will be explained later on. We will here 
consider a fraction whose numerator is constant or of the first degree, 
and whose denominator is the square root of an expression of the 
second degree, i. e. of the form V ( ax 2 + bx- f c). It should be noticed 
that the form \/[(ax + b)/(cx + d)] is reduced to the form just 
mentioned, by multiplying numerator and denominator by V{ax + b). 

We must begin by adding to our list of standard forms. It has 
already been shown (Art. 102) that 

f dx . x ... 

J V(d A —x 2 ) * Sm a 9 ^ 

and (Art. 104) that Jyj y-q ' - amir* f; (fl) 

(iii) 

It should be noticed that the last two integrals can be expressed 
in the alternative form 


J V&T&) = log » + (iv) 

as follows from an example worked in Art. 08. 

It was shown in Art. 04 that sinh"" 1 x = log [x + ^(x 2 + 1)], and 
that one of the two values of cosh”* 1 x = log [x + V (x 2 — 1)]. 

In exactly the same way, the more general results 

= „ d wh-?-b t » ±v '<**— ^ 

fit w U Cl ° ^ 

can be obtained. Since 

log {[x+ V(x?±a 2 )]/a] = log |>+ v^(a? 2 ±a 2 )]-loga, 


it follows that the two alternative forms given above for 
differ only by the constant term log a. See Art 76. 


j 


dx 
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Taking now the fraction mentioned above , 

(X) Let the numerator he 1. 

Divide the expression under the root by the numerical value of 
the coefficient of and complete the square of the terms which 
contain x ; the integral reduces to one of the three forms above. 


Examples: 

f. 


dx 


J y'(# t +44?+13) 


-J: 


dx 


+ 2 


Vl(*+2)*+9] " “ nh "‘ 8 ’ by (u)> 

or log[a? + 2+ 7( a!> + 4x + 13)], by (iv). 


f dx 1 r 

J7(8-5*-3* 7 8 )“ 73 J 


Jvt*(3 + 2 »)} “J 


dx 

VOl-ix-x*) 

1 • _,* + $ 
“7s ,m "V 

dx 1 P 

vW+ Hx)~7vj 

dx 




i by (*)» “ sin 


dx 

viw- (*+*)’] 

1 . 6a?+5 

73 6in “IT" 


dx 


,/(**+ 5*) 


“V2J 

■=■ 72 C08lr ’ or lo g[;r+i + ^(**+1 *■)]• 


1 ._.* + * 

“ 72 cosh T- 


by (iii), 


Integrate 

l * >/(*’+ 2* + 10) ‘ 

7 - v / l'(b+*)(»-8)l* 
1 

10 - V(2^-7*+5)' 


Examples XLVX 


*• ✓(s- + 10i-Hy 

1 

5 ‘ V\x 0- + *)] " 

1 

8 - v'(18* a -42* + 37)’ 

U ’ 7(8+8^?) 


X 

8 - </(7-6s-«*)* 

1 

6 - V[{x- 3)(*-4)r 

1 

0# v^[«(8-2s)J * 

12 ' * 


129. (2) Numerator of the first degree. 

Since the d. c. of \ x~^ f it follows that the d. c. of u* with 

respect to x = x du/dx, which may be written a 

fraction whose denominator is Vu and whose numerator is half 
the d. c. of u. 

Conversely the integral of such a fraction is Vu. (This again is 
really a particular case of the method of integration by change of 

R 


ItM 
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variable, to be considered in Art. 131). Hence, proceeding on the 

same lines as in Art. 126, to integrate >, v# put the 

° v(oa: a + &a?+c) 

numerator equal to k X the d. c. of the expression under the radical 
sign) + It where, as before, it and l are constants whose values in 
a numerical case are evident on inspection. The integral breaks up 
into two parts, of which the former is a fraction of the form just 
described, whose integral is therefore equal to the denominator, and 
the latter is of the type considered in the preceding article. 

Examples : 


A-*?) 

e — 2) + 2 


dx « — v^( 4 — a?*). 




\vw^) dx 

’ *+l „ _ fi( 2*-2) + 2 J _ 

Vt*(*- 2 )j ^ " J V (**-2 W 

?H 2 »- 2 ) f dx 

J -/(**- 2 *) J 

«■ -y/ (or 1 — 2 j?) +2 cosh-” 1 (a? — 1). 
f lx— 1 f x— 1 * J (4*4- 1)-| . 

J V2* + 3 rf-r ”J V (.2^* + ac — 3> ^ J v'&x' + x-S) dX 
i f 5 r 

" 2 J ^(2x’‘ + x-S) ** 4 J 


i -/(2**+*-S) - 4^r 2 J ^(**-^*-1) 

: 5 ' /(2x ’ +x - 3) "4V2 J VL(* +t) , -i«] 

\ ^(2x , + *-S)-~- 2 co8h->- X ±. 1 . 


Integrate 

-i x 

*/(*' + 5)' 

*• ^(rh)- 

ia 3*-4 

V / (3a? t + 4x+7 ) M 


Examples XL VII. 


x 

*4-1 

-v/(2ar a + a? — 8) 

VGS)- 


2*— 1 
</( 4 -* 9 )' 

2a? 4- 8 
^ + 3*4-6) 

V(V)- 

a? 

4x)* 


12, 
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180. Standard forms. 

All the standard forma which it is absolutely necessary to 
remember have now been mentioned, and it will be convenient at 
this stage to make a list of them. They are 

e 1 

7®" d® = for all values of n except #» = —!, 


and in that case 


If &<a\ 
If x*>a\ 


x . 

e* <&=«*. 

sin xdx = —cos®. 

cos ®d® = sin®. 


f" 

'» J^.d® = log 

J 
J 
I 
J 
J 

T 1 , 1 , a+x 1 , -z 

— odx = — log or - tanh 1 • 

] a l —x 2 2a °a — x a a 

f 1 . 1 . x— a 1 t ® 

Jx l — a 1 2a e ® + a a a 

i 


[sec*®d® = tan®. 

1 , 1 . 

dx — - tan 1 - • 

a- + ® 2 a a 


1 j • i x 

-T --5 oT d® = sin 1 -• 

v(a 2 — ® J ) a 


f v T ^V^) dg = l0g [x+ v ' ( * 2+a * ) 3 or 

or cosh-1?- 


Also the rules of Art 75 enable us to write down at once the integral 
when x is replaced by o®+ b. 


181. Integration by substitution or change of variable. 

This is the most frequently used of all the devices for converting 
expressions into standard forms. Particular cases of it have already 
been considered in Arts. 75, 125, and 129. It will be seen from the 
proof below that this method of integration is the converse of the 
method of differentiating a function of a function (Art. 84). 
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The theory of the method is as follows : 

Let y « J/(g)d*; it is required to change the variable from m 
to «*, where u is a given function of g. 


Since 


y 

II 

* 

dy/dx 

=Ax), 


dy dy 

dx 


r * (lX 

• • 

du** dx* 

du 


• 

• e 

V =J/(*). 

dx 

du 

du, 


i.e. 

j/(x) dx ■ 

-j 

Ax) 

d *du. 

du 


Conversely, if (interchanging x and u in the result just obtained) 
an integral is recognized to be of the form J f(u) ~ dx, it may be 

replaced by J/(w)du. 

The latter is a form of the theorem which is very convenient for 
use, Le. the integral of the product of flu) and du/dx with respect 
to x is the same as the integral of /(u) with respect to u. The 
difficulty in practice at first is to determine what function of x should 
be adopted as u in any particular case, and it is only experience 
which enables this question to be answered readily. If the theorem 
is used in the form last mentioned, it must be borne in mind that 
the substitution adopted must be such that 

(а) one factor of the given expression supplies the du/dx which 
has to be introduced, and 

(б) the rest of the expression is easily expressible in terms of u. 

The following examples will illustrate the method. 


Examples : 

(i) / ain 4 x cos x dx. Let sin x — • u. ,\ du/dx « cos x t 
and the integral becomes 

J ** f x dx - J M * du - i - 1 sin '*- 

(ii) J dx. Let cos x =* u. •*. du/dx -*> — sing, 


and the integral becomes 

f JL — dx T — 1 

J "a- dx "" J u n "* — n + 1 (f» — 1) u*~ l 


(a- l)coe n - i x »-l 


sec"~ l g. 
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(iii) /x* -*/(«£ + x*)dlx. 

Here, ainoe x 1 ia (save for a constant factor) the d. c. of a 9 + x*, which 
occurs under the radical sign, let a 9 +*” — u; 3 x* — du/dx. 

The integral becomea 

fs £✓•**»- {JV« *» - J • x ”s (a>+x,),/ ’- 

(iv) Jx (a-bx*) n dx. 

Let tf— bx? — u. ,\ — 26a? -« du/dx, 

and the integral becomes 


f 1 du n . 1 f w , 1 u« +1 

J“2 bdx udx “ 2bJ “ du ~ “26 n+1 


W 


J «*+*• 




d*. 


In this case, since the numerator x 5 ia ( of the d. c. of the denominator, 
let «• + x* — u. 6 x 6 mm du/dx f 

and the integral becomes 

[du 


1 1 du _ 1 


J 
"> J? 


- - — ^ log w » ~ log (a* + x 8 ) (see Art. 125). 


+ a^ 


dx. 


In this case, since the numerator is only x\ let x* — u, and then 
8 x* -■ du/dx . The integral becomea 

f 1 1 du . 1 f du 1 1 u 1 . x* 

J a* + u* 3 dx 3 J a* -f u* ** 8 a 1 n a* 3 a s D 7 

Generally, if the function to be integrated is the product of 

and some function of x" or of a + fcc", which is recognized to be of 

a type whose integral is known, the substitution g”, or a+bof*, = u 
will effect the integration. 


Integrate t 
X. sin 3 x cos x. 
„ ainx 

4. B — • 

COS 1 X 

„ X 8 

7 ’ (jrnji- 

10. x(a v + X^*. 


13. 


X 1 


Examples EL VIII. 


2. cos* x sin x. 
cosx 


a. 

8. 


sin*x 

x 


(a*-x*)* 

11. x , (a*— X s ) 11 . 
x 


14. 


(iHi 4 


8. x -%/(°* + **)> 
8 ’ 

« * 

' */((£— x^) 

13. r* -1 


18. 
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✓(a*-* 4 ) 

19. **(*»— 2)*. 

aa - rS** 

95. 

x 

28. tan" a? sec 1 x. 
81. (1 + log x)*/x. 


vv-^y 

^ COS X 
20. * • | • 
1 +Bin , 4B 

00 sin* 

1—4 cos* a? 

ae . Qp g? .)".. 

X 

sec* x 

29. r—r 

1 + tan x 

82. 


Vd-**)' 

86 ‘ ./(**- 16) 

86. 

sin a? 

ao 1 

on 

* (a— dcosx) 2 

J 

*(l + lo ff *)» 

Ocf* 

ar 

i* + 4ar 1 -f 5* 




X s 

18 V («•-**)’ 

24. cosa?(l — sin a?)*. 

27. tan a? sec* a?, 
sec* a? 

* 1 -tan 1 a?* 

83. (cos <s/x)/</x. 
cos X 

V(2 — Bin* x) ' 

^ x 

89 ‘ v(6-5x*-x*> 


132. Farther examples. 

In some cases it is more convenient to proceed as below. 

Any algebraical expression involving only the one irrational 
quantity V (ax+b) can be rationalized by the substitution ax+b = u 2 
as in the following examples, and then its integral can be found by 
the methods of Arts. 122-127. 

Examples : 

<‘> Jv^i^ 

Denoting the integral by y, we have ^ -» — ^ • 

ax v(ar + i5; 

Let x + 2 — u % ; dx/du 2 u, and x ■= « 3 — 2 ; 

dy_dy„dx ** „ 0 .. _ («*-2)* „ „ _ „ / 4 J , . <t 

di~di* * * — *2«-2(*-4« +4). 

.*. y =s 2 /(u 4 —4 u* + 4) du -■ 2 (J u B — £ u* + 4 u) ■■ 2 u (J u* — | u a + 4) 

-2v/(* + 2) [K* + 2)*-i(*+2)+4]. 

(ii) / 3T^* 


Here ^ 


dx 8 + 


Let x «■ v 1 ; .*. — «=• 

du 

i 

du dap du 3 + u 


” 2 JsTu du ~ 2 ft 1 - afj du ” 2 [u - 3 log (3 + «)]. 
» 2v^“61og (3 + -/a?). 
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H ” £ - »+v(2*-ir “ 

dx 

2— — 2u, and ay — Kl + u*). 

tfy m x ^ 1 2 a 2 u 

<fi4 da? du f(l +m®) + m XW " u* + 2 u + l "" (m + lp # 

y “ 2 / (irn? rfu - ' 2 J fcn " i)*] *■» by partial fractioM * 


-2 [log («+!) + - 2 log [V(2 * - 1) + 1] + 


'(2*— 1) + 1* 


Sometimes two substitutions in succession are needed : 
(lT) /(<** -*•)'/•* 

dy _ 1 T . 1 , dx 1 

dx 1,6,1 *"i ; ” 

. dy _dy dx 1 1 -u 

* * du“ dx‘ du“ (a*- 1/u*//* * ~u* “ (a'«'-l)'/» ; 


y- 


__ r udu_ 

J («•«»-!] 


Now let o a tt® — » ; 2 «*i4 — dz/du. 

1 dz 

.. /* 2 a* <2w ** _ If dz 1 f,_ j_ 

V " J (*-l)*/* “ 2o'J( S -l)V«” 2a'J * *** 

1 (.-i)-v«_ 1 111 .1 » 

~ 2~a* -1 “ o* (s - 1 )'/* “ a* ./(a* «* - 1) ” a* 

dy 1 

~ — — 77-3 ix ; making the same substitution as in the preceding 

dx x y (ar — oj 

example, * — 1 /m, and .% da:/du — — 1/u®, we have 

dy dy dx 1 1 __ —1 

du “ dx ■ Si ” 1/u . ^(l/u'-a*) x ** </(l -a*«*) ; 

« •• — j — - *** — — - sin' 1 au — — - sin -1 - or — - ooseo -1 *• 

9 J -/(I — a®M®) a a op a a 

Any expression of the form s(a*+bi+e) C * a ** integrated 

by the substitution used in the preceding example, vis. a?— A = 1/u ; 

the expression is thereby reduced to the form j. 2 te+Cy 

has been already considered in Art 128. 
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W> 


J; 


dx 

xjaa r*T5)* 


Tki» may be written J — g) and therefore can be integrated 
by substituting x n — u, 


nx*~ l — du/dx. 
,1 du 


The integral becomes f n jg _ I f l f \ _ ° "I ^ 

u(au + b ) »J 5 L* + 


-l[log«-log( 0 «+J)] - ^log^. 

The integral can also be found by substituting x n «■ 1/w, and the method 
of finding dx/du should be noticed. Since x n «= u~\ it follows that 
n log x «■ —log w; ,\ differentiating with respect to u, 


1 dx 

» - T- 

x du 



dx 

du 


nu 


. *y 

** du 
Whence y 


du dx 1 x 

£. )( mm - ■ x — 

dx du x(u/u + b) nu 


n(a + bu) 

-llog (a+bu) i 6 log(a+i) 

1 x n 

— -r log — - — r, as before. 
nb “ a#" + b 


Examples XLIX. 


Integrate 

1# Ttr^)' 

7 - } ■ 

x 

10. rrr • 

1 + v* 

18 * (o* + ar # )y 8 * 

16 ‘ a?v'(**+*+I)* 

a? 5ap— 2 a?*) " 

ss . 

8 + 2* 


6 - 

6. x*/(x + 2). 

7*(3 + *)* 

14 ‘ (i“-4)V* 

17, *7(i-i)‘ 

80, (*>+ 4* +&)«/* ' 
28, *7(a»-**) ’ 


8 . 


70+f). 


-v/» 

•* r+7»' 

9. ae* </(«*+&). 


12, x/( fl + ir ) 


15 * * 7 ( 1 +**}’ 


18 . 


A 

(*+1)^(1+*^ 

21 * svaTJ)’ 

84.^. 

l-w 
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<t(2**+8) 


' m (*• + «•) ' 


*(!-*") 


x(3-2x i ) 


S(I +*»)** 


*(!+*)*/* 


133. Integration of tlie circular fanotions. 

We have already, in the list of standard forms, 

/sin x dx = — coss, /cosr dr = sin r. 

Also J tanr dr = J ~~ dr = —log cos r, 

J cot x dr = J dr = log sin r (Art. 125). 

f sac * dx = f J- dx = f ^ = f 
J J cosr J cos^r J 1— sin 2 * * * * * * * r 

= (if sin x = u, and cos x=du/dx) J (to = J ^ 

- § lo * i log Which reduceS t0 log tan(| +|)- 

Similarly, / cosec r dr, if cos r = u and . \ sin r = — , becomes 

ax 

1 log y — — , which reduces to log tan ? . 

2 °l + cosr 2 

The two latter integrals can also be obtained as.follows : 

f cosec r dr = f -J—dx= f „ i * r~ dx = 

J J sin r J 2 sin Jr cos Jr J 2 tan Jr cos 2 Jr 

dr = log tan Jr, by Art 125. 

Then /sec r dr = /cosec (J tt + r) dr = log tan (J ir+ Jr). 


134. Integration of the squares of the circular functions. 

The first two of these occur very frequently, and the results, 
together with the method of obtaining them, should be carefully 
noticed. 

/sin a rdr =s/J(l— cos 2r) dr = J (r— Jsin2r) = Jr-^Jain 2r. 
/cos a rdr =/J(l + cos 2r) dr = J(r+ Jsin2r) = Jr+ J sin 2 a 

[Since sin a r+cos a r = 1, it follows that the sum of their integrals 
= /I dr = r, as is obtained by adding the two preceding results.] 
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/IxxPzdx = y(sec*a5— 1) dx = tans— x. 
ycot 2 x da? =y (cosec 2 x— l)dx = — cotx— x. 
y sec 2 xdx=- tanx. 
y cosec 2 x dr = — cotx. 

The integral of any function of cos x, cot a?, or cosec x can be 
deduced from the integral of the corresponding function of sing, 
tang, or sec# respectively. 

E.g. ycosec 2 xdr = ysec* (Jir + x)dr = tan(Jw+x) = — cotx. 


135. Further examples of trigonometrical integrals. 

A few more examples of trigonometrical integrals, which illustrate 
some of the various devices which may be adopted, will now be 
given. 


Examples: 

(i) f cos 4 x sin* x dx. 

Let cos x =» u ; /. — sin x -■ du/dx. 


From the sin*x, one factor sing is taken in order to supply the necessary 
du/dx 9 and that leaves sin*x, which can be expressed in terms of u (it is 
equal to 1 -«*) without introducing irrational expressions. 

Hence the integral becomes 

(1 — «*) . — — dx ■■ — J* (u 4 — u®) du wm — ~ u l + * u 1 

— \ cob 7 x — Jcos®x. 


dx. 


r C08*X 

(U > J ST. 

In this case, 

As in the pr< 

^ - J'(i -0 = — 


In this case, let sin x u, then cos x — du/dx . 

As in the preceding example, the integral now takes the form 


cosecx-sinx. 


The integral /sin TO xcos n x dx can always be obtained as in the last 
two examples if either m or n (or both) be an odd number. If the index of 
sin a; be odd, put coax — u ; if the index of cos a; be odd, put sin x — u. 

The integral can also be found when m + n is an even negative integer, 
by the method indicated in the following examples. (See also Art. 141.) 


I sin* x J 


(iii) | dx -■ | cot 4 x coBec* x dx . 

Since cosec* x-= — the d. c. of cot x, let cotx~a. 

•\ the integral becomes 

J ui (~ d £) dx ~ - *«•- -£«*«• 
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(ir) /sec 4 x dx —/sec* * . sec* x dx. 

Let tan a? *■ t#, sec* a? — du/dx, the other sec* x —■ 1 + tan* a? « 
and the integral becomes 


J\l + !*•)— dx mm J(1 + u*)dii — u+ g u* -* tan a? 4- ^tan**. 

^ J" sin* x cob* x "" J tan 2 x cos 4 x ** "* J tan* a? 

f sec 1 a?. sec* a? - , . ,. lv f(l+tt*) d«* , 

“ — — da? - (as an preceding example) ^ dx. 

«/( l/« a + 1) du — — 1/u + * «■ tan ap— cot a?. 


l + u», 


The product of a sine and a cosine, or of two sines or two cosines, 
can be integrated at once by expressing it as a sum or difference. 

(vi) /sin 2 x cos xdx ■« f\ [sin 8a? + sin x] dx *» J ( — J cos 3a? — cos x). 

(vii) /sin 3a; sin 4tx dx —/j [cos a: — cos 7a?] dap » } (sin a?— J sin 7a?). 


It should be noticed that any rational function of sin x and cos x 
can be transformed into a rational algebraical fraction (such as is 
dealt with in Arts. 122-127) by the substitution tan \ x = u. 


Then 


du 

dx 


2 seo a J a? 


\ (!+«*), and 


dx 

du 


2 

i + m*‘ 


sin x mm 2 sin J x cos \ x * 
cos x «■ cos* $ x— sin 1 j x 


2 tan \x 


2u 


l4tan*Ja? 1+w* 

1 ~~ tan 2 a; 1 — u* 

1 4 tan 2 J x “ 1 4 u 2 ' 


The integrals of Arts. 133 and 134 are all included in this case, although 
there some of them were obtained by simpler methods.^ Two other examples 
are here given. 


(viii) J 


dx 


5 4-4 cos* 


Denoting it by y, we have ^ « 

cue 

dy __ dy dx 
dx X du mm 


5 4- 4 cos a? 
1 


du dx~ du 5 4-4 (1 — «*)/(! 4* a 2 ) 
(making the substitutions just mentioned), 


2 

! + «•' 


2 2 
” 5 + 5u* + 4— 4u* " 9 + u’ ’ 

* “ / 9ih^ U “ l Un ~‘ l~l Un '‘ (J Ua f } 

^ J" 12 + 18 linx * 

Denoting it by y, g- rf+iKEV 
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. rfy dy dx 
* ' du = dx du~ 

1 2 

2 

12 + 13.2u/(l + «») * l + «* 

“ i 2 +i 2 «*+ 26 u’ 


_ f du ir. 

' * 2 )du 

” y j 6 u 2 + 13« + 6 
(by partial fractions) 

J (3u + 2 )( 2 u + 3) 5 J \ 

8 u +2 2 « + 3 / 

-5 [log (8 

u + 2) — log (2 w 4 3) J — g log 

8 tan J x + 2 

2 tan J x 4 3 


Examples la. 


Integrate 



1 . tan 2 a?. 

2 . cofcmx. 

8 . see)*. 

4. cosec 3x. 

5. cosec (x/a)' 

6 . tan* J x. 

7. cosec 8 nx. 

8 . sin 8 x. 

0. cos 8 X. 

10 . sin 8 x cos 4 x. 

LI. sin" x cos 5 x. 

12 . sec 6 x. 

sin 8 a: 

13. * ’"-- 4 — • 
cos 4 X 

co«\r 

L4. i-.- • 

sin'x 

sin 8 x 

15. — : - • 

COb 4 X 

16. cos 4 x. 

17. tan 4 x. 

18. cosec 4 x. 

19. tan 8 x. 

20 . secxcosccx. 

21 . tan 8 x. 

22 . sec 8 2 : cosec a:. 

23. sec 8 x cosoc 2 x. 

24. cot 8 x. 

25. sin 8 x cos 8 x. 

20 . sin 8 x/cos 1# x. 

27. Bin*x. 

cos 8 X 

.0 1 . 


28. ■ . - • 

Bin® x 

1 + cos X 

OUi . 

1 — cos X 

1 

1 

no 

00 ^ 

ol< 1 

1 + sin x 

3a S. , - • 

1 - sin x 

OOS X Bill' X 

34. sin4xcosx. 

85. cos2xcos3x. 

80. sinmxcosux. 

37 . sin px sin qx. 

38. sin 8 xc 08 3x. 

30. cos 8 xsinmx. 

AO C ° 8 ‘ a ’ . 

41 Bin ’ a ’. 


cos 2a? 

sin 2x 

4 + 5 cos x 

1 

jin B 

. a i 

1 

AWt 

13 + 85 sin x 

1+8 cos’* 

25 — 24 sin’x 

1 

47 1 • 

40 1 

...... T 

’ 4 cos 8 x + 9 sin 2 x 

1 + tan x 

sin 7 x cos 8 x 

49 1 • 



2 + sin x 

60, 5 — 3cosx 



180. Trigonometrical substitutions. 

Many algebraical functions which involve the square root of a 
quadratic expression can be rationalized by a trigonometrical sub- 
stitution, and their integration is often thereby simplified. E. g. if an 
expression involves the irrational quantity v'fa 2 — «*), the substitution 
of asin0 for x changes V'fa 2 — x 2 ) into V[a* (1— sin*#)], ia. acosd. 
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The substitution x = a cos 0 would of course serve equally well. 
These are legitimate substitutions, because a sin# and acosd can 
have all values from — a to +a inclusive, and these constitute all 
the values of x for which v^(a* — rc 3 ) is real. 


Examples: 

(i) /</(»* -x 9 ) dx . Let x — a sin B ; dx/dB — a cos 0. 

Denoting the integral by y, 

g- -/(a*-**); p0-acOB6.aco%6-a'coB*$. 

•\ y — a*/cos*6dd — $«*/(! + C0B 20) dd — | a* (0 + Jain 20) 


■■ Ja* d + io^ind cos 0 = ia^sin- 1 (ar/o) 4- £ a? -/(a*-#*). 


dar. Let a? — a cos 8 ; 


dx 

Te 


** —a Bind. 


« 

dy dy dx . aeind . „ . tJ1 

^ "• 1 • Jh “ - -~ g — - X — a sm 0 — r-: X -a Bind — -tan*0. 

de dx d6 ar a 4 cos* 0 


y — — /tan*0 . d0 — - /(sec a 0-l)d0 — -tan 0 + 0 

— cob " 1 ( x/a ) - 4/ -x*)/®. 

Similarly, an expression which involves v'(a 2 + x 2 ) is rationalized 
by the substitution X = a tan 0, which makes \/ (a 2 + x 2 ) into 
V[a 2 (1 + tan 2 0)], i.e. o sec 0, The hyperbolic substitution x = a sinh u 
will do equally well in this case: it changes V(a 2 + x?) into 
V[a % (1 + sinh 2 tt)], i.e. a cosh w [Art. 92], and may be used if the 
student is well acquainted with the simpler relations between these 
functions. Some of these relations are required in the integration, 
and in restoring the x after integration. 

Again, an expression which involves V (a; 2 — a 2 ) may be rationalized 
by putting x = asec0, which makes v'fx 2 — a 2 ) into V[a 2 (sec 2 0—1)], 
i.e. a tan 0. The hyperbolic substitution x = a cosh u will also serve 
equally well, for it changes V (x a - a 2 ) into V [a 2 (cosh 2 v— 1)], 
Le. a sinh u. 


Examples : 

<*> JWlW Lct *- 2tan * ; 


Denoting the integral by y, 
dd dx dd 


2§@o*0 — 


.\ ~ — 2 §00*0. 
da 

2 sec* 0 co8 0 

4tan 3 0.2sec0 — 4 si^d 


.% y — i f dd, which iB found by putting 

1 </(*« + *) , 

* 4 Bind 4 jt 


, — dii _ 

1 «nfl, — 


and become. 
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(ii) / */(** + «*) Let x •» a sinh u ; 


dx 
du ' 


• a cosh u. 


~ x -- -b y^ + a 1 ) x a cosh ti ■» a coBh u x acoshu 
du dx du ' 

— a 1 cosh 1 # « Ja*(l + cosh 2 a). 
•\ y ■* \a % /(\ +cosh 2ti) du ■■ Jo 1 (« + ^sinh2u) 

« ^ a*u + J o 1 sinh u cosh u (using the results of Ex. XXXII. 12) 

=* $ a* sinh -1 (x/a) + \ x */(a* + a?*) . 

It should be noticed that the values of the standard integrals 


J: 


dx 


and 


u 


dx 




-/(a 2 — x 2 ) 

can be worked out by this method, by substituting x = a sin# and 
x = a tan # respectively. 

The substitution x (or x —k) = a tan# is often useful in dealing 
with certain types of rational expressions. 
dx 


E. g. to find 


r * 

J (*’— 2 


Y, , we may write ar 1 — 2# + 5 in the form 


-23T + 5) 1 

(x— l)*+4 which, if a?— I -*2tan#, becomes 4tan , #4-4, i. e. 4 sec* #. 
Denoting the integral by y, we have 

_ 2 sec* # 

(x*— 2ar + 5)’ >ec ' 0 ” (4 sec’ 0) 
y “ A/(l 4-cos2#)d# “• iV (^ + 4 sin 2#) ■= ^ (# 4- sin 8 cos #) 

x— 1 


^ « ft . «* _ 1 y 2 .ec» 0 - -5"-,-^ - J cosM - *(1 + cos 5 

dQ dx dO (x*— 2 x + 5)* (4^*/?,* « 


1 [\ -i*- 1 *-i 2 1 

" 16 L 2 + VL(*-l)* + 4] * + 4]J 

_± f tan” 1 . 

16 L l 2 + ar a -2ar + 5J 


137. A useful substitution. 

It should be noticed that the expressions -/[(a?— a)(£— x)] 9 
1/V'[(a?— a)(y9— a?)], and V\(x— a)/(/3— x)], where p > a, are all 
rationalized by the substitution x = a cos a #4-/3 sin 9 #. 

This expression admits of all values from a to £ inclusive, and it 
is just for these values and these values only that the preceding 
expressions are real. 

If this substitution be made, 
a?— a becomes a (cos 2 #— 1) 4-/9 sin 9 #, i.e. (£— a) sin 9 #. 

/9 — x becomes /3(1— sin 9 #)— a cos 9 #, i.e. (/9— a) cos 9 #. 

dr/d# = a2cos#(— sin#) 4-/3 2 sin# cos#, i.e. 2(/3— a) sin# cos#. 

Two examples are here given. 



METHODS OP INTEGRATION 


265 


Examples : 

(1) / V **• 

Lefc a? — acos*d + 2asin f d; ,\ — e*sin*d, 2a-<r — aco**6 9 

mid dx/dB * —2a sin d cos d + 4 a sin 0 cos sin 0 cos 0. 

Hence, denoting the integral b y y as usual, 
d y wm ^/ x “‘ a A /«ain*d 
ii 

* j| — tan$.2asin0oos0«2asin*0 — a (1- cos 24); 
y » af (1 — cos 2 d) <2d -■ a (d — J sin 2 0) — « a d — a sin d cob d. 

Since «-o-asin*d f sind — and d — sin“ l aJ 

Also 2o~a; ■■ a co^d, cos d — ^y/ — . 

••• ... v*=i. 

- a sin" 1 ^ ^ - ./[(*- a) (2 b-*)]. 

(“) /./(7*-10-*») <£r, i. e. y \/[(S — x) (x—2)] dx. 

Let <r-2cos a 4 + 5»in»4; *-2 - 3 sin* 4, 5-*-3co«*4, 

dx/d d — 6 sin d cos d. 

c{y/(2x — ^[(5 - a?) (*—2)] — </(& cos* d . 3 sin* d) — 3 sin d cos d. 

•'* ^ x ^ -» 8 sin d cos d x 6 sin d cos d — 18 sin* d cos* d ; 

and y =/188in a dcoB*ddd-J/sin*2ddd- J/(l-cos4d) dd 
-|(d-}sin4d)-$d-ft.28in2dco82d 
— id—JaindcoBd^coe* d — 1) 

” 1 (*-2)} -i (7 — 2*) /[(5-x) (*— 2)J. 


Integrate : 

X. -/(»-**). 

4. v'(* , -4)> 
■✓(!+*») 


7. 


10 . 




Examples LI. 

a. •/(xt-a*). 

. ^(25-**) 

? 


,, «■+** 


3. */(** + !)• 

1 


e. 

9. 

12 . 


a?* </(l — x 2 ) 
01* 

-/(** + 9)* 

1 

*V(a 2 + a?*/ 
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19. Vt(*-3)(7-*)]- 

1 

21 ‘ VK*+2)(7-*)]* 
98. VI(*-a)(0 -*)]. 

”■ VG =3- 

“■ (??!?' 

a? 

8L (**+2*+2j"»' 




W+o*) 

l8, <a*-**j*‘ 

»• V(KS)- 

ia VG=I)- 

20. 

V^[(*+l) (4— *)]• 

22. 

1 

✓[(*- a) (/»-•)!’ 

24. 

v^[(* — 2 o) (6a — *)]. 

- vc-;> 

”• V(frf)’ 

1 

An ■ 

•A - ^ 

20, U s + 4x + 5)* 

1 

* a (2**— 6*+46)* 

“• (*»+!)» ’ 



138. Integration by parts. 

There remains one more important elementary method of integra- 
tion, known as 1 integration by parts \ This is the converse of the 
rule for finding the differential coefficient of a product of two 
functions of z. 

d dv du 

We have +«,^; 


therefore, integrating each term, we have (save for an arbitrary 
constant to be added) 


whence 


r dv , r *•, 

up— 


The integral on the right-hand side is frequently much easier to 
evaluate than the one on the left. The method is particularly 
valuable in many cases when the expression to be integrated contains 
such functions as log x , or an inverse trigonometrical or hyperbolio 
function. If such a function be taken as the 1 u ’ in the integral on 
the left-hand side, the du/dx on the right-hand side becomes a simple 
algebraical function. 


Examples ; 

(i) /ar* log xdx. 

Take u^logx, dv/dx — a? 3 ; .\ du/dx — 1/jr, v « JoP cto ■» J a? . 

We have /xPlogx dx — loga?x ar 1 dx 

— \&\ogx-lf&dx 
* ^ logar- J«*. 



METHODS OP INTEGRATION 


867 


(ii) 

Take u — tan -1 *, do/dx •» x ; du/dx — 1/(1 4 as*) j t 

• rTa? 4 * 

- I ** tan" 1 *- J J [l - d» 

— J x 9 tan” 1 x — J [a? — tan -1 x] 

— t(af*-»*l) tan” 1 x-Jx. 

(iii) /tan" 1 x dx. 

In this case, take u — tan" 1 x, du/dx — 1 ; 

du/dx mm 1/(1 -fx 9 ), r — x. 

J tan"*x dap ** xtan^x — J ^ , dr — x tan _1 x— J J dr 

— xtan“ ! x— |log(l -fx 9 }. [Art. 125.] 

(iv) /xsinxdx. 

In this case, if sin a? be taken as u and x as dvfdx, it will be seen 
that du/dx and v are respectively cos x and \ x 9 , and therefore the integral 
on the right-hand side, /\x* com x dx, is more complicated than the one 
we started with. Hence take u — x f dv/dx — sin x ; 

du/dx — 1, v — — cos x. 

We have therefore 

/xsin x dx — -xcosx — /( — cosx) dr — — xcosx + sinx. 


-•Jra 


[Art. 125.] 


(v) f&#*dx. 

In this case (since ap 1 becomes simpler when differentiated, and e 9 * does 
not become more complicated when integrated) 

lot u -■ x a , dv/dx — e ta ; du/dx — 2 x, v — £ «•* ; 

fx?e* 9 dx — Jx 9 «** — f\e* m x2x dx — Jap 9 * 1 *— fxe 1 * dx. 

The integral on the right-hand side cannot yet be written down at once, 
but it is simpler than the one we started with. Integrate it by parts again, 
taking 

ti — x, dv/dx — ** * ; du/dx — 1, r «}#**; 

•\ /x« 9 *dx — lxr ,B — /Jr 9 * dx — ixr 9 * — Jr 9 *, 
substituting in the preceding result, the given integral 

/x 9 s 9 * dx *■ £ a? 9 s 9 * [i^ x s 9 * — J #**] — J f 9 * (2 x 9 — 2 x + 1), 

This is a very simple case of a general method known as integration by 
1 successive reduction Many expressions can only be integrated by stages 
in this manner, the integral obtained at the end of each stage being simpler 
than the integral at the beginning of the stage, until finally an integral is 
arrived at whose value is known. Further examples of this method are 
considered in Art. 140* 


ISIS 


s 
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Examples LIZ, 


Integrate : 

1. 4* log x. 

5. x cos x, 

9. 2 * tan” 1 x. 
13. 2 860*2. 

17. 2 cosh (x/a), 
21. 2*C08$2. 


2. */x log 2 . 

6 . 2 sin m2. 

10. 2 *tan“ 1 2 . 
14. 2 00860 * m 2 . 
18. sinlr' 1 2 . 

22 . 2 * 8 *. 


8. 2 ** log 2 . 
7. 28*. 
ll. sin -1 2 . 
15. 21UI- 1 2. 
19. cosh -1 2 . 
23. 2*8“*. 


4. (10g2)/2». 
8 . 2 «~ a *. 

12. log 2 . 

16. 2 flinh 2 . 
20. 2* lin 2. 
24. 2 * tin 2 2 . 


139. Two important types. 


There are two important types of integrals which can be evaluated 
by this method. 

I. f V(ax 2 + c) dx. 

Beginning with the simpler form f</(z 2 + a 2 ) dx, and integrating 
by parts, take u = V(x 2 + a 2 ), dv/dx = 1 ; 

then du/dx = x/V(x 2 + fl 2 ), v = x. 


y V' (® 2 +a 2 ) & = * -/(ar 2 +a*)-J 

= x Vh :*+ a 2 )- f ^ 8+a2 j~ — 2 dx 

1 + ' j V(a . s+a 2) 

■= * -/(** + o 2 ) -/ V (* 2 + a 2 ) d* + J* <**• 


The second term on the right is the integral we started with; 
therefore, transferring it to the left-hand side, we have 


fi/V(® 2 +o 2 ) dx = x v'(* 2 +a 2 )+a 2 J 

^zxV(x 2 + a 9 ) + a* sinh"" 1 (x/a) ; 

. \ fS(x 2 + a 2 )dx= \x */(x 2 + a 2 )+\a 2 sinh -1 (x/a). (i) 

Similarly /v'fa 2 -* 2 ) dx — \ x</(a 2 —x 2 )+ J a 2 sin' 1 (x/a). 

/*/(&—<&) dx = \x (x 2 — a 2 ) — £ a 2 cosh"" 1 (x/a). 

Notice that, in the second line of the working as above, the 
numerator a? is always written as the sum or difference of a 2 and 
the expression under the radical sign in the denominator. 

In the general case yV (ox 2 + 6x+ c) dx, if we divide the expression 
under the root sign by | a | and complete the square of the terms 
which contain x, the integral reduces to one or other of the three 
forms mentioned above, and therefore can be evaluated. 
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E. g./V( 2 *’+«*+ 5 ) <**- «/ 2 /vV + 3 *+i) <te- v' 2 /V'[(*+ !)»+ ftdx, 

which is the case worked out in full above with x and a replaced by x + 1 
and } respectively ; therefore from (i) the required integral 

- 4 Vi <*+S) '/[(*+$)*+ 1] +*-/2 • 1 »inh-* 

- J(2j?+8)v / (2ar > + 6x + 5) + J-/2.sinh“ 1 (2a? + 3). 

It is of course not desirable to attempt to remember results such 
as (i), but in practice it is most convenient to go through the working 
for the simpler case as given by (i) y and make the substitutions in the 
result as we have done in the example immediately preceding. 

II. f c®* cos bx dx and f ef** sin bx dx. 

These integrals are of importance in the theory of electric currents. 

If each integral is evaluated by parts, the other one is obtained, 
and therefore we obtain two equations to solve for the two integrals. 

Starting with the first integral, and taking 

u = e®®, dv/dx = cos bx ; and du/dx = ae* x , v = (1 /b) sin bx, 
we have f e®* cos bx dx = (1/6) e®* sin bx — (a/6) f e®® sin bx dx. (i) 

Similarly, taking the second integral and again substituting 

tt — e®*, dv/dx = sin bx , du/dx = oe®*, v = —(1/6) cos bx f 

we get f C** sin bx dx = — (1/6) e®® cos bx + (0/6)^$®* cos bx dx. (ii) 

If the value of the former integral be required, we substitute the 
result (ii) in the last term of (i) ; if the latter integral be the one whose 
value is required, we substitute the result (i) in the last term of (ii). 

In the former case, we get 

f _ , e®* sin bx a f e®® cos bx a f __ . _ 1 

J e®* cos bx dx = ^ ^ I ^ h c®* cos bxdx\ 

e®® sin 6a; , a . a 2 f __ . , 

eb 7 + ^ c®® cos bx — e ax cos bxdx. 

b 6* b* J 

i . fl2 \ f ^ , 6c® x sin bx + aef** co&bx 

whence (^1 + ^ J e ax cos bxdx = ^ > 

, c®® (6 sin bx 4- a cos 6a?) 

I <7®* COS 6X dx = 1 s— rs -• 

J a 2 + 6* 

o . • x j e® x (a sin bx — 6 cos 6x) 

Similarly, J e®* sin 6 « dx = — " 2 ^ 2 • 


Integrate : 

l. a B ). 

4. V^-S* 1 ). 

7. V'(3* , + 4*-7). 


Examples I«III. 

S. v^(a* — #*). 

5. v^(^ + 2®+5). 
a. ^(8 -5 a: -8 a*). 

s 2 


8. <✓(32 + 2**). 

6. -/(6 -Sx-aP). 

0. >/[* (8 jt— 2)). 
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10* yT)e (5 -4*)]. 

13. 0~"CO8$tt. 

10. « ,, Bin l *. 

10. Binh x sin x. 


11. e 8 * cos 2 a?. 
14. #”**sinax. 
17. cosh x sin x. 
30. 0 - xt / L u np*. 


13. e 1 " sin 5 a?. 

15. e*cos*a?. 

18. sinb x oob x. 

31. e~ Mi / 1 cos(pt + c). 


140. Integration by successive reduction* 

A large number of expressions can be integrated only by the 
method of successive reduction, which consists in making the integral 
depend upon a simpler integral, then again reducing this to one 
simpler still, and so on until a known form is obtained, as Bhown in 
the following examples. 

Examples : 

(i) Jx n e ax dx. 

Integrate by parts, taking u — x n , dv/dx -* «** ; 

du/dx — nx n ~ l , and v -* «•*/«. 

/ x n ** dx — x n «•* / a — (n/a) /x*- 1 dx, (i) 

an integral of the same form as the given integral, but in which the index 
of x is reduced by unity. By repeating the process, changing n into n— 1, 
the integral is made to depend upon / a ?*- 1 dx , and so on until finally 
/e**dx, which iB «**/«, is reached. Of course the actual process of in- 
tegration by parts has only to be earned out once for the general case, and 
then all the successive steps follow by substituting numerical values for »• 
Equation (i) gives the ‘ reduction formula ’ for the given integral. 

Taking the particular case, n — 4, a = 2, we have 
/*+* dx \ x 4 — £*dx, putting n — 4 in (i), 

= ix 4 **®— 2 [Jrc 3 ***— f/x*e t *dx], putting n — 8 in (I), 

-» i X* e 2m — 3? e 2m + 8 [| x* e* * — j f xt* * dx], putting n — 2 in (i) f 
$ x 4 e** - a ?* e*® + f a ? 2 - 3 e 2x dx ], putting »— 1 in (i) f 

■=> J x 4 e 2x —a? e iX + 5 x 1 e tx — %xe 2 * + $ . Js 8 ** 

- }B**l2x 4 -4a? fl + 6* , ~6aM 8]. 


(ii) /a?" cos ax dx. 

Integrate by parts, taking u — x n , dv/dx ■■ cob ax ; 

.*. du/dx ** nx n ~\ v — (1/a) sin ax. 


Similarly 


a?" cos ax dx — — sin owe 

a 


n “ l sin ax da?. 


a?* 1 " 1 sin ax 


a?*" 1 n — 1 f 

dx — cos ax + x*-* cos ax dm. 

a a J 


Each step reduces the index of x by unity, and the trigonometrical factors 
are sin ax and cos ax alternately ; the prooess is continued until finally the 
integral reduces to either /cos ax dm (if n be even) or /sin ax dx (if n 
be odd). 

In the same way /a? n sin ax dx, x n sinh ax dx , and /a?" cosh ax dx 

may be found. 
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141. Evaluation of / sin m 0 oos n 0 d6. 

This is an integral of frequent occurrence. It has already been 
mentioned (Art. 1S5) that if m be odd, the integration is at once 
effected by taking cos 0 = u, and if n be odd, by taking sin 0 = «, 
and also that the integral can be found when m+n is an even 
negative integer. Several examples of the latter case were given in 
that article. The integration can always be effected in this case by 
substituting tan 0 = u ; 

*'• d = t&n ~ lu ’ Bin 6 = vTiWy coud - vTiTu 5 )' 

E g. if « » f **—. ** I 

* 9 J gin 1 *? cos 1 0’ dd gin 1 8 cos 1 6 u 1 ’ 

• Q . ** „ (1 + w*) 8 _ 1 Uw 1 1 

du dd du u* 1 + u* w 1 u* ^ * 

y =/(l/«* + l)tfu «» — 1 /m + m — —cot d4tan& 

Again, if y-f— , 


E.g. if 




\ + 1 ; 

ti* 


Again, if 


(!+**)•; 




- (1 + «*)’ - l + 2 «* + 


•\ y «■ « + 8 u* -f } u fi — tan 0 4- j tan 9 6 + 1 tan 5 0. 

f si n m Q A 

Generally, I ~ w ^ap q &O pa which the sum of the indices is —2 p] 

= /tan^sec^tfd# 

= /tan m 0 (1 + tan* 0)* 1 ” 1 sec* $ dO, 
which, on substituting tan 6 = u, becomes 
/u w (l+u 2 )^ 1 d^ 

This can be expanded by the Binomial Theorem and integrated 
at once if p be a positive integer. 

If, in the given integral, n = - m [m positive], so that the 
integral becomes /tan m 0d0, we may proceed as follows: 

/tan m 6 dO = /tan m “* 0 . tan 2 6 dO = /tan m ~* 0 (sec* 0 — 1) d0 
= /tan" 5 ' 2 0 sec* 0 d0-/tan~-* 0 d0 
= (tan w-1 0)/(w— 1)— /tan m “*0d0 

_ f tan-'* Ode]. 

m— 1 L m— 8 J J 


Proceeding thus, the integral is eventually reduced either to 
/dO (if m be even) or to /tan 0 dO (if m be odd). 

If m = —7i [n positive] the integral becomes /cot w 0d0, which 
can be found in exactly similar manner. 
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If the integral does not belong to any of these cases, i. e. if m and n 
are both even and m+n is positive, then its value can be found by 
successive reduction as follows : 

In the first place, since the d.c. of sin m+1 0 = (ro + 1) sin m 0 cos 0, 
it follows that /sin™0 cos 6 dO = (sin m+1 0)/(m + 1). 

Now Sex n m 0 cos w 0 dO may be written in the form 
/cos*" 1 0. sin™ 0 cob 6 d&. 

Integrate by parts, taking u = cos* 1 ” 1 0, dv/dB = sin™ 0 cos 0 ; 

•\ du/dO = — (n — l)cos n ” 2 0sin0, v = (sin m+1 0)/(#n + l); 
,/sin™0cos w 0d0 


cos* 1 ” 1 0 sin m+1 0 f sin m+1 0 


#it + l 


p 


#»+l 


— (« — !) cos* 1 ” 2 0 sin 0 dO 


cos n 1 0 sin w+1 0 n — 1 


. + — — ~ f Bin™ 0(1 — cos 2 0) cos* 1 ” 2 0 d0 

•n + 1 m+lj 

J“ 


cos* 1 1 0 sin M+1 0 fi— 1 


#w + l 


m + 


tP 


sin*»0cos"-*0d0- 


w-1 
»» + l 


sin m tf cos" 6 dO. 


Bringing the last term on to the left-hand side, we have 


(i + *#+l) J sinm 6 °° sn 6 d9 


i/ Dili. 


IM + 1 


m+1 J ' 


Bin'" a cos" 


V V* V < 


dividing by the coefficient on the left, Le. (#» + »)/(#» + 1), 
we have 

T • «a/» cos n_1 0 sin ™ +1 0 n— 1 f . a ,,, 

sin™0cos n 0d0 == H sm m 0coS n *0<f0, 

J m+n m + n J 

in which the integral on the right-hand side is of the same form as 

the given integral, but the index of eos 0 is reduced by 2. 

In a similar manner, by taking u = sin™” 1 0, dv/dB = cos n 0 sin 0, 
the integral may be made to depend on a similar integral in which 
the index of sin 0 is reduced by 2. The process may be repeated, 
reducing the index of either sin0 or cos0 by 2 at each step until 
finally the integral is reduced to J ’ d0, i.e. 0. 

This method is quite general, and can be used for all values of 
m and n. 

If m be odd and n even, the integral ultimately depends upon 
ysin0d0, he. — cos0. 

If m be even and #i odd, the integral ultimately depends upon 
feonQdQ, Le. sin0. 
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If both m and n be odd, the integral ultimately depends upon 
ysin06O8 0dd, i. e. $sin 2 0. 

The cases when either m or » is zero, L e. f sin m 0 dO and f eos n 0 d $ 9 
are included in the general case. 

These facts are of importance when the definite integral of 
sin* 1 0 cos* 0 is considered (Art 149). 

These integrals are particularly important when m and n are both positive 
integers, but the preceding investigation holds for all values of m and n 
except when w + n— 0. The method then fails, for m+n occurs in the 
denominators of the terms on the right-hand side. In this case, however, 
the integral becomes either /tan m 0dd or /cot m $d3, for which reduction 
formulae have been obtained in the earlier part of this article. 

If n be negative, n-2 is numerically greater than n, and the integral on 
the right-hand side is more complicated than the one on the left ; in this 
case the formula can be reversed. Similarly if m be negative. 


142. Another method of obtaining reduction formulae. 

The various reduction formulae of the type considered in the 
previous article can be obtained by differentiation. 

If we denote t /sin m 0 cos*0 dO by J m> w , then I m% n can be con- 
nected by a reduction formula with any one of the six integrals 

■^m t n- 29 ^m~2, n* Ijn, n+2> 9, 2, n+2r »-2* 

The required formula is obtained by differentiating sin^d cos?0, 
where p exceeds by one the smaller of the two indices of sin 0, and q 
exceeds by one the smaller of the two indices of cos0 in the two 
integrals which are to be connected. For instance, the formula 
worked out above connects Z m| n and I m f n _ 2 . The index of sin0 
is m in both cases, and the smaller of the indices of cos0 is n— 2 ; 
therefore we differentiate sin TO+1 0 cos n-1 0. 

We have 

— (sin m+1 0 cos*” 1 0) 

= sin* 1 * 1 0 . (»— 1) coa*” 2 0 ( — sin 0) + cos*" 1 0 . (m + 1) sin 1 * 0 cos 0 

= — (n — 1) cos*" 2 0 sin m 0 (1 —cos 2 0) + (m + 1) sin 1 * 0 cos n 0 

= — (w— 1) cos*” 2 0 sin* 1 0 + (« — 1) sin* 4 0 cos* 0 + (m + 1) sin* 1 0 cos* 0 

= — (n — 1) cos** 2 0 sin* 4 0 + (m + n) sin m 0 cos* 0. 

Integrating, we get sin m+1 0 cos*” 1 0 

= — (n—l)f cos n ” a 0sin* , 0d0 + (f»+w)/‘ sin m 0 cos* 0 d$, 

, T • sin* 4 * 1 0 cos*” 1 0 n— 1 f , 

i«e. sm m 0 cos* 0 dd = — + sm w 0 coa* * 0 ad, 

J m + » ro + wj 

as before. 
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Similarly, the relation between n and any other of the six 
integrals mentioned above can be obtained. 

If m and n are both + , the relations between n and either 
I m w _ 2 or J w _ 2| n simplify the integral ; the former reduces the 
index of cos 8 by 2, and the latter reduces the index of sin 6 by 2. 

If m is + and * — , the relation between I m% n and 7 W _ 2 , »+a 
reduces both indices by 2. 

If m is — and n +, the relation between 7^ n and 7 m+2> n-a 
reduces both indices by 2. 

If m and * are both — , the relation between 7 mf n and 7 W> n+1 
reduces the index of cos 6 by 2, and the relation between 7 W( n and 
I m+2t n reduces the index of sin 0 by 2. 


Examples LIV. 
Integrate with respect to x : 


1. x 8 ^. 

2. x*c- m . 

8. x 8 sin 2®. 

4. a? 8 cos x. 

6. a? 4 sinx. 

0. X*(logx) 8 . 

7. x*(logx) 8 . 

8. x* cosh x. 

8. X s sirth x. 

Integrate with respect to d : 


10. tan 4 d. 

11. cot 4 d. 

12. tan 8 d. 

18 — • 

14 1 

15 1 

cob‘0 

sin d cos 8 d 

sin 4 d cos 4 d 

10. ^(cosec d sec 8 d). 

17. sin 1 d. 

18. sin 8 d cos 4 d. 

18. cos 4 d. 

20. 1/cos 8 d. 

21. 1/sin 4 d. 


22. cosec 2 d seed. 

23. Obtain the formula connecting I m , n and I m - 2 , «. 

24. Find / Bin* d cos 2 8 d 8 in terms of / sin 4 8 cob 1 0 d 0. 

25. Obtain the formula connecting / m ,« and /m~ 2 ,»+ 2 . 

. fsin 8 d . , - fsin 4 d __ 

26. Find — t - j . d 8 in terms of — z-a d & 

J cos 4 8 J cos 2 8 

27. Obtain the formula connecting 7 m , » and / m+ 2 ,i»- 2 . 

TC j . fcos 8 d 

28. Find m terms of -r— ■ ^ dd. 

J sin 3 d J sin 8 

28. Obtain the formula connecting I m , « and /m,*»+2. 

r d8 r d 8 

80. Find -r— 2 — -ra in terms of -r-^ 

J Bind cord Jsmdcosd 

81. Obtain the formula connecting / m , n and Jm +2, »• 

82. Find f . ■ A** .. — in terms of f . » 

I ain 4 d « l am* 8 t*nsr 8 
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Miscellaneous Examplos for Fraotioe in Integration. I»V. 


Integrate : 


1. 1 . 

« 1 .. 

. 1 

1 —4a? 

1-4P 

✓ (l-4») 

4. (1-4*)". 

8. *v'd-4**). 

6. VXl-^x 8 ). 

7 X 

o ■ 1 

o 1 • 

Vd~4**) 

✓fl-4*) 

(1 — 4 *)* 

10. *(1-4**;". 

11. ^(1-4*). 

** 

1 

H 

a 

13. ** . 

14 * 

15 ** . 

✓d~4**) 

✓(1-4*) 

16 * 1-4* 

xe - . 

IT * 

18. *(l-4*) 14 . 

Vd^iP) 

✓(!— 4* 1 ) 

* 

** 

X 8 


(1-4*)* 

“•(T^ 

1^4P 

23. *»^(l-4**). 

28. **(1—4*)*. 

24. ** V^(l —4*). 

26 1 • 

30 * 


(1 — 4**)’/* 

2e- fl-4**)»/* 

27 ‘ (1-4* 8 )* 

28 1 . 

30 ** 

X 8 

an 

2B - V(l~4*)* 

✓(1-4*) 

3 (1 — 4**)* 

31 1 • 

32 1 ... 

1 

3 *(1 — 4*) 

8 • *(1-4**) 

8S - * (1 — 4*) 8 

34 1 • 

88 ‘ **(1 — 4**)" 

1-4* 

* a (1—4*) 

80 - *(1-4**) 

1— 4* 2 

X 8 

* 

Q1 . - . OO ___ iwv 

x (1 — 4.x) 

■ v^(l“4* 8 ) 

(1—4**)* 

40. xy^l— 4x). 

41. sin* a*. 

42. COB 8 )*. 

43. sin 2 * cos 2 x. 

44. sin* cos 4 *. 

45. sin 8 * cos*. 

46. sin 8 * cob 9 *. 

47. sin 1 * cos**. 

48. sin* cob 2*. 

49. cos* cos 2*. 

50. sin * Bin 2 at 

61. Bin 8 * cos 8 *. 

62. tan* 2 a. 

63. oot*)x. 

64. sec 8 *. 

55. tan 4 *. 

66. tan* sec 8 *. 

57. tan* sec 8 *. 

68. cot* cosec*. 

69. cosec 2*. 

60. sec 2*. 

61. * sin n*. 

62. * cos £ *. 

63. x sec* mx. 

64. xtan 9 *. 

65. x*sinx. 

60. x«- 8 *. 

07. **«*. 

68. xs*\ 

09. (a + &*)«*. 

70. *• log*. 

71. xlog(l+x). 

72. (log*)/*. 

78. x’Mogx. 

74. log(o— *). 

76. * log (1 + **). 

70. e“*sin5x. 

77. «** cos 3 *. 

78. s* sin* cos*. 

79. r* sin* *. 

80. x 8 tan" 1 *. 

81. xcos~ l x. 

82. see -1 *. 

83. * cosec" 1 *. 

84. tanhox. 

__ sin*— cos* 

86 1 . 

87 1 • 

* sin x-f cos* 

* * (x 2 + 1) 

x(** + 2) 

* 

* 

1 

HR ■ ■ — . ■ o n « AA 

**+ 1 

✓(**+!) 

*✓(**+!) 
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01, aVt^ + 1)’ 

94. ■✓(** + 1)/**. 

97 — — . 

100 . *(** + l)*/*. 

103. - * 

V(l-x) 

ioe. Vf* (*-!)]. 

10 °' V[* (!-*)]' 

112 . = — ^ 

1 + cob ar 

cos** 

116. z 

1 + C0BX 

_ COB X 

118. rz -i* 

(1 -f*C08 x)* 

121. — r- 

8 X +1 

124. seoh x. 

127. x ainh } x. 

130. Binlr^x. 

133. 008*3? ainh x. 


142. */V(** + 6*+109). 

145 * *(*»"+' 6 i + 109j“ 

_ 1 


x* 

02 . - 5 — y. 

a^ + l 

96. JBy'tx’ + l). 

B8 ' (a!* + l)V*‘ 

101. Xa/{\-x). 

104. J5±*. 

V(*-l) 

107. y'[a?(l-x)]. 

no. y'fx (1 + #)]• 

118. C0ga? .. . 

1 + cos x 

_ Bin a; 

(l + cosx)*’ 

cos 2 x 

119. , “TJ * 

(1 +C08x)* 

123 -b 4 t 

125. cosecbx. 

128. coflb 2 x. 

131. xcosh ' 1 x. 

134. Bin 2 x cosh 3 x. 


98 ' v^r* + l) 
06. (*» + l )•/*. 
x 

00. 7 / u • 


— (x* + l)*/* 

102. x*/{x-l). 

108. */[(*- 1 )/*]. 

in. . 

1 + COB X 

114. 

1 + C08 X 

117 ‘ (l + cosa?)*’ 
sin* a? 

120 ‘ (1+COBX)* 
f 2 * 

123 - ?+r 

126. x cosh x. 

129. sinli*x. 

132. sin ax ginh ax. 
136. cos mx cosh nx. 


1 

'37 j * + 8 - 

x — 3 

inn 

x* + 6x + 109 

a?* + 6x + 109 

ar* + 6 * + 109 

X* 

1 

*+3 

x* + 6x + 109 

°“ v , (x J +6* + 109) 

141, V '(**+6x+109)‘ 


143. -/(«* + 6 x + 109). 

146. 

3?V(x* + 6x+109) 

x 


144. x ^(x 1 + 6 x +109). 
U7, x(l +*»')' 

1B0 - o+^y 
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DEFINITE INTEGRALS 
148. Integration as a summation. 

Let /(«) be a function of x which is finite and continuous from 
X = a to x = &, both inclusive. Let b > a, and let the interval h— a 
be divided into n intervals 

Then the value of the sum 

( x i ®) / ( a ) + (^ 2 — #i) f( a i) + "" x z) f( x 2$ + + (6 — ^n-i) /(^n-i) 

2 ® ■ 6 

x = a /(a;) Sa] tends, when the intervals 

are all indefinitely diminished, to a limit, which is called the definite 
integral of f(x) with respect to x from x — a to x — 6. This is written 

f(x)dx. 

The value of the given expression is evidently finite whatever the 
value of n, for if M be the maximum value of f(x) in the given 
interval, the sum 

< M [(* 1 -o) + (* a -* 1 )+ ... +(6-a5„_i)l, 

i.e. < M (& — a), which is finite, since JLT, b, a are all finita 

The definite integral is here defined as the limiting value of the 
sum of a series. The calculation of the limiting value from this 
definition is complicated even in the case of quite simple functions, 
and in most cases would be quite impossible. 

For instanoe, take the very simple function 8 s , and let each of the intervals 
a?— 8} , ... be equal to h; so that 

— o+A, 8, — x t + h — a + 2 h 9 8,« e+8h, — o+(n-l)k, 

and h-sa-f»A 
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Than, from the above definition, 

Lt {*<»•+* («+*)*+*(«+2*)* + ... +fc[o+(«-l)*]*} 

J. *-« 

■» Lt 7ifa*+ a* + 2«fc + 7* f + a , + 4 a& + 2* V + 

n “** ... -f a* + 2(n-l)aA + (fi-l)*^] 

- Lt *[f»a*+2fl*(l + 2+ ••• + n-l) + * i {l+2* + ... +(«-!)*}] 

n -* » 

- Lt [«Ao* + 2oh*xi(»-l)n + A s xK»-l)»(2»-l)] 

»-♦ es 

- + **’“* (> - s) + 1 * * o - y ( 2 -y] 

The values of the definite integrals of a few very simple functions 
may be calculated in this way, but it will be seen that the method 
of the next article saves an enormous amount of labour. 

We now proceed to show how the value of the definite integral can 
be deduced at once from that of the corresponding indefinite integral. 

144. Eolation between definite and indefinite integrals. 

This can be obtained either geometrically or analytically. 

1. Geometrically . 

Let A, X lt X„ ... Z n _!, B (Fig. 93) be the points on the axis of * 
whose abscissae are a, x lt Zj, ... x n _- l , b respectively, and let the 



ordinates of A, X u X t , ...X n _„ B cut the graph of »=/{*) in 

.P, p u p»> ••• p»— i> Q" . it 

Then AT, X x P x , X t P t , ... represent the value* of 

/(«),/(*i)» /(**)> -/(*«-i) respectively. 
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Therefore 

(*i-«)/(«)+(**-*i)/(*i)+ - +(&-*»-i)/(*n-i) © 

5=5 • AP 4* X x X| • 3^ P x 4 ••• + X H .j JB • Z ft _j 

= the Bum of the rectangles PX lf P x Z 2 , ... P n _, B. 

The difference between this sum and the area APQB < the sum of 
the small rectangles PP lt P x P a , ... P n _ x Q, and if a be the greatest 
of the bases, this sum is less than a x the sum of their heights, 
i.e. < ot ( BQ—AP ), and this — ► 0 when a — ► 0, since BQ and AP are 
finite. Hence the area APQB is the limiting value of the sum of the 
rectangles, and therefore represents the limit of (i). But it was shown 
in Art 80 that the area APQB = F(b) -F(a) t where F / (a?) =/(»). 

/(a) + (*«- *i) /(* i) + - + (6 /(*»- 1 ) 

tends to the limit F(6)— F(a) ; 

Le. J 6 /(x) dx = F(b)—F(a), 

where F(x) is the indefinite integral of f(x ). 

2. Analytically \ 

Let F' (x) =/(x), i. e. let F(x) be the function whose d.c. is f[x). 
Then from the definition of a d. c. (Art. 26), 

L t Ffr+Ssj-.Fts) = r {x) = f(x) 

tx-+Q OX 

=/(£) 4 «, where t — ► 0 as dx — ► 0 [Art. 24], 
ox 

i... F(x + bx)—F(x) = bx./(x) + tbx. 

Take x — a, bx — x 1 —a, 

then Ffo)— F(a) = (xj— a) /(a) + «! fo— a). 

Takex = x 1( bx = x % —x x , 

then F (Xj) — F (Xj) = (x a — Xj) f(x j) + * , (x 3 — *j). 

Take x — x a , bx s=x 3 — x„ 

then h (x s J F (Xj) — (Xj Xj) (x, xj. 

Take x = x n _ l , bx = b-x n _ lt 
then F(b)-F(x n _ J = (6-x„_ 1 )/(x w _ 1 ) + t w (6-x n _ 1 ). 

Adding together all these results, 

J’(i)-J’(o) = (x 1 -o)/(o) + (x s -x 1 )/(x l )+ ... + {b-*nr-l)A*»-l) 

+ t l (»i-o) + t,(x,-x 1 )+ ... +«„(b-x,_,). 
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Let rj be the (numerically) greatest of the quantities Cj, e 2 t ••• 
then the expression in the last line 

< + ... +i?(&-«n-.i), 

i.e. < 1 ?(a? 1 -o + ar a -a? 1 + ... 

i.e. <r?(fc— a). 

All the numbers c lf e 2l e 9 ... < nt and therefore y, which is one of 
them, tend to zero as the intervals x x —a, x t — x x , ... , are 

indefinitely diminished; hence, since a and b are finite, tj(6— a) 
tends to the limit zero, and therefore 

J’(b)-y(a) = Lt[(x 1 -a)/(o)+(a: il -a: 1 )/(a:,)+ - +{&-* 0 - 1 )/(<r J1 _i)] 

e=J f(x) dx. 

This gives the same rule for evaluating a definite integral in 
general as was obtained in Arts. 80 and 81 for the particular cases of 
areas and volumes, viz. : 

The value of J f(x) dx is obtained bp substituting (i) 6, (ii) a in 

the indefinite integral of f(x\ and subtracting the latter result from the 
former. 

For instance, in the example just worked out in full from the 
definition of a definite integral, we have at once, by this rule, 

We have now connected the two different points of view from 
which an integral may be regarded (as given in Arts. 71 and 148), so 
that the value of a definite integral can be deduced at once from that 
of the corresponding indefinite integral obtained by the methods 
of Chapters IX and XIV. 


I 

I 

r 

j; 


Further examples are : 

' ith - ** ^ (1°g 9 -log 4) - {log J. 

“ [I twr ‘ 3; - l ( Un " 1 - tan- ’ °> - 1(1 ~°) ' 

y (o* - 2 ?) dx ■■ ^ x (a* - x*) + g a 1 sin* 1 (Art 189) 


1 dx 
o x 1 +4 


tr 

8* 


(0 + J a* sin" 1 1 ) -0 -» J rt a\ 


cot x dx* 


.[log .in*]*' 


1 log 1 - log ~ « log V' 2 * \ lo 8 2 * 
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s** cob ba 9 dx im g- (a cos bx + b sin bat) J (Art. 139) 

*" e?T b*[*** /b (“ a + ®) “1 (®+0)]» - + 

In the preceding investigation, the values of the functions at the com- 
mencements of the successive intervals have been taken, but this is not 
essential ; it is sufficient to take the values of the function at any points 
within the intervals. It can be shown that the limiting value to which the 
corresponding sum tends is the same in this case as when the values at 
the beginnings of the intervals are taken. 

In the geometrical proof above, the successive terms of the corresponding 
series (i) will then be represented by rectangles which are intermediate 
between the inner rectangles PX lf P l X t , ... P n _ v B and the outer rectangles 
P l A t P 2 X,, ... QX^ j respectively, and both sets of rectangles, and therefore 
also any intermediate set, tend to the same limiting value, the area APQB. 

145* Exceptions. 



The condition has been laid down above that the function /(#) is 
to be continuous for all values of x from a to b inclusive, and it has 
been supposed that a and b are finite. We are therefore not yet at 
liberty to apply the preceding result if these conditions are not 
satisfied, e. g. we cannot, as yet, evaluate such expressions as 


r+, i rfx r * 

J-l * 2 ’ Jo ^( 1 -X 2 ) 



dx 

a*+& ; 


because, in the first case, the function 1 /x 2 is discontinuous for the 
value x s=s 0, which is within the range of integration ; in the second 
case, the function becomes infinite at one end of the range, when 
x = 1 ; and in the last case, one end of the range of integration is at 
infinity. 

Such cases will be considered later (Art. 148), and it will then be 
seen that the first of these three integrals has no value, whereas the 
other two have finite values. 

It should be noticed that an indefinite integral may be regarded as 
a definite integral taken between some arbitrarily fixed value a and 
a variable value x , the arbitrary constant of integration being the 
value of the integral function when x = a, with the sign changed, 
i.e. t)dxy which has hitherto been written in the form f(x) + C, 
may be regarded as 

j V (*) dx, i.e. [/(x)] * = 


which is the same result as before with C replaced by —/(a). 

The following set of examples will serve as exercises for a revision 
of the various methods of integration which have been considered* 
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Examples LVX* 


Find the values of the following i 

X. x *dx t J # x~*d* t J x~idx, £(**-*+ l)d*, 

*• J/3*+2 ) ‘ /%+«)’ J,V(4« + 5*)<i*. 

f 4 da? r* da; f* dx 

Ji ^' Jo S + S f J -, * + 2 * 

p*» r** r* 

4, sin a? da;, cos a; da:, sin J a? da?. 

.0 Jo J-' 

5 . J* * §in f a? da?, J* cos* a? da;, J * sec* a; da;. 

n dx fi dx f 1 dx f* da? 

Jo ** + l’ Jo V^l-* 8 )’ Jo V(l+**)’ Ji V(^-l)' 

7. 1 y^(l - a:*) da?, J‘ vV + **) <**» £ VV” 1 ) <**• 

fi a? f 1 da; f* dx 

•J, V(1 +*’) <te ’ J. *(*+*)’ J. ** + 2a: + 2 ’ 

.mg r*’ i i n .,dtf, r*'cotfld<». 

® , l + oos 1 * ’ J. Ji. 

10. ' xlogx dx, J 3? log x dx, J log* dx. 

r** dx t r-l* dx — . xa. f sin’ 1 a? dx, f tan -1 x dx. 

u, ‘ 1 + cos* J_* 1 — cos* Jo Jo 

13 , J* **■ sin* dx y J* e“"cosa;d*. 14 * Jo ^ ****** J, ^k® 4 *** 

15. x </(«*-*') dx ' J # y^(a 5 T* i ) *** 

10 , J" r *ein* dx, 17. J'cos’O JJ **'0*i*6 d0. 

M f* *? w [V(**+4*+S)& 

“•J. V(**+^*+8) J* 

p **-<»* . j£_ fa,, 90. ( * *eo * dx, | cosec* dx. 

19 ‘J, *?+a* ’ J« * + 2 J* Ji' 

m r*' <to P* 22 . f^tan 4 * dx, P’sin'xto 

**" » 5 + 4cosx J* 4+5cos» J» Js 

% p r j it 

23. ** sin’* cos’* dx, j * sin* * cos’ x dx. 34. tan* «i*. 

f* — f* — sn.- 36. f***sin**i*, f *cos**d». 

* B - J , **(»+!5 J . (*+!)’(* + 2) J « Ji * 
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a* 


* tan- 1 x dx. 


i jr 

“•£ V(rr5) 

f* di 

J. l + ‘ 


r 


•in 4* cob 2 x dx, «in 2 mx cos 2 (to 


88 . 


fi* 

J sec 4 * 
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cos’ 1 * (to, 


80. 


83. 


88 . 


86 . 


80. 


41. 


dx 
dx 

?+r 

r i rf* 

0 v '(** + 2* + 2) 

1 1 ^ i 

0 x* + 2x+5* 


J: 


•r 

•/: 


(to 

o a* cos** + 8* sin 1 ** 
^ (to 


(to 

iHr - ' 

x dx 

(*+ 1) (a?H4) ’ 
dx 


„ 1 + 2 xcob at +** 

r* 


88 . 


(to. 


a v^(a* + *®) 
dx 


x* + 5 * + 6 
Evaluate from the definition of Art. 143 : 


4 

-j: 


«* 

*• (to 


V(2 «* + **) 


* tan 1 * (to. 
(to 

(3 +2* — **) 


■r 

‘ 1 ‘- 


* (to. 
(to. 


■•r 


(3* 1 — 4x) (to. 
cos 2 * (to. 




■in x dx. 


•j: 


48. X s (to. 


146. General properties of definite integrals. 

Let F(x) be the indefinite integral of /{*). 

I. It is at once evident, since J /(*) dx = F(6) — -F(a), 

and J*/(*) dx = F(a)-F(b), 

that an interchange qf the 4 limits * a and b changes the sign of ike definite 
integral. 

IL JV(*) dx =£ /(*) dr+Jy (*) dx, 

since the latter expression = F(c) — F(a) + F(5)— F(c) 

= F(&)-F(a). 

In a similar manner an integral may be divided up into the sum 
of any number of parts. 

IIL J /(*) (to = 0 or 2 Jo /(*) dr, according as /(*) is an odd 
or an even function of z. 

J' f(x) dx — F(a)—F(—a). 

T 


For 
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If F(x) be an even function of x, i. e. if f(x) b« an odd function of x* 

F(— a) sb F(o), and J f(x)dx — 0. 

If F’fx) be an odd function of x, i. e. if /(x) be an eTen funotion of x,* 


F(-a) = —F(a), and J* f(x) dx = 2F(a) = 2 JV(x) dx, 
for in this case, /(x) dx = F(a)—F(0) — F(a), since, F(x) being an 
odd function of x, it follows that .F(O) is zero [Art. 5]. 

f+i p+x pi 

x* dx « 0, x 4 dx ■■ 2 x* dx. 


E. g. 


j: 


a 3 +x* 


a? 

a*+x 2 


dx — 0. 


This result also follows directly from the definition in Art. 143, if 
the two halves of the range from — a to 0 and 0 to a be divided 
into equal intervals. For, if f(x) be an odd function, the terms of 
the series obtained from negative values of x are equal in magnitude 
and opposite in sign to the terms obtained from the corresponding 
positive values of x; hence the terms of the series cancel out in 
pairs and the sum is zero. If f(x) be an even function, the terms 
obtained from negative values of x have the same magnitude and 
sign as the terms obtained from the corresponding positive values 
of x ; hence the terms occur in equal pairs, and their sum is twice 
the sum obtained from the positive values of x alone. This theorem 
is especially useful in dealing with the integrals of certain trigono- 
metrical functions. 


PI* ri* ri* 

E. g. sin x dx ■■ 0 ; cos x dx ■■ 2 cos x dm. 

d — i ir J — ^ ir Jg 

J* sin 1 x dx — 0 ; J* sin 1 x dx — 2 J sin 1 # dx. 


r* . pi* pi* 

J Bin* x cos 2 x dx ** 0 ; sin* x cos* x dx — 2J sin* x cob* x dx 9 

since, in each line, the first function given is odd and the second even. 


• If F(x) be an even function of x, F(x) - JF(— x). 

Differentiating, F'(x) - J*'(-x)x -1, i. e. /(x) --/(-») j 
hence /(*) is an odd function of x. 

Similarly, if F(x) be an odd function of x, F(-x) «. — F(x) ; 

... - -F'(x), i.e. /(-*)•/(*); 

hence /(x) is an even function of x. 
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since - 3 - = — 1 . 
dz 


IV* /(x) /(a—*) dx. 

For, on putting x = a—*, //(x) dx becomes 

J/(a-s)^der, he. -j/(a-*)d*, si- 

Also when x = 0, e = a, and when x = a, * = 0 ; 

/(x) dx = — J /(a— s)dj* = /(a— r)d*=J^ /(a -x)dx, 

since the value of the definite integral depends only upon the values 
of the limits, so that it does not matter whether the variable be 
denoted by x or *. 

fa* /*!» fair 

In particular, /(sin x) dx — /[sin (} w -x)] dx — /(cos x) dx. 

A3» £m(l-.r 

(except when » - -1 or -2) - JTTl " ^2 " (n + l)(»^T 

rao pa 

V. J /(x) dx = 0 or 2J /(x) dx, according as /(2a— x) = — /(x) 
or +/(x). 

For /(x)dx=J /(x)dx+J /(x)dx. 

In the last integral, let x = 2 a — * ; then when x = a, e = a, 

and when x = 2a, * = 0. 

ps. po . - r* 

• \ J /(x)dx becomes — J f(2a—*)dz t i.e. |^/(2a— x)dx. 

Hence 

J*V(*) d* =£/(*) <te+J“/(2a-*) <te = J‘ [/(*)+/(2 a -*)]<** 

which is equal to 0 if /(2a— *)= —/(*), and to 2 J f(x)dx if 

/(2a— x) = /(x). This is especially useful in dealing with trigono- 
metrical integrals, since sin(v— x) = sinx, and cos(ir— x) = —cos x. 

J iin w x cos 3 x dx ■■ 2 J sin” x cos 1 x dx, 


E. g. 


but 




xcos*x dx •" 0. 


This result also follows, like Theorem III, directly from the definition of 
a definite integral, if the two halves of the range be divided into equal 

T 2 
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intermit. For, in the first of the two examples just given, the expression to 
be integrated takes the same series of values (in the reverse order) between 
1 v and ir as between 0 and }«r ; henoe the integral from 0 to ir is twice the 
integral from 0 to Jir. In the second example, the values of the expression 
to be integrated between \ ir and rr are equal in magnitude and opposite in 
sign to the values between 0 and | w ; hence the terms cancel out in pairs y 
and the integral is sero. 


YL If G be the greatest value and L the least value of f(x) within 
the range of integration a to b (b> o), then the value of J /(as) dx 

lies between L(b—a) and G(b—a). 

This follows at once from the definition of Art. 143, for, since G is 
the maximum value of /(#), the sum there given is less than the sum 
obtained by replacing every value of f(x) by G, 
i.e. <G[x 1 -a+x % -x 1 + ... + b-s n _ 1 ], i.e. <<?(6-a). 

Similarly, it is greater than L (&— a). 

If f(x) be a continuous function of x, then as x increases from a 
to b 9 f(x) must pass through every value intermediate between L 
and G; hence the value of the definite integral is equal to b—a 
multiplied by the value of f(x) for some value of x between a and 6* 
This value may, as in Art. 117, be denoted by a + 0(5 — a) where 
0 < 0 < 1 ; hence 


£ f{x)dx = (6— a)/[a+d(6— a)]. 

E. g., since the maximum and minimum values of y^(5 + sin 1 x) are */§ 
and i/ 6, it follows that J* y^ + sin 1 *) dx is between .\n aud 
V'fi.lir, i.e. between 1*118 ir and 1*225 ir. 


147. Geometrical proofs. 

If the definite integral be represented by an area, the preceding 
results are all easily seen to be true from geometrical considerations. 

Theorem I simply states that the area from AP to BQ is the same 
as the area from BQ to AP ; the change of sign is due to the fact 
that the intervals AB and BA are measured in opposite directions. 

Theorem II states that the area from AP to BQ is equal to the sum 
of the areas from AP to CR and from CR to BQ (Fig. 94 (i)). 

In Theorem III, if f(x) is an even function of x f the graph of 
f(x) is symmetrical about the axis of y ; if f(x) is an odd function 
of £, the graph is symmetrical about the origin (Art. 10). The 
theorem follows from the facts that in the first case the area APQB 
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is double the area ORQB (Fig. 94 (ii)), and in the second ease, the 
areas AOP and BOQ are equal, and, since they are on opposite aides 
of the axis of *, opposite in sign (Fig. 94 (iiij). 




Fig. 94. 


Theorem IV is equivalent to the statement that, if in figure (ii) the 
origin 0 be moved to the point B, where x = a, and the direction of 
the axis of x be reversed, the same area OBQR is obtained, provided 
the range 0 to a is the same. 

Theorem V follows from figures (ii) and (iii) in the same way as 
Theorem III, by taking A as the origin and 0, B as the points 
x = o, * = 2a respectively. The curve is symmetrical about OR if 
/(2a— x) = /(*), and then the area APQB is double the area APRO ; 
the curve is symmetrical about the point 0 if /(2a— x) = — f(x), 
and then the area AOP = —the area OBQ . 

Theorem VI follows from the fact that the area PABQ in fig. (i) 
is greater than the rectangle AK contained by AB and the minimum 
ordinate of the curve, and less than the rectangle BL contained by 
AB and the maximum ordinate. The final form in which the 
theorem is given is equivalent to the statement that there is some 
intermediate point R , such that the area PABQ is equal to the 
reotangle contained by AB and the ordinate CR 


Examples LVIL 

Express as integrals from 0 to ( v the following : 


1. 

a. 

7. 

io. 


-if 


■in 1 * cos* * dx. a. J sin* x cos* * dx . 8. J* sin** dx. 

''Sir P2ir 1*4 tr 

cos® x dx, 5. sin 4 * cos 4 * dx. 0. sin 4 x dx. 

a J-** Jo 


-r 


■in 1 * 

+ cos 2 * 

■in 1 * dx. 


dx. 


r 


* dx. 


11. 00€ 10 X dx. 


0. I Bin**cos** dx. 

J** 

18. f sin 4 * dx. 
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Find the value of; 


18. 

16. 


• J x (1 — a?) 8 /* dr. 14. J* a? (a — m) n 

■h 


dx. 


o 8 + ar 8 


Bin* a? . 

17. 2 — dr. 

J-« l + coi*a? 

19. /><•- a?) 10 dr. 20. J a^ ^(o — x) dr. 

i. J* ein s x cob 4 x dr. 23. J si 

r** . 4 , ** r * . 

.J ^ sin a? sec 4 a? dr. 26. I 


15. 

18. 


#*^(2-#) da. 


‘i*r 


ton 8 * dr. 


22 . 

25. 


sin x cos 8 x dr. 24 

* cob a?— sin x 


21. J* a? 8 y^(« a — ap 8 ) dr. 
ft* 

I sec 8 a dr. 

J-i * 


dr. 


cob a? + Bin a? 

27. From the fact that, within the range of integration, 0 < x n < x* if n > 2, 

ft da? 

deduce two values between which w must lie. 

Jo v (* -a? ) 

Between what two values must the following three integrals lie ? 

d& 

y(l-|.in*0) 80 ' 


pk 

28. J (4 -cos® 


a :) 1 / 8 dr. 


■r 


f* 2 ^ a? w 

No 1 +*" 


dr. 


81. Prove that J /(a?) dr = J /(a? + a)dr. 

82. Prove that J f(x) dr — J /(a + 6 — x) dx . 

f& 1 fmb 

83. Prove that /(ma?) dr — - /(a?) dr. 

Jn m Jma 

84. Prove that J *”** dr < J xt~* % dr, and hence find a number below 
which it must lie. 

85. Prove that J* x n (1 -x) m dx ■■ J x m (1 - a?)" dr. 


148. Extension of Theorem of Art. 144. 

It has been assumed in Art 144 in evaluating f(x) dx that the 

Ja 

extreme values of the range of integration are both finite, and that 
the function f(x) is continuous, and therefore finite, throughout that 
range. Cases frequently occur in which these conditions are not 
satisfied, and it remains to consider how far the results of that 
article may be extended to such cases. 

It has been shown that 

J f(x)dx = F(b)—F(fl), where F'(x)=f(x). 
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Ifj u 6-* oo, F{b) (ends to a finite limit L, then L—F(a) is 
defined as the value of J f(x) dx. 

Similarly, if as o— * — oo, F(a) tends to a finite limit then 
F(b)-L' is defined as the value of J* f{x) dx. 


Examples : 

(i) J* «?-■ dx (where a and b are positive, so that the value 0 for which 
the function 1/x 1 ii discontinuoui is not within the range of integration) 

-[ — V^-l/e-lA 


As b-*ao, 1 /b-+0; hence 


i/«. 


r- 

(«) i: ^ dx =» £log*J *■ log b — log a. 

r M 

As b-+*>, log b alio -*oo, hence -dx hai no value. 

Thii example ihow* that the condition that /(*)-► 0 as x-*- ao is not 
a sufficient condition that J f(x) dx may have a value. 

(iii) f* - f- tan- 1 -~\ * - - tan-* - • 

As &-«, tan a 2’ J„ “ 2V 

(iv) J co» bx dx [o + ] -■ (bainbx—a oos bx) J ^ (Art. 139) 

- (6iinbd-ec°s bO) + 


When d-eoo, sin id and cost* are finite since they oannot be greater 
than 1, and t~ a> , i.e. l/«°®, -+0. 

J # s-"oos bxdx-j^ 

Next, suppose that f(x) becomes infinite at one of the extremities 
of the range of integration. Let f(x) = oo when x = h. 

T aking the integral f(x)dx, f(x) is finite throughout this 

J* r »-« 

range of integration. If, as « — ♦ 0, I f(x)dx tends to a finite 
limit L, this value L is defined as the value of f /(*) dx. 



dx 
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Similarly, if f(x) = ao when x = a and if, as «— *0, I /(a?) 

J«+« 

tends to a finite limit X', then X' is defined as the value of J /(x) dx. 

In practice it is usually at an end of the range of integration that 
f(x) becomes infinite. If f(x) becomes infinite for a single value 
x = c within the range of integration, then 

£/(*) dx = £/<*) dx+j'f(x) dx, 

and each of the latter integrals may be treated in the manner just 
described. 

Similarly, if f(z) becomes infinite at any (finite) number of points 
within the range of integration, the integral may be split up into 
a number of integrals in which the infinite values occur at ex- 
tremities of the ranges of integration. 

Examples ; 


(,) I 


arl dx ; art is infinite when x — 0. 
o 

J' arl J 2*t. As «-*0, 

x~t dx 2 at. 


j: 


< a > JffiiV is infinite when * “ L 

f‘ dx r l V 1 , 1 

J.+.(*-V"L a- 1 «' 


1/c oo as e -► 0, therefore this integral has no value. 

J ' 4 dx 1 

S 77 o\ ; -*77 5\ becomes infinite when x •» 3, which it 

« V(x~3) v(x — 3) 

within the range of integration. 

I* v&ztE <^3) + J.' y^V 

«" jr 

which tends to the limit -f ( — S)V # as e-*0. 

/l yfSr?) - [I <— «■] L - S 

which tends to the limit } as e -*• 0. 


r* 


dx 




3 3 
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Geometrical illustration. 

f* i 

To illustrate the matter geometrically, consider I ^ die* 

If P and Q (Fig. 95} be the two points on the graph of y — 1/** whose 



abscissae are a and b, 


Now 



I. 


* 1 

^ dx represents the area PABQ . 

- which, as 6-»ao, tends to the limit 
o a 


When a 


0 , 



is infinite ; and as 





1 

a 


oo ; 



dx has 


no value. 

Hence the area APQB tends to a definite limit as the ordinate BQ recedes 
to an infinite distance (AP remaining fixed), but has no limit os the ordinate 
AP approaches the axis of y ; as great an area as we please can be obtained 
by taking AP sufficiently near to the axis of y. 


Examples LVIIL 


Find, when they exist, the values of the following : 


, 1 

j-“ dx 

. r -1 dx 


r® ^ 

X -J 

l **' 


J 

1, 75- 

1 

r* dx 

r» dx 

f 

1 dx 

4 -J 

L **/•■ 

‘•J. -• 

"J 

ys- 

7 -J 

** _d*_' 

s f 

‘J 

n dx 




10. 

Ml 

f dx 

L o* + 6*^ 


“•J 

[ rh**- 

x,J 

g~" sin x dx. 

fl dx 

“•J. ✓[*(!-*)]' 

10. 

rv dx. 

lo 


)• 

w 

m 

f* _ *** _., 

17. J log x dx. 

IS. 

f® dx 

1. 

J, «* + 4*+l 



m 
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10. 

22 . 


n dx 

80 . 

a 

r * . - i 


If *(2+*)‘ 


It **0+3)* 

f* dx 

as. 

> d* 

r 

L* ** (! + **)' 


COSh 47 


25. Prove that, if n be positive, 

J x*$~*dx — n I dx. 

a Jo 

Hence evaluate the former integral if n be an integer. 


140. An important definite integral : sin m 0 cos 7 * 0 d0. 

J0 r** 

One of the most important definite integrals is sin m 0 cos 71 0d0 } 




when m and n are positive integers. 
It has been shown (Art. 141) that 


fria* fl coa" 9 dfl = cos "~ 1 * ,in ” +1 * + gZ* fain™ *«*»-* Odd. 

J m+n tw + w J 

The evaluation of the above definite integral is rendered very 
simple by the fact that the first term on the right-hand side vanishes 
for both the values 0 and |ir, cob# being 0 when 0 = Jir, and sin# 
when # = 0. 


• \ f sin m 0 cos 71 # d# = — — - r sin 7n #cos n “' a #d#, 

Jo m + n Jo 

in which the index of cos # is reduced by 2. 

By Art. 146 IV, the integral is unchanged when Jir— # is sub- 
stituted for # ; 



sin 771 # cos w 0 d0 



sin 71 # cos 7 * 0 d0 


fn — 1 n* 

— - — sin 71 # cos 7 * 2 #d# 

•n+» Jo 


w—1 
m + n 



sin 7 *" 2 0 cos* 0 dd 


(again replacing 0 by £77 — #), in which the index of sin# is reduced 
by 2. This result may also be obtained from the reduction formula 
connecting I m> „ and J m _ 2i „ (Art 142). 

The integrals on the right-hand side can be reduced a stage further 
by using these results with n— 2 for », and m—2 for m respectively. 



sin 7 * 0 cos 71 # dO = 


or 


n— 1 n-3 n* 

m+n' m+n— 2J 0 
m— 1 m - 8 r* w 
m + n m + n— 2 Jq 


sin 7 * # cos 71 " 4 # d#, 


sin 7 *" 4 # cos* # dtfe 
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By repeated use of these results, the numerical factors in the 
numerator will be 1, w—8, »— 5, ... down to either 2 or 1 

(according as n is odd or even) as the index of cos# is gradually 
reduced, and m— 1, m— 3, m— 5, ... down to either 2 or 1 (according 
as m is odd or even) as the index of sin 0 is gradually reduced ; at any 
stage the last factor in the denominator exceeds by 2 the sum of the 
remaining indices of sin 0 and cos 0. 

If one index is odd and the other even, m+n is odd and the 


Pi* Pi* 

integral reduces to either J sin 6 dd or J cos 0 d 0, either of which 

is equal to 1 ; the last factor in the denominator is 8. 

If both indices are odd, m + n is even, and the integral reduces to 

J* sin0cos0d0, Le. jJ* sin20d0, which is equal to The 

pi* 

last factor in the denominator of the coefficient of sin 0 cos Odd 
is 4 ; hence, in the final result, the last factor is 2. 

If both indices are even, m -f n is even, and the integral reduces to 

r 

dd, which is J ir, and the last factor in the preceding denomi- 


r 


nator is 2. 


j: 


Hence we have the following simple rule for writing down the 
value of the integral : 

^sm^coa *0dt>= •• j«-*)(?r 8 > ••• , followed by 

Jo (tw+w)(w+w— a) 

the factor only when m and n are both even . \ All the three sets 

of factore descend 2 at a time to either 1 or 2 according as the first 

factor of the set is odd or even. 

The value of the integral when the limits are multiples of 
can be obtained from the preceding case by the aid of the theorems 
of Art. 146. 


Examples'. 


J: 

I 

I 


I * 

ein # 0cos 8 0d0 


i * 

sin 9 0 cos* 0 d 0 


i * 

sin 4 0cos 9 0 d 0 


4.2.2 1 
8.6.4.2^24’ 

5.3. 1.2 2 

9. 7. 5. 8.1"“ 63' 

8. 1.5. 3.1 ir 3ir 
10.8.6.4.2 2" 512* 


• 0 count* as an even number. 
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sin 1 6 coc* 6 d 0 mm 2 


f*' • 

J-i-“ 

iin *6d6 — ij* «i; 


{ 


'I* 1 2 

•in* 0 cob* 0 d 0 — 2 • < 


•in* 0 d0 — 4 


7.5,3. 1 ir 35 it 
8. 6. 4. 2" 2" 64 * 


4 

15 # 


160. Change of limits of integration. 

It has been seen that many algebraical expressions which contain 
irrational functions can be integrated by trigonometrical substitu- 
tions ; in these cases, the transformation back from the angle 0 to 
the original variable x is often troublesome, but in the corresponding 
definite integrals this may be avoided, since the value of the definite 
integral depends only upon the limits, and the limits for x may be 
replaced by the corresponding limits for 0. 


Examples ; 


(i) 




#*) dx may be found by substituting x — a sin 0. 


As x increases from 0 to a, *in0 increases from 0 to 1, and therefore 0 
from 0 to in; hence 

J* -*/(«* — #*) dx — a* J* cos* 6 d6 — a* . J J ?r — | 7ra ? , 
by the rule of the preceding article. 


(“) -/[(*- 


OL) (0 —a?)] dx may be obtained by the substitution 


x mm ol cos* 0 + 0 Bin*0. [Art. 137.] 

f\/[(x — Ot) (/3 — x)] dx becomes /(0 — a) cos 0 sin 0 . 2 (0 — a) sin 0cos 0 d0. 
When «-■«, sin 0 — 0 [since a?~a — (0 — a) sin*0] ; 0 «« 0. 

When a? — 0, cos 0 — 0 [since 0— a: ■■ (3 — a) cos*0] ; 0 — \ir. 


.*• the given definite integral 


2(0 -«)’£' 


•in’ 8 oo.' 6 d$ 


2 0 -a)* 


1 . 1 ir 
0*8 


-**(0-0)’. 


161. Reduction of algebraio&l expressions to preceding form. 

The integrals of many other algebraical expressions, rational as 
well as irrational, can, by trigonometrical substitutions, be reduced 
to the form ysin m 0 cos n 0 <J0 with multiples of Jv as limits, in 
which case their values can be written down by the preceding rule. 

The following examples show types of expressions whioh oan be 
so reduced and the methods of reducing them. 
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Example* : 


»r 


(!) x*(o*-x*)*/*dx. 


If x wm a Bin 0, we get 




Bin* 0 . (0*008* 0)*/* . a cos 0 d $ 




(ii) J* x*(o — a?)*/* dx. 

Here the institution x — a sin 0 will not rationalize the expression, 
but x — osin*0 will, and the limits for 0 will be 0 and \ir. 


The integral 


— J* a* sin 4 

r»» 


0 (a cos* 0) 8 /* . 2 a sin 0 cos 0 d 0 


-2a*/* sin* 0 cos 4 0 d 0 — 2 o*/* . 


4. 2. 3.1 


16 


(m) H C^T* 


J* 


dx. 


9 . 7 . 5 . 8 . 1 ” 315 aV *' 


In this case, if x — a tan 0, a* + x* — o* sec* 0, dx/d 0 — o sec* 0. 
When ar — +oo, 0 — + J tt ; when x — - oo , 0 — — 4 tt ; 


fi T o 4 tan 4 0 

the given integral — see 4 0 a * ec " ^ ^ 

J— 

1 iv . 2fu 

-= 8in 4 0d0 — ~ sin 4 0 d& 

a J~k" o 


1[V tan 4 0 
(, J-*w f ec 4 0 


d0 


2 3.1 7T 3 7T 
o 4.2 2 "" 8 a 


Examples LIX. 


Find the values of the following : 



|"* tin* 6 cos ' (3 d 8. 

2. 

p sin 8 0 cos 7 0 d 0 . 

,j 

r* ,r 

| 8 in 8 0 coB *0 d$. 

‘•J 

coi" 6 d6. 

o 

5 . 

1 sin* 0 coa 7 0 d 0 . 

1 ^ ir 

°-J 

[ sin 7 0 d 0 . 

0 

7 1 

Bin *0 cos 4 0 d 0 . 

8 . 

\ cos 4 0 sin 0 d 0 . 

9 . 

f cos 4 0 d 0 . 

J 

10 . 

0 

^ ^ IT 

ein B 0 cob 5 0 d 0 . 

11. 

0 

1 */(<& — a?) dx. 

J 

12. 

'—2 IT 

P (16 -X 8 ) 8 /* dx. 

J 

i3. I 

0 

H <r» (a’ -*•)>/* dx. 

14. 

1 —a 

x* (a* — x*) 7 /* dx. 

16. 

lo 

px 4 (2-x)V*<*x, 

J 

16 . 

r /, d*. 
i. («■+*’/ 

17 . 

0 

(v»/* 

(3-4x*j l /*rfx. 

0 

18 -J 

10 

(l+x*// 4 * 6 ’ 
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10. 


aa. 


1 («-*)• dx . ao. J l x*/* (1 - *) 1 /* dx . 

8« J* */(ax—a?)dx> 


• ✓(!-•) 


dr. 


28 . 


dr 


85. «* - **) dr. 26. J* ** v^(9 - 4a? 8 ) dr. 

”* JT (°^*r **' ”• L v F [<»-«)os-*)r 

.* J* v^(7a?— 10 — a?*) dr. 


21 '1 -7(4-**) **’ 

-r 

». j; 


V^(2 flur—a? 8 ) 

‘JIV(! 3 h 


dr. 


81 . 


88 . 


85 


J a?-/(4*-3-<r*j dp. 


. J‘ V(S- 

-r *vch) 


:r* + 4)d* 


dr. 

dx? 



CHAPTER XVI 


GEOMETRICAL APPLICATIONS 
AREAS 


152. Areas of Carves. 

Some simple esses of the determination of areas (which is some* 
times referred to as quadrature) have already been considered in 
Chapter IX. The following method, in which an area is regarded 
as the limit of a sum, yields the same result as the method of 
Art 79. 

Let AH, BK (Fig. 96) be the ordinates of two points A and B on 
a curve ; and let HK be divided into very small equal parts, each lx. 



Let MP, NQ be the ordinates at two successive points of division, 
M and N. Complete the rectangles PN, QM ; draw all the ordinates, 
and complete the rectangles in the same way. 

The difference between the sum of the inner rectangles, 2 (PN), 
and the sum of the outer rectangles, 2(QM\ is equal to the sum of 
the small rectangles, 2 (PQ), and this is equal to the length of their 
common base, lx, multiplied by the sum of their heights, i.e. to 
Ix(BK-AH), which can be made as small as we please by taking 
lx sufficiently small Hence the two sums of reotangles have a 
oommon limit, and this is the area of the figure EABK. 
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Therefore the area HABK 


= Lt 2 ( PN ) = Lt2.':: (y »*), if OB = a and OK = ^ 
= J (by the definition of Art. 148) 

5 J f(z) dx, if y = f(x) be the equation of the curve AB, 


This gives the same rule as was obtained in Art 80. 

Since y is + or — according as the point (a?, y) is above or below 
the axis of a?, it follows that, if Bx be taken positive, the value obtained 
for the area is + or — according as the area is above or below the 
axis of x. 

This accounts for results such as the following: If, to find the area 
between the graph of y — sin x and the axis of x from « 0 to x ■■ 2 rr, 

we take J* sin a; dx, we get cosxj , which is equal to 0. 

It is obvious from the graph that the area from ac — 0 to x~ it is above 
the axis of x f and the area from x *■ tt to x—2n below the axis of x . 
The preceding integral gives the sum of these areas with opposite signs, and 
therefore merely indicates that the areas above and below the axis are equal 
in magnitude. The area of eaoh part is numerically 


J sinxdx — £—oos a? J — 2. 

In such cases the points where the curve cuts the axis should be found, 
and the areas on opposite Bides of the axis determined separately. 


In some cases the area required has to be divided into several 
parts, as shown in the following example : 

Example* Find the area between the circle x* + y* — 4 a 1 and the ellipse 
x* + 5 y* -■ 16 a 1 . 

Let P (Fig. 97) be a point of intersection of the circle and the ellipse* 



The required area i «4x area OBPC — 4 x area OBPM + 4 x area MFC . ' 
The coordinates of P are obtained by solving the equations of the curves. 
This gives x ■■ ±o, y ■■ ± y'S a. C is the point (2 a, 0)* 

The ordinate of the circle is y^(4 a 1 — a?*), 
and the ordinate of the ellipse is y^lfi a 1 — c*)/ %/5. 
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Henoe Si‘ ■/(ISa'-*’) dx+4^" i/(ia % -a?)d* 

- W\ [i *-/(16 a* -**) + 8 a* sin-> £]* 

+4 [i*-/(4«’-* , ) + 2a*iin- , ^]* B (Art. 139) 

*“4>/$[|a'v''I5 + 8a 1 sin“ , i]+4|[2a , .l»r-|a , v / '8-2a*. $jr] 
-a*(82v'l.«n-4 + | J r) 

— 12 a*, approximately. 


158. Area of oyoloid. 

As an example of the determination of an area when the coordinates 
are each expressed in terms of a third variable, we will take the case 
of the cycloid (Art. 50), and find the area between one arch of the 
curve and the axis of x. 


The coordinates of a point on the cycloid are a?«-o (0— sin 0), y«—a (1 — cos 0), 
where 6 is the angle turned through by a fixed radius. 

P f dx 

Jycfcr — \y — d0 (Art. 131), and in describing one arch, the angle 

turned through is 2 1 r. 

Hence the required area 

«(l“Cos0).a(l-cos0)d0— a 8 ^ (1 —2 cos0 + cos*0) dO. 
Now, by Theorem V, Art. 146, 

cos* 0d0*«4.}.$ir«»ir. 
o 

-3*0*, i.e. three times tho 


r 


cos0d0»O, and cos a 0d0 = 4 


r 


Therefore the required area -■ a 8 [2 tt + ir 
area of the rolling circle. 


154. Area of a olosed oval curve. 

Let AH and BK (Fig. 98) be tangents to the curve parallel to the 



llll 


Fig. 98. 

U 
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y-axis. Any intermediate ordinate will eut the curve in two points 
A yi) and P,(g, y % ) ; let y x be > y % . 


Then, if OH— a, OK=b, the area HAP X BK— J y x dx, 
and the area HAP 2 BK = J y 2 dx; 

therefore, by subtraction, the area AP X BP % = J (yi—y^jdx. 

Or, parallel ordinates may be drawn dividing the area into strips 
perpendicular to the g-axis, and the area is the limit of the sum 
of the rectangles P x P 2 xbx f i. e. the limit of 2(ft— y 2 )&g taken 

between x = a and x = 6, i.e. J (y x —y 2 ) dx . 

It is easily seen that this expression gives the whole area, whether 
the curve cuts the g-axis or not. 

In Fig. 98 it does not ; if, however, the axis of g, as shown by 
the dotted line ECDF \ cuts the curve (below A and B) in 0 and D, 

and the ordinates AH and BK in E and F, then J y x dx gives the 

area EAP X BF, and J y % dx gives the areas ECA and DFB (which 

are above the g-axis) with 4- sign, and the area CP 2 D (which is 
below the g-axis) with — sign ; therefore, on subtracting, the 
common areas ECA and DFB disappear, and there remains 
CAP X 2LD~(— CDP 2 ), i.e. the area AP X BP % of the closed curve. 

The same result follows more readily from the facts that the area 
is the limit of 2 (P X P 2 X 8g), and that no upward or downward 
movement of the g-axis affects the length P X P 2 , which is y x —y 2 * 

It should be carefully noticed that the limits are the values of g 
for which y x and y % are equal. 

The following example illustrates the application of the method : 


Example . Find the area of the curve 3 x* -lOxy 4 - 10 y* -» 2. 

The two values of y which correspond to any particular value of x are 
found by solving the equation as a quadratic for y in terms of g. 

Thus 10y , -10gy + 3g*-2 -0, 

whence y — { 10x± -/[20(4-g*)]}. 

These two values are ft and ft, hence 

-ft - A ^[20 (4 -*•)] - * /[5 (*-*■)]. 
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The limit* are the values of x for which y x ~ y,«-0, and therefore are 
given by r'-t, i.e. r - +2, 

Henoe the area of the curve 

-f 

J —9 

V 

"" . 2co§ 0 . 2 coed dQ (if * ■■ 2*iu 0) 

J— 

co** 0 <2 0 

- fV'Sx*. \ir -2n/JS. 



The curve is an ellipse whose centre is the origin, and is shown in Fig. 99. 
y ■■ ± 1 when x -» + 2, and y — + 1/ — + ‘45 when a? — Ol 
Also when y 0, S x* ■■ 2 and ac — ± '82. 


Examples LX. 

1. Find the area of the curve y* — fic* (4 - a?*). 

а. Find the area of y* «- a? 4 (9 - a?®). 

8. Obtain the area between the curve y 1 — x*/(2 a -a?) and its asymptote* 
This curve is called the ciuoid. 

4. Find the area of the curve x <= a cob 9 #, y — b sin 9 #. 

б. Find the area of the ellipse y* — (x - 2) (9-2 a?). 

6. Show that the area between the curve sy* — a* (a -a?) and its asymptote 
is equal to the area of a circle of radius a. 

This curve is called the witch of Agnesi, 

7. Find the area of each loop of the curve x ■■ a sin 2 #, y — h cos#. 

8. Find the area of the loop of ay 2 — 4 ** (a - a?). 

8. Find the area cut off from the parabola y* ■* 16 * by the straight line 
y — Sar. 

10. Also the area between the two parabolas y 1 — 20* and ** — 16y. 

11. Draw the curve (a-x)y 9 — a?*(o + *) ; and find (i) the area of the 
loop, (ii) the area between the curve and its asymptote. 

This curve is called the strophoid . 

18. The rectangular hyperbola **~y*» 3o f divides the circle 
into 3 parts ; find tne area of each part 

v 2 
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13. Find the area of the oral of the curve — (x-~a) (x-5a) % , and find 
its ratio to the area of the circumscribing rectangle with sides parallel 
to the axes. 

14. Prove that the area between the catenary y — a cosh (#/<*), the axes, 
and any ordinate PN is double the area of the triangle PNL, where NL 
is the perpendicular from N to the tangent at P. 

15. Find the area cut off from the hyperbola a?*/o s - y*/b % *■ 1 by the double 
ordinate * -■ 2 a. Find also the area between the curve and the lines 
which join the ends of the double ordinate to the origin. 

16. Find the area of the ellipse a?* + 4y 9 -6a? + 8y + 9 « 0. 

17. Also of Da^ + lfiy 9 — 90a?-64y — 119 ■■ 0. 

18. Find the area of the curve 5 ar 9 + 6 :ry + 2 y 9 + 7 a?+ 6y + 6 ■* 0. 

10. Find the area common to the ellipses a^/o* + y 9 /& 9 — 1 and a?/b* + 1. 

20. Obtain the area of the ellipse whose equation is (y — a?)* — (ac— 1) (3 -a?). 

21. Find the area of the curve a^+y*/ 6 — a*/ 5 . 

[Put x — a cos* 6 t .•. y «* a sin 8 6], 

22. Draw the curve * (x 9 + 4 a 9 ) y -> 8 a 8 , and find the area between the curve 
and its asymptote. 

23. Find the area of the curve x — 2a cos 04a cos 20, y = 2a sin d + a sin 20. 

24. Find the area of the astroid a? a /* + yV 8 ■* a 9 / 8 . 

25. If y — f(x) be a closed curve, show that y — bf(x/a) is also a closed 
curve, whose area is ab times the area of the former curve. 

160. Approximate integration. 

The preceding method of finding an area requires (i) that we 
know the equation of the curve, and (ii) that the equation may give 
y as an integrable function of x. In practical work, a curve is often 
plotted from a number of isolated observations or drawn by some 
mechanical device, so that the equation of the curve is not known. 
Various methods have been devised for finding an approximate value 
for the area of such a curve. Moreover, since the integral of any 
function may be represented graphically by an area bounded by the 
graph of the function and the axis of x, these methods may be used 
to find an approximate value for the integral of a function whose 
graph can be drawn, but which does not yield to any of the ordinary 
methods of integration. 

For instance, if the value of 

the indefinite integral of l/*/(l +* 1 ) in terms of elementary functions, 
and therefore cannot find the exact value of the definite integral by the 
method of Art. 144, but by plotting the curve y* « 1/(1 + «*) carefully, and 
using one of the following methods to find approximately the area between 
the curve, the axes, and the ordinate x ■» 1, we obtain an approximate 

value for J y dx, i. e. for the given definite integral J (1 dx, 

* This is the curve in Question 6, with % and y interchanged, and a replaced 
by 2a. 


J (1 +;r 3 )~i dx be required, we cannot find 
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The simplest and most obvious way of approximating to the area 
between a curve and the axis of x is to draw a number of equidistant 
ordinates, and then, by joining their extremities, obtain a series of 
trapeziums whose areas can be found by elementary geometry ; the 
sum of these areas will be less or greater than the actual area 
according as the curve is concave downwards or upwards. By 
drawing tangents at the ends of alternate ordinates and producing 
these tangents to meet the consecutive ordinates on either side, we 
obtain a number of trapeziums, the sum of whose areas is greater or 
less than the actual area according as the curve is concave downwards 
or upwards. Hence the actual area is intermediate in value between 
the sums of the areas of these two sets of trapeziums. The more 
ordinates are drawn, the more accurate is the approximation obtained, 
and the error involved in the approximation is obviously less than 
the difference between the two sums. 

A more accurate approximation than is possible by this method is 
obtained by the rule known as ‘ Simpson’s Buie \ 

150. Simpson’s Rule. 

Let y l9 y 2f y 3 be the ordinates of three points A , B, and C (Fig. 100), 
whose abscissae are a— A, a, and o + k, and let h be small. 

Suppose y=f(x) to be the equation 
of the curve (the form of the function 
f(x) may not be known) ; let P be any 
point on the curve between A and C, 

whose coordinates are (x 9 y\ 
r*+k 

The area HACL = ydx 

J«— a 
r«+* 

= /(*) dx. 

Ja-* 

Let x = a + 8 ; then as x increases 
from a — h to a 4- ft, e increases from Fig. 100. 

—h to h ; 

the area = J ^/(a + z) de. 

By the extended Mean-Value Theorem (Art. 119), 

/(a+*) = /(a ) + Bf (a) + * /" (a + Og), (i) 

If b is very small, the last term will only differ by a very small 
quantity * from i* a /" (a). 

* If /(*) is a quadratic function of *, say jw>+fl®+r, /"(*) has the constant 
value 2 p for all values of x, and hence in this case the following expression for 
the area is exact, and not merely an approximation. 
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Hence the area =J ^ [/(a) + ef (a) + \t a f" («)] dt, approximately, 

= 2hf(a) + ih»f'(a) 

= i*[6 f(a)+h>rm 

This can be expressed in terms of the ordinates y 1( y 8 , y 8 ; for 
9\ =/(«-*) = /(a) - ft/' (a) +ih*f' (a ) , approximately; 
»«=/(*); 

9a =/(«+*) —f(a)+hf (a) + i h*f' (a), approximately. 

Hence y x + y 8 = 2 /(a) + h*f" (a), andy 1 + 4y J +y, = 6/(o) + **/"(«); 
the area HA CL = $h (y x +4y a +y,). 

If there be any odd number (2»+l) of ordinates, then, applying 
this result to the areas between y x and y 3 , y 3 and y e , y fi and y 7 , 
9 in -i anc * y 2n+ i, we have, as an approximate value for the whole area, 
i* [(yi + 4y 2 + y„) + (y s + 4y 4 +yj) + (y 4 + 4y 6 + y T ) + ... 

+(y an-i+4y a »+y*„ + i)] 

= i*l>i+ya»+i + 2(y 8 +y 8 + ... +y 8 „-i) + 4(y 8 +y4+ ... +y 8o )]. 
This is Simpson’s Buie, viz. : To obtain an approximate value for 
the area, divide it into an even number of strips by equidistant ordinates, 
and multiply one-third of the distance between consecutive ordinates by the 
sum of the first , the last , twice all the other odd ordinates , and four times 
all the even ordinates . Since we found the area of two strips at a time, 
the number of strips must be even and therefore the number of 
ordinates odd. If the curve cuts the axis of x at one or both 
extremities of the area, then one or both of the extreme ordinates 
must be taken as zero. 

Equation (i), when /"(o + 0r) is replaced by /"(a), is of the form 
y =/(a+s) = a+&er + cs 2 , 

which is the equation of a parabola whose axis is parallel to the 
axis of y. Hence just as the method described at the end of the 
preceding article consists of taking the arc joining two consecutive 
points on the curve as a straight line, so the present method consists 
of regarding the arc through three consecutive points on the curve 
as an arc of a parabola. 

As explained in the same article, the method may be used to 
obtain an approximate value for any definite integral, if y u y % , ... 
are the values of the function to be integrated at equidistant intervals. 
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The second of the following examples will show how close an 
approximation may be obtained by the use of it, and also shows 
a convenient way of arranging the calculation. 

Examples : 

(i) A curve is drawn through the points (1, 2), (1*5, 2*4), (2, 2*7), (2*5, 2*8), 
(3, 3), (3*5, 2*6), (4, 2*1) ; estimate the area hetweeen the curve , the axis ofx, and 
the ordinates x — 1, x — 4. 

The distance between consecutive ordinates is *5; hence the area is 
approximately 

- [2 + 2*1 + 2 (2*7 + 3) + 4 (2*4 + 2*8 + 2*6)3 

- i [46*7] - 7‘8 nearly. 

(ii) Find sins; day. 

Divide the range of integration into 10 parts, each equal to the radian 
measure of 9*. 


Then 

y x —sin 0°— 0, y f — sin 9*— *1564345, 

y n — sin 90° — 1, y 4 -»in27°- *4539905, 

2 o£aM(- 5 ' 3187516 ’ -W1068, 

4 dinatae)** } “ 12 ' 7849064 ’ *8910065, 

y 10 -.in81°- -9876883, 

y,— (in 18° » *3090170, 
y.-MaSe'- -5877853, 

y,-»in54 0 - *8090170, 

y,— (in 72°-= 9510565, 

Sum ) 

Sum of \ 

19*098658. of even [-31962266, 

other odd [ -2*6568758, 

ordinates J 

ordinates J 

Hence the approximate value of the integral 


-i 19-098658 - 1000003. - 

The real value is £ — cos op J , which is 1. 


(iii) Find approximately the value of J e“** dx. 


(The function e~ at cannot be integrated in finite terms.) 
Divide the range of integration into 10 equal intervals, each *1. 
Then, from Table X, 


Vi “«° - 1. 

y,-«-“- -9900, 

9608, 

y u -.-i- -3679, 

y t — -9138, 

y,— -8521, 

2 (other odd y’a) — 6*0758, 

y,-«~“- -7788, 

*6977, 

4 (even y’«) — 14*9608, 

-6126, 

y, -(-•*- -5273, 


y 10 -«- n - *4449, 



22'4045. 


Sum of even) 
ordinates ) 


-3*7402, 


Sum of other) 
odd ordinates) 


-3 0379 


Hence the value of the integral is J x *1 x 22*4045 — ‘7468.... 
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An approximation can alio bo made to the value of this integral by 
expanding c~* 9 and retaining a few terms only ; since x is not greater than 
1, the terms will diminish fairly rapidly. E. g. if we neglect terms after 

j : ‘--I t 1 -** 4 in - ?! + £ - it ] *» 




- -7467.... 

Since the terms decrease and are alternately 4* and — , the error in 
this result is certainly 

r tf 11 T 1 fir 31 ! 1 

ITl <te< L6l * 13 J 0 1 ie * K which “ ’ 00 °1* 

The above method may also be used to obtain approximate values 
for such numbers as it and e. For instance, since 

f 1 dx r* dx 

J« T+ 5 > “ 1 ’ “ d J, vTT^S 1 ) = l *’ 

we can, by dividing the ranges of integration into equal intervals, 
and treating the corresponding values of the functions as above, 
obtain approximate values for and 


Also since 


r t =,o8 ‘ 


2, we can in a similar manner obtain an 


approximate value for log* 2, whence e can be found, since 
log* 2 = log 10 2/log 10 e (Art 91). 

This gives log 10 e, and e is then found from a table of common 
logarithms. 


157. Mean values. 

If the range b— -a be divided into n equal intervals, the values oi 
a function /(a?) when a?=a, a + A, a + 2A, ... a + (f»— -l)b, are 

f(a\ /(o + h), /(a + 2 7*), ... /{a + (w— l)h} respectively, 
and the arithmetic mean of these values is 

[/(«)+/(«» + »)+ ... +/{«+(i»-l) »}]/•». 

Since nh = b— a, this may be written 

*[/(a)+/(a + 7i) + ... +/ [a + (n— 1) ft}]/(b— a). 

The limit to which this arithmetic mean tends, as n is indefinitely 
increased, is called the mean value of the function over the range 
* = a to x aas b. By Art. 143, this limit is 
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Geometrically, J f(x) dx is the area 

HABK (Fig. 101), and b—a is HK\ 
therefore the mean value is represented 
by the height of the rectangle on the 
base HK t which has the same area as 
HABK \ It will evidently be equal to 
the value of the function at some point 
M within the range. (See Theorem VI, 
Art 146.) 



H M a 

Fig. 101. 


Examples: 

(i) The mean value of sin x between x — 0 and x — it 


-it 


sin x dx — - -■ '6366. 

7T 


(ii) The mean value of sin 1 x between x — 0 and x — ir 

1 f* • i ^ 2 ft* . _ ^ 2 1 7T 1 

■J, rrJ o tr 2 2 2 

The latter integral ia important in the theory of alternating currents in 
Electricity. 


If the quantity whose mean value is required can be expressed as 
a function of one or other of several variables, it is important to 
notice which is the variable to which equal increments are given. 


(iii) A particle is projected vertically upwards with velocity of 80 feet per 
second ; find the mean value of the velocity up to the highest point . 

The velocity may be considered as a function of the time, or of the distance 
from the starting point. 

(a) For equal increments of time . The time to the highest point is 2$ 
seconds, and v — 80 — 32 1 giveB the velocity at any instant. 

the mean velocity -* ^ J (80 — 32 1) dt ■» § ^80 1 — 16 

- } [200-100] - 40 ft secs. ; 

which is obvious, a priori , since the velocity decreases uniformly as the time 
increases. 


(b) For equal increments of distance . The total distance is 100 feet, and 
e 1 6400— 64 s gives the velocity at the height s above the point of 
projection. 

the mean velocity — rfu J <*/(6400 - 64 s) ds ■* x8u J -^(100-#) ds 
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(ir) A quantity of steam expand* so that it follow* the law p v* «■ 1000, 
p being measured in pound* weight per square inch ; find the mean pressure 
as t increases from 2 to 5 cubic inches . 

Hare p — lOOOtf and the inereaae in volume — 8 cubic inches ; 

/. the mean pressure ■■ 1000 eT^ do -» 

— [5^-2^] — 885 lb. wt. per sq. inch, nearly. 


Examples LXI. 


Find approximate values for the following definite integrals 1-4: 


‘•J.‘ 


l. V(1 +<*)dx. 


■f 


log(l + sinap)daj. 


a. f* 

p^ sin x 


dx* 


5. Find an approximate value for rr by applying Simpson's Rule to the 


integral J (see end of Art. 156). 

6. Find an approximate value for n from 

7. Find an approximate value for log, 2, and thence for e , from 

8. Find the mean value of + 3 x) from a?—l to « — 5. 
8. Also of 1/a? from x — 1 to a? ■» 10. 


o 7( i-vr 


f 


a? -1 dar. 


10. In simple harmonic motion, « ■» a cos nf. Find the mean value of the 
velocity during one quarter of a complete oscillation (i) for equal 
intervals of time, (ii) for equal intervals of distance. 

Find also the mean values of the acceleration. 


11. Show that, in simple harmonic motion, the mean kinetic energy, with 

respect to the time, is half the maximum kinetic energy. 

12. Find the mean value of the ordinate of a semicircle of radiuB r when 
taken at equal intervals, measured (i) along the diameter, (ii) along 
the aro. 


18. A quantity of steam expands and follows the law pv v * « 500; find the 
mean value of the pressure as v increases from 3 to 8. 

14. Find the mean value of 10 sin 250 1 as t increases from 0 to rr. 

15. Find the mean value of C a where C — 10sin4<, when 4 1 increases 
by 2 it. 

16. Also where C -■ a cos ( pt + a) when pt + a increases by 2 tr. 

17. Find the mean distance of points on the circumference of a circle from 
a fixed point on the circumference. 

18. A number a is divided into two parts ; find the mean value of their 
product. 

19. Find the mean value of the ordinates of the parabola y* *» 4 a# from 
flt—0 to s*4a, 
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20. Find the mean value of the positive ordinates of the ellipse «•/«* 4 **/&*— L 

SI. The radius of a circle rotates uniformly about the centre ; find the mean 
value of the ordinate of its extremity. 

82. Find the area of a curve in which successive ordinates at intervals of 
'2 inch are 8*5, 8*2, 2*8, 2*9, 8*8, 8*6, 4 inches. 

29 . Equidistant ordinates of a curve are 4*2, 4*55, 4*9, 5*17, 4*8 inches; 
estimate the area between the extreme ordinates, which are 3 inches 
apart 

24. Use Simpson’s Rule to find the area between xy — 12, the axis of as, 
x — 1, x mm 4 ; and compare the result with the area found by 
integration. 

29 . Find, if h -■ *2, the value of J* n 5 #) ^ **£ ure * 

VOLUMES 

158. Volumes of solids of revolution. 

The volume of a solid of revolution was defined in Art. 14 (4), and 
some simple cases have already been considered in Art. 81. 

As, in Fig. 96, the Area AEKB is the limit of the sum of all 
the rectangles such as PJV, so, if the curve APB rotates about the 
axis of x and thereby forms a solid of revolution, the volume of this 
solid is the limit of the sum of the cylinders generated by the 
rotation of these rectangles, i.e. the volume 

= Lt 2 (w PM 3 . MN) = Lt Z =>J* ir y* dx. 

Examples : 

(i) Find the volume formed by the rotation of one arch of a cycloid about 
its base . 

The volume 

r r2ir m dx r^w 

■■ I n y 9 dx -» I iro* (1 — cosd)*a(l -co§d)dd 

f2ir 

(1 — 3cob 0 + 8co» 2 d-coB s d)dd. 

Now 

P2 ir ^ [Zn r§fr f2ir 

coiddd"">0; cob , 0<£0®4 cos^dd—Tr; cob*0 dO**Q\ 

(Theorem V, Art. 146.) 

•\ the required volume ••Tro , [2rr-0 + 37r-0] — 5 n 9 a\ 

The volume of a solid of revolution may be found in a similar 
manner, if the curve rotates about a straight line parallel to one of 
the axes of coordinates. 
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(ii) Find flu volume generated by the rotation of the figure hounded by 
a quadrant of a circle and flu tangents at its extremities about one qf these 
tangents. 

It is more important that the equation of the rotating circle be written in 
its simplest possible form, a? +y* ■« a 1 , than that the axis of the solid should 
be one of the axes of coordinates ; hence let its centre 0 be taken as origin. 



Let AC (Fig. 102) be the tangent about which the quadrant rotates ; and 
let MP, NQ be the perpendiculars to this tangent at the ends of the small 
interval MU'. 

Then the volume required ■* the limit of the sum of the cylinders formed 

by the rotation of rectangles PN about AC 


Let x 


- L t Sn PM * . M N - Lt 2 tr (o - a?) 1 1 0 y 
J nr (a— x) 7 dy. 

a cos 0, y — a sin 0 ; then the limits for 0 are 0 and |ir. 
•\ the volume — J 7ro*(l ~coB0)'acouB dB 




[cob 0 — 2 cos 1 0 + cos* 0J dB 


= *ra # [l— 2 . $ . Jjr + |] 
-Jir^-jTrV 
» J7ro®(10 — 3»r). 
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150. Volume of any solid* 

If the solid be divided up by planes perpendicular to the axis of x 
at distance lx apart, and if A be the area of the section by the plane 
which is at distance x from the origin, Abx is the volume of the 
cylinder of base A and thickness lx, and the volume of the solid will be 
the limiting value of SAfia?, L e. fAdx taken between proper limits. 

In Art. 158, A = vy 1 ; in some cases, A can be found in terms 
of a; by an integration, and then a second integration will give the 
required volume. As examples of this method, we will take the 
following: 


Example* : 

(i) Find the volume of a cone of height h standing on an elliptical baee whose 
semi-axes are a and b. 

The equation of this ellipse, referred to its axes as axes of coordinates, 
is x*/a? + y*/6* -* 1 [p. 19]. Its area *= 4 f \j dx. Taking the coordinates 


of a point on the ellipse in the form x =* a cos0, y — hsind [Art. 50], the 
limits for 0 are \ ir and 0, hence the area 


-4f° b si 


sin 0 x — a sin 6 dB 


-W*' 


j. 


sin* 6dd^±db.\.\n*mTr ab. 


Next, taking the perpendicular from the vertex of the cone to its base as 



axis of x , the area A of a section perpendicular to OX (Fig. 103) at distance 
x from O is to the area of the base as x * : h* ; i. e. A n ab x*/h\ 
the volume of the cone 

-j'Ad*. ^ £ **<**- -~£.ih*-inabh. 

(ii) Find the volume of an ellipsoid, i. e. a solid figure such that the section 
by any plane parallel to the plane X0Y t or perpendicular to either OX or OY f 
is an ellipse. 
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Let a, b be the semi-axe t OA t OB (Fig. 104) of the seotion by the plane 
XOT ; a, e the semi-axes OA , OC of the section by the plane through OX 
perpendicular to 07 ; therefore b , c are the semi-axes of the section by the 
plane through OY perpendicular to OX. a, b, e are called the axes of the 
ellipsoid. 

Consider the section PQ by a plane perpendicular to OX at distance x 
from O . The area of this section is, by the preceding example, rr PM . QM . 

Since P is a point on the ellipse AB , it follows that jc*/a a + MP*/b 9 mm 1 ; 

MP — l*/(a * -*•)/«. 

Since Q is a point on the ellipse AC t it follows that x*/a' + MQ 9 /c 1 -• 1 ; 

MQ — c y^a 1 — a?) fa ; 
hence the area of the section PQ — irbc(a* -a?)/a\ 

Therefore the volume of the ellipsoid 

—J ( 0 *-**) dx 

- “9-1 (a 1 -* 1 ) dx - —-(a'-la*) -^rrdbe. 

In some cases an approximation may be made to a volume by the 
use of Simpson’s Buie. If, in Art 156, y l9 y 2 , ... denote the areas 
of the sections A lf A % , ... of a solid at equidistant intervals, the 
application of the rule will give an approximate value for f A dx 9 
the volume of the solid between the extreme sections. 

If three sections only are taken, via. the extreme sections A lf A 3 
and the section A t midway between them, Simpson's Buie gives the 
volume as £ A (At + 4 A, + A,), a rule which is sometimes used in 
Mensuration. 
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(iii) Five equidistant section* of a solid are circles of circumferences 86, 42, 
46, 50, and 52 inches^ their common distance apart being 6 inches; find the 
volume between the extreme sections . 

If r be the radius of the first section, 2 nr mm 86 ; /. r <— 18/tt, and tbe 

area nr 9 mm 324/* sq. inches. Similarly, the areas of the other sections are 
441/*, 529/*, 625/7 r, 676/* sq. inches. 

the Yolume - * . 6 [824 + 676 + 2 . 529 + 4 (441 + 625)]/* 

— 2 x 6322/* — 4025 cubic inches, nearly. 


Examples LXII. 

1. The loop of the curve ay 9 — a? 9 (a — x) rotates about the axis of w; find 
the volume of the solid formed. 

2. Find the total volume generated by the rotation of the curve 
<* 9 y 9 — x 9 (a 9 — x*) about the axis of x. 

8. A segment of a parabola cut off by a double ordinate perpendicular to its 
axis rotates about the tangent at the vertex ; find the volume generated. 

4. The same segment rotates about the double ordinate ; find the volume 
generated, and its ratio to the volume of the circumscribing cylinder. 

5. Find the volume formed when one semi-undulation of the curve 
y mm b sin (x/a) rotates about the axis of x. 

0. From an extremity B of the latus reotum of the parabola y* — 4 ax t BK 
is drawn perpendicular to the axis of y ; find the volume formed by 
the rotation of OBK about BK. 

7. Find the volume of the solid generated by the rotation of the curve 
xy* mm a % (a - x) about its asymptote. 

8. The arc of a quadrant of a circle rotates about its chord ; find the volume 
formed. 

8. Find the volume formed by the rotation of (a - a?) y 9 ■» ac® about its 
asymptote. 

10. The curve x — a cos*d, y ■■ a sin 9 d rotates about the axis of x; find 
the volume formed. 

11. One-half of one areh of a cycloid rotates about the tangent at the 
highest point ; find the volume generated. 

12. Find the volume formed when one arch of a cycloid rotates about its 
maximum ordinate. 

13. Find the volume formed when the figure bounded by the axis of the 
catenary y -■ c cosh (x/c), and the ordinates x mm + c rotates about the 
axis of x . 

14. The common j>art of the two parabolas y 9 -» 4 ax and rotates 

about the axis of x ; find the volume of the solid formed. 

15. The curve * ar — o (log cot J d — cos d), y — a sind rotates about the axis 
of x 9 which is an asymptote ; find the volume generated. 

* This ourve is called the tractnx. It is the path of a heavy partiele A drawn 

along a rough horizontal plane by a string AB, when the end B of the string is 

made to move in a straight line which does not pass through A* (See 

Ex. XVII. 18.) 
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10. A circle of radios r rotates about a tangent ; find the volume of the 
resulting solid. 

17. Find the volume formed when the figure bounded by the curve 
y — a Bin (x/b) f the axis of y and the fine y — a rotates about the 
axis of y. 

18. Show that the volume formed by rotating y — > e~ m (from to 

x » oo ) about the axis of y is four times the volume formed by rotating 
it about the axis of a?. 

19. Find the volume obtained by rotating the figure bounded by xi + yi — at 
and the axes about one of the axes. 

20. Find the volume obtained by rotating the oval part of the curve 
a? 1 y 1 tm a (x — a) (x — 6) 1 about the axis of x . 

21. The circle (x - a) # + (y - b)* — r\ (r< b ), rotates about the axiB of x\ 
find the volume of the solid ring thereby formed. 

22. Frove that the volume of a cone or pyramid of height h t which stands on 
a base of area A, is 

23. Five equidistant sections of a barrel are circles of circumferences 80, 90, 
96, 90, and 80 inches respectively, their common distance apart being 
1 foot ; find the volume of the barrel 

24. The bounding sections of a solid are ellipses (perpendicular to its axis) 
with semi-axes 4, 6 inches and 10, 12 inches respectively, the middle 
section is an ellipse with semi-axes 8, 10 inches, and its length is 
9 inches. Find its volume. 

25. A square with a semicircle described upon one of its sides rotates about 
the opposite side ; find the volume generated. 

20. The smaller of the two portions into which an ellipse is divided by its 
latus rectum rotates about that latus rectum ; find the volume generated. 

27. Find the volume generated by the rotation about the line x mm 4 of the 
figure bounded by this line and the curve y a ■= a?. 

28. A sector of a circle, radius r, of angle 60° rotates about its middle radius ; 
find the volume formed. 

29. An isosceles triangle rotates about an axis through its vertex parallel to 
its base ; find the volume generated. 

30. A quadrant of a circle rotates about a line through the centre of the 
circle, parallel to the chord which joins the extremities of its arc ; find 
the volume generated. 

LENGTHS OF CURVES 
160. Lengths of curves. 

The length of an arc of a curve has already been defined in Art. 14 
as the limit of the perimeter of an inscribed polygon, when the sides 
are all indefinitely diminished. The process of finding the length of 
a curve is often referred to as the rectification of the curve. Some 
simple examples were worked out in Art. 82 from the fact that 

ds/dx = -/[l + {dy/dx)*\ 
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If P and Q be two consecutive angular points of the inscribed 
polygon, whose coordinates are (x, y) and (x+lx, y+ Jy), 

PQ= '/[(8x) , +(«y)*] = txV[l+(Zy/bz)*]. 

Hence the length s of the arc between two points whose abscissae 
are a and b 

-mtre-L, 2;;: V[ 1+ <£>>-JM 1 + (e)> 

since it follows from the mean-value theorem (Art. 116) that by /lx 
is equal to the value of dy/dx at some point between P and Q, and 
it was mentioned in Art. 144 that, in the definition of the definite 
integral of a function, it was sufficient to take the values of the 
function at any points within the successive intervals. 

Similarly, the length of the arc may be expressed as 

J." 4. i+ (fJ} d * 

where a f and V are the ordinates of the extreme points of the arc. 

If the values of the coordinates x and y are expressed in terms of 
a third variable 0, it follows in the same way that 

9-4(h) ,+ (S)*]- 

and therefore the length of the arc is equal to 

Wt<£>**(SS)> • 

taken between suitable limits for 0. 

In only comparatively few cases can the integration be effected 
in finite terms of such functions as have hitherto been considered. 
Even in the case of the ellipse, the resulting integral can only be com- 
pletely evaluated by introducing and investigating the properties of 
a new class of functions known as elliptic functions . The integral 
obtained for the length of an arc of an ellipse is called an elliptic 
integral (the name being due to the fact that the rectification of the 
ellipse was the first problem in which such integrals presented 
themselves). 

In some cases an approximation to the length of an arc may be 
made by the use of Simpson's Buie by taking equidistant values of 
ds/dx or ds/dy. 
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Example* : 

(i) Find the length of the are of the parabola j*-4n from the vertex to 
any point (x lf j y ) on the curve. 

In this case it is best to take y as the independent variable. 

Since y* -* 4 ox, we have 2y ■« 4 a dx/dy ; dx/dy -■ y / 2 a, 

- ^ [j y v/( 4 *’ + y«) + i • 4 o’ Bmh- 1 £] * (Art. 189) 

— ^ J^y,v'(4i» , +y x , ) + 4« , Hiih- 1 J~j, since Binh' 1 0 — 0. 

For instance, the length of the arc from the vertex to an extremity of the 
latus rectum, where y, is equal to 2 a , 


^ [2 a */(8 a 1 ) + 4 a 1 sink” 1 1] — a ( </2 + sinh“* 1) 
- a (1*414. . + -881 . .) - 2*295 . . . . a. 


(ii) Find the length of the arc of a quadrant of an ellipse. 

The coordinates of any point on the ellipse can be expressed in the form 
x *= a cos 0, y ■■ bsin 0 (Art. 50). Therefore 
(ds/d<p) % -(dx/d<f>)* + {dy/d<t>)' - a* sin 1 0 + b 1 cos 1 0 

—a 1 - (a* — &*) cos* 0 — a 2 — a* s* cos* 0 (p. 19) ; 

8 mm fa (1 — «* cos* 0)1 d 0 between suitable limits. 

Measuring e from the end A of the major axis where 0 — 0, # increases 
with 0 ; therefore ds/d<t> is +. At the end B of the minor axis, 0 — Jtr ; 
hence the values of 0 at the extremities of a quadrant are 0 and J n, and the 

length of the arc — a J (1 - e* cos* 0) 1 / 1 d 0. 

This integral cannot be found in terms of functions hitherto considered, 
but an approximate value can be obtained by expanding (1 — e*cos *0) 1 / 1 by 
the binomial theorem and retaining a few terms only. If the series converges 
rapidly, a good approximation is easily obtained. 

(l-e*co» , <£)t — l-i«’ cob’ 4> + •* cos 4 <{> - — ^cob'^ + ... 

1 - \ s* cos 1 0 - J s 4 cos 4 0 — A e* cos* 0 — .... 

This series satisfies the conditions under which an infinite series can be 
integrated term by term. Assuming this fact , we obtain, by integrating 
each term between 0 and J rr, the length of the arc 

In the ellipse, e is always < 1, and the terms diminish rapidly. E. g. if 
the semi-axes are 6 and 10 inches, «* » 1 — b*fa % -» *64, and the length of the 
arc - | rr . 10 [1 - *16 - *0192 - *0051] - 5 ir x *8157 

■■ 12*8 inches approximately. 
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Examples LXIH. 

1. Find by integration the length of the circumference of a circle* 

3. Find the length of the arc of the parabola y a — Ax from the vertex to 
the point (9, 6). 

8. Find the length of the arc of the curve oy 1 ** x 3 from the origin to 
the point whose abscissa is { a. 

4. If 9 be the length of the arc of the catenary y = e cosh (x/c) from 
the vertex to the point ( x f y), show that 

6. Find the length of the curve y — c” from y ■» { to y ■> $. 

6. Find the total length of the astroid x — a cos 3 6, y — a sin 3 A, 

7. Prove that the area between the catenary y ■* ccosh (x/c), the axis of a? 
and the ordinates of two points on the curve is equal to ca, where s ie 
the length of the arc intercepted between the two points. 

8. Express the length of one semi-undulation of the curve y — b sin (x/o) 
as a definite integral. 

0. Find the length of the loop of the curve 8 <*y a — * (x — a) 3 . 

10. Calculate the perimeter of an ellipse whose major axis is 15 inches in 
length and whose eccentricity is J. 

11. The axes of an ellipse are 10 and 20 inches ; find its perimeter. 

12. Show that in the curve xV*+y*/ s « a 3 / 3 , if « be the length of the arc 
measured from the axis of y, t 3 oc x 3 . 

18. Find the length of the curve y — log cos x from x — 0 to x } it. 

14. Find the total length of the curve (x/o)V* + (y/5) a / 8 1. 

15. The eccentricity e of an ellipse is small ; prove that the perimeter is 
2jra(l— Je 1 ), nearly. 

16. Find the length of the curve x 2 a cosd-a cos 2d, y— 2asin£— a sin 2d 
from 0 — n to 6 -■ Ot. 

17. Find the length of the curve y ■■ log[(s" + l)/(^-l)] from x-»a to 
x ■■ 2 a. 

18. A curve is given by the equations x-=a(cosd + 0sin0), y=o(sind— dcosd); 
find the length of the arc from 6 — 0 to 0 -■ a. 

19. Find r by Simpson's Rule, the perimeter of the ellipse in Ex. (ii), Art. 160. 

20. Find approximately the length of the aro of the hyperbola xy «■ 12 
from x ■» 1 to x — 4. 


AREAS OF SURFACES 
161. Areas of surfaces of solids of revolution. 

If in Fig. 96 (p. 287) the curve AB rotates about the axis of z, the 
straight line JPQ generates a frustum of a cone ; the sum of the areas 
of all these frusta tends, when bz — ► 0, to a limiting value which is 
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defined as the area of the curved surface of the solid (Art. 14). It 
has been shown (p. 44) that the area described by PQ 

— PQ x circumference of circle described by middle point of PQ 

= PQ.2*-(y+|8p). 

the area of the surface formed by the rotation of AB 
= Lt2PQ.2ir(y+*8y) 

= Lt 2 (PQ/hs) 2ir (y + i 8y) 8a 

= J '2iryda, since PQ/&s—*l and y+\by— *y, 

where S x and s 3 are the lengths of the arc measured from some fixed 
point on the curve to A and B respectively. 

i. e. area of surface = J 2iry^l + J dx (Art. 82). 

If it is more convenient, this may be expressed as 

W[ i+ (|)> 

between suitable limits. 

As with volumes, the area of the surface can be found in a similar 
manner, if the curve rotates about a line parallel to one of the axes. 
In some cases, too, Simps on*B Rule may be used, circumferences 
being taken of sections at equal distances measured along the arc of 
the generating curve. 

Sometimes it is more convenient to express both y and s in terms 
of some other variable 0. 

Examples: 

(i) Find the area of the curved outface formed by the rotation of a quadrant 
of a circle about the tangent at one extremity of it. 

Referring to Fig. 102, we have, since PQ ■» a 50, the area of the surface 
-B Lt 2 (2 7T MP. PQ) rnm Lt 2 2 7T (a — x) a dd 

■■ J* 2tra(l-cos0)od0 — 2?ra 9 J* (1-co uG)dd 

- SireVifr-l) — *r(*r-2) a\ 
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(ii) Find the area of the whole outface of a sphere , and the area intercepted 
between two parallel planes . 

Let the sphere be formed b y the rotation of the circle -f y* «* r* about the 

axis of x. If $ be the inclination of the 
radius OF (Fig. 105) to the axis of x , 
the coordinates of P are (rcosd, r sind), 
and the length of the aro § from A to 
Pis rO . 

The whole surface is twice the surfaoe 
generated by the rotation of AB 


J » _ dm 

. 'T.« 


-j: 

f*"- Cirr 

-r4irj rsind.rdd«4Trr*J sin 6d6 



* 4irf*. 

If the area intercepted between two 
parallel planes HIT and KK' be required, 

and if (X and 0 be the inclinations of OK and OH to the axis of x , this area 

sin d dd «* 2 TrHfcosa — cos/3) 

— 2»rr(rcosa— rcos/3) — 27rr(OL- OP) — 2 nr.FL. 

This is equal to the area intercepted by the same two planes on the 
cylinder with axis OA circumscribing the sphere. (See also Art. 14.) 


(iii) Find the area of the surface of the solid formed by the rotation of one 
arch of a cycloid about its base . 

In the cycloid, y ■■ a (1 - cos B\ ds/d6 ■» 2 a sin J 6 (Art. 82) ; 

f9»r ds f2»r 

•\ the area required —j 2rry-~dd — J 27ro(l — cosd) . 2asinjd d$ 

-»4n-a l J 2 sin* Id. sin (0 dd-» 

Let \6 mm <j> • the limits for 0 are then 0 and *r y and d Bid <f> — 2. 

•*. the area ■>» 8 fra 1 . 2 J sin* <pd(f> -» 32*0* J** sin 8 <p d$ 

■■ 82 »r a* . J «* y »r a*. 



Examples LXIV. 

L Find the area of the surface of the solid formed by the rotation about 
the axis of x of the parabola y 2 ■■ 16 a? from * — 5 to x — 12. 

2. Find the area of the curved surface of the belt of a sphere of radius 
1 foot between two parallel planes at distances 8 and 9 inches from the 
centre. 

3* Find the area of the surface generated by rotating one arch of a cycloid 
about the tangent at its vertex (Le. the middle point of the arch). 
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4. Find the area of the surface generated by the rotation of the cycloid 
about its axil. 

5. Obtain the superficial area of the solid formed by rotating about the 
axis of y the curve ay 8 « z? from x m 0 to a?" 4a. 

0. Find the area of the surface obtained by rotating a circle of radiua r 
about a straight line in its plane at a distance a (>r) from its centre. 

7. Find the area of the surface generated by rotating a quadrant of a circle 
about the tangent at its middle point. 

8. The arc of a quadrant of a circle rotates about its chord; find the area 
of the surface thereby formed. 

9. Find the area of the surface formed by the rotation of the astroid 
ar 8 / 8 + y 8 / 8 — « 8 / 8 about one of the axes. 

10. The arc of the catenary y*=« cosh ( x/c ) from x — 0 to x «■ c rotates 
about the axis of y ; find the area of the surface formed. 

11. Find the area of the surface of the prolate spheroid obtained by rotating 
the ellipse a? 8 /a® 4 y*/6 2 « 1 about its major axis. 

First prove that (ds/d d)*«=a® (1-s* Bin*#), where (asind, i cos 6) are 
the coordinates of a point on the ellipse, and integrate by putting 
e sin 6 Bin (p . 

12. Find the area of the surface of the oblate spheroid formed by rotating 
the ellipse z?/a % + y*/b* ■» 1 about its minor axis. 

13. Th<f arc of the parabola y 8 - 4 ax cut off by the latus rectum rotates 
about the tangent at the vertex ; find the area of the surface described. 

14. Find the area of the surface produced by rotating about the axis of x the 
arc of the rectangular hyperbola y® » z? 4*2 a* from x — 0 to x ■* u. 

15. The arc of the catenary y ■■ c cosh {x[c) between x ■* -e and x ** e 
revolves about the axis oi x ; find the area of the surface generated. 

10. Find the area of the surface formed by the rotation about the axis of x 
of the loop of the curve 3 ay® » * 

17 . The part of the curve y " s* from x 0 to oo rotates about 
the axis of x ; find the surface described. 

10. The curve x «■ a (log cot 6 — cos 2d), y * a sin 2 6 rotates about the 
axi s of x y which is an asymptote of the curve ; find the area of the surface 
generated. 

19. Find, by Simpson’s Rule, the area of the surface of the solid described in 
Ex. LXII. 23, the common distance of 1 foot being measured along 
the arc. 

20. Find, with a similar modification, the surfaoe of the solid in Art 159 # 
Ex. (iii). 
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POLAB EQUATIONS 

102. Plotting of cur yob from polar equations* 

If the equation of a curve be given in rectangular coordinates, it 
can be transformed into polar coordinates by making the substitutions 

x = r cosd, y = r sin 0, x*+y 2 = r 2 (p. 28). 

In the case of several important curves, the polar equation is 
much simpler than the Cartesian equation. 

Examples : 

(I) The Lemniseate . 

The Cartesian equation of a well-known curve called the Lemniseate of 
Bernoulli ii (x* + y 9 ) 9 — o* (x # — y 1 ). It would not be veiy easy to plot the 
curve or develop iti properties from this equation, but, transforming to 
polars by aid of the above substitutions, we get 

(r*)* - a* (r* cos 1 0 — r 1 sin* 0) 

Le. f* »» a* (cos 1 0 - sin* 0) » a* cos 2 0. 



Fig. 106. 


By the aid of this equation the curve is easily drawn, and the lemniseate 
affords a good illustration of the way in which the form of a curve is deduced 
from its polar equation. 
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In the first place, a change in the sign of B does not alter the equation, 
since cos (— a) ■* cos tt; this shows that the curve is symmetrical about 
the initial line OX Again, if B is increased by tt, cos 2 B becomes cos (20+ 2rr), 
which is the same as cos 2d; since the equation is unchanged when the 
radios vector makes half a complete revolution, it follows that the curve is 
symmetrical about the origin. Hence it only remains to plot it from 0 ■■ 0 
to 0 « } it. When 6 -» 0, r is numerically equal to a, and as 6 increases 
from 0 to }ir, r decreases from a to 0 ; as 6 increases from £ir to cos 2d 
is — ; therefore r* is — , and ris imaginary. 

Hence, if the angles between the rectangular axes be bisected by the 
straight lines AO A' and BOB', the curve consists of two equal ovals in the 
angles AOB and A'OB * which are bisected by XX' (Fig. 106). 


(ii) The Cardioid. 

This curve has the equation r«=a(l + cos^), and is of importance in 
Optics. As in the preceding example, it is symmetrical about the initial line 

OX. As 6 increases from 0 to \ir t 



Fig. 107. 


r decreases from 2 a to a; as B in- 
creases from J tt to t r, r continues to 
decrease from a to 0. Hence its Bhape 
is as indicated in Fig. 107. 

From the equation of the curve, 
and the equation of a circle obtained 
on p. 23, it is easy to see a simple 
geometrical construction for the curve, 
r ■» a + a cos 0, and a cos B is the 
radius vector of a point on a circle 
of diameter a\ therefore, if from 
a point O on a circle chords OP* are 
drawn and points P are taken on these 
chords produced at a distance a from 
the oircumference, the locus of the 


points P is a cardioid. 

If the equation be given in the form r ■■ a (1 — cos 6), the graph is the 
reflexion in the axis of y of the curve shown in the figure. 


Examples LXV. 

Draw roughly the curves in Examples 1-12 : 

1. r«2 + cos0. 2. r = a0. 8. r«acos20. 4. r— 1 + 2 cos 0. 

5. r— a sin 30. O. 7. r0 = a. 8. r==acoB30. 

8. r - a sin 2 0. 10. r ■■ 2 a sin 6 tan B . 11. r 4 = a % cos 0.* 

12. r — o sec 0 + & : (i) when a >b, (ii) when a ■* b, (iii) when a<b . 
18. Transform y* (2 a-*) ■■ as 5 to polars. 

14. Find the polar equation of a rectangular hyperbola. 

18. Find the polar equation of a parabola. 
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168. Angle between tangent and radius vector. 

Let (r, 6) be the polar coordinates of a point P (Fig. 108) on the 
curve, and (r+5r, 0 + 6$) the coordinates of a neighbouring point Q ; 
therefore the angle POQ = bd* 



Draw PM perpendicular to 0Q. 

MP r sin 60 sin bd bO bs 
Then am OQP = “ ~PQ~ ~ r ~bd~ * 6s x PQ' 

When Q moves along the curve and approaches indefinitely near 
to P, the limiting position of PQ is the tangent at P, and the angle 
OQP becomes the angle between the tangent at P and the radius 
vector OP. This angle is usually denoted by <f>. 

Now Lt (sin bO)/bQ = 1, Lt bs/PQ =1, Lt bO/bs = dO/ds ; 

dO 


. ultimately 
Similarly, 


sin (p = r 
cos OQP = ^ 


da 

OQ-OM 


PQ~ PQ 
r + br—r cos t0 


is 


St 

*PQ 


>(1— cos80) 8rT ba 
ba + faJPQ* 


ultimately cos <£ = ^0 + X 1 
since it follows from Art 13 (10) that 

L. 


r (1— cos 60) 
~b~s 


L I — cos bO bO - dd A 
t r -~ W~ -st-rxOx^sO; 


ba 


da 


Similarly it may be shown that tan <f> = r~ 
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The last result e&n also be deduced as follows: 


, . sin <j> d$ ds 

tan <f> = — x = r ~r * 

cos <t> ds dr 

Again, Since see 2 (f> = 1 4* tan 2 <£, and 


= (Art. 34.) 

eosec 2 </>==! + cot 2 


it follows that 






Examples : 

(i) Prove that in the eardioid r — a (1 — cos 6) the angle between the tangent 
and the radius vector ie half the vectorial angle . 

We have dr/d 6 «■ a sin 6 ; 


whence 


tan <p 


dS a (1 -cog $) 2gin»|tf _ 

dr ™ a sin 0 ** 2 si a | ~6 cos ) S * * 

4>~i8. 


(il) I£\nd the polar equation of the curve in which the inclination of the tangent 
to the radius vector ie constant. 

Let the tangent be inclined at an angle <X to the radius vector ; 
then tan (X — rd6/dr t dBjdr *- (tan a)/r, 

whence 6 — log r . tan OL + C. 



Let the curve cut the initial line from which 6 is measured at distance a 
from the origin, i. e. let r » a when 6 -■ 0. 

Then 0 ■« logs . tana + C, and C— -logo, tana; 

$ -■ tana (log r- log a) 

i. e. 6 cot a — log (r/<*) t whence r ■■ ae* ®°t a . 

This curve is called an equiangular spiral (Fig. 109). 
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164. Perpendicular from origin to tangent* 

If p be the perpendicular from the origin to the tangent and u 
the reciprocal of the radius vector, to prove that 



Since (Fig. 110) p = r sin <f> 9 we have 



If a perpendicular to OP through 0 meet the tangent and normal 
at P in T and G respectively, OT and OG are sometimes called the 
polar subtangent and polar subnormal. 


Evidently the polar subtangent = r tan <f> = r 2 dO/dr, 
and the polar subnormal =■ r cot 4> = dr/dO, 


165. Tangential-polar or p and r equation. 

If r be the radius vector of a point P on a curve, and p the perpen- 
dicular from the origin to the tangent at P, the equation which gives 
the relation between p and r is called the tangential-polar or p-r 
equation of the curve. In many curves this relation takes a very 
simple form. 

The tangential-polar equation can easily be deduced from the 
ordinary polar equation. It was shown, in the preceding article, 
that 



By eliminating 0 between this equation and the polar equation of 
the curve, the tangential-polar equation is obtained. 

In a few cases it can be obtained quite easily geometrically. 

It is obvious at once that the equation of a circle is p — r, if the oentre be 
taken as origin ; the equation of a straight line is p ■» constant ; that of an 
equiangular spiral (Art. 168, Ex. (ii)) is p «■ rsin a u 
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Again, if P (Fig. Ill) be any point on a circle, ON the perpendicular from 



a fixed point 0 on the circumference to the tangent at P, and OA the 
diameter through O t the triangles ONP ; OPA are similar. 

ON/ OP ** Or/OA , i. e. p/r *= r/2 a or r* ■= 2 ap. 



In the parabola, it is easily proved that the perpendicular from the focus 
to a tangent meets it on the tangent at the vertex. 

The triangles ASY, YSP (Fig. 112) are similar ; 

m AS/SY m SY/SP; i.e. a/p « p/r or p 1 » an 
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In the ease of the ellipse, It is a well-known theorem that the rectangle 
contained by the perpendiculars SY, £'F'(Fig. 113) from the foci to any 
tangent is equal to b\ 



The triangles SPY, SPY ' are similar ; hence, taking the focus S as origin, 
i> 9 SY.SY ' S'Y ' S'P AA’-SP 2a-r 2 a 
p %BM SY ■ * SY “ SP " SP “ r ” r 


Similarly, the corresponding equation for the hyperbola is 


V_ 

P* 



+ 1 . 


As examples of the way in which the tangential-polar equation 
can be deduced from the polar equation, we will take the lemnisc&te 
and the cardioid. 


In the lemniscate, r 9 * a 9 cos 2 0 (Art. 162). Differentiating with respect 
to 0» 2 r dr/dQ — — 2 a 9 sin 2 6 ; 

/dr\ 9 a* sin 9 2d a 4 (1 — cos* 2d) & a 4 — r 4 
A \d0/ r 9 r 9 #•“ ’ 


1 


r 9 r 


l/flrV 


i i 
r 9 + r 4 


a 4 — r 4 




In the cardioid, r « a (1 + cos 0), dr/d0 — - a sin 0, 

•\ (i dr/dO) % « a 9 sin* 0 « a 9 — a 9 cos 9 0«a J - (r — a) 9 ■= 2 ar — r* ; 

1 1 l/o 2 a , ~ , 

p (2 or- r') - — , ; r s - 2 op*. 


Examples LXVI. 

1. Prove that — $ (tt- 0) in the parabola r(l + cos0) » 2 a. 

8. Prove that, in the curve the tangent is inclined at a constant 

angle to the radius vector. 

8 . Find the angle between the tangent and the radius vector at the point 
(2 a? l*r) on the cardioid r mm a (1 + cos 0). 


818 POLAR EQUATIONS 

4* Find in terms of r the value of ds/d B in the oardioid r ■- a (I «f cos B). 

6. Prove that in the curve r* •» a* sin 2d the angle between the tangent 
and the radius vector is double the vectorial angle. 

6. Prove that in the curve r0 m* a (the reciprocal or hypetbolic spiral) the 
polar subtangent is constant. 

7. Show that in the curve r ** a sin 8 \B the inclination of the tangent at 
an y point to the initial line is four times the angle between the tangent 
and the radius vector. 

8. Find the angle between the radius vector and the tangent at the point 
on the curve rB -■ a where B — it. 

9. Prove that in the curve r* « a n sin n B } <f> ■= n B. 

10. Show that in the curve r**ae* the polar subtangent and subnormal 
are equal. 

11. Prove that, in the curve r (1 — cos d) -» 2 a, $ + $ B «- ir . 

12. If ON be the perpendicular from the origin to the tangent at P, prove 
that PN r dr/ds. 

IS. Prove that, in the curve r* -■ a n cos n B , ds/dB — a sec O*- 1 )/" »d. 

14. Show that r* cos 2 B -* o* represents a rectangular hyperbola. 

15. Show that, in the curve r* cos 2 B — a 8 , pr -= a 1 . 

16. Prove that, in the curve r — a B, p 8 — r 4 /(fl , + r l ). 

This curve is called the spiral of Archimedes. It is the path of a point 
which moves along a straight line with constant velocity, while at the 
same time the line rotates about a fixed point in itself with constant 
angular velocity. 

17. Prove that, in the curve r -■ a/B, p 8 — a 8 r 8 /(o 8 + r 8 ). 

18. Show that, if r" — o w cosnd, t* l+1 -= a n p. 

10. Show that in any curve ds/dr r/vV 8 — p 1 ). 

20. Prove also that dr/dB — r</(r 2 —p*)/p. 

21. Deduce from the preceding result the equation of the curve in which 
r 8 « 2 ap 2 . 

22. Prove that all chords of the cardioid r a (1 + cos B) through the 
origin are equal in length. 

23. Find the maximum double ordinate of the cardioid. 

24. Find the distance from the origin of the tangent (perpendicular to the 
axis) which touches the cardioid at two points. 

25. Find the maximum ordinate of the lemniscate r 8 — a 8 cos 2 B. 

26. If w and v be the components of the velocity of a moving point P along 
and perpendicular to the radius vector OP, prove that u «* r y v^r$. 

27. Show that, in the rectangular hyperbola r* cos 2 B ■* a 8 , p 1 «■ a 8 cos 2 B. 

28. The curve r — 2 + 4cosd consists of two loops through the origin, one 
within the other ; find the directions of the tangents to the curve at the 
origin. 

29. Find the maximum double ordinate of the curve r -= a + 5 cos B (which 
is called a limafon ). 

80. Find the ‘p and r’ equation of a hyperbola, taking a focus as origin. 

81. „ „ „ „ „ an ellipse, taking the centre as origin. 

82. Find the distance from the origin of the tangent which touches the curve 
r *» a + h cos at two points. Compare this result with that of Ex. 24. 

88. Prove that in the equiangular spiral the polar subtangent varies as the 
radius vector. 
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84. Prove that in the curve r — a 6 the polar subnormal is constant 

85. Prove that in the curve r — a tin 0 the tangent and the initial line are 
equally inclined to the radios vector. 

80. In the curve r 1 cos 2d — a 9 , find the inclination of the tangent to the 
radius vector when 0 — J w. Explain the result geometrically. 

166 . Areas in polar coordinates. 

Let OA, OB (Fig. 114) be two fixed radii of a curve making angles 
(X and 0 respectively with the initial line. Let (r, 0) be the polar 
coordinates of any point P on the arc AB, and let * be the area 
between the curve and the radii OA , OP; let Q be the point 
(r+6r, 0 + 60). The increase 60 in the angle 6 produces the increase 
POQ in the area i. 



If circles with 0 as centre and OP , OQ as radii cut OQ and OP 
respectively in M and N, then the area OPQ is intermediate in value 
between the sectors OPM and 0QN } 
i. e. 6* > ^r 2 b$ and < \ (r + 6r) a 60, 

bz/hO is between \r 2 and J(r+6r) a . 

In the limit, when 60— *0, r+6r— *r and b*/bO—+d*/d0; 

£ “ * »*• “ d 

As in the case of rectangular coordinates, the same result is obtained 
by taking the area A OB as the limiting value of 2 (A OPM), 

i.e. Lt21 rafi * 48 *0, ie. f l** 2 d0. 

Example. Find the area of one loop of the lemniecate r* « a 9 coe 2 0. 

Since r « 0 when 6 ■» + J rr, and the curve is symmetrical about 6 ■■ 0, 

the area **2^ Jr 9 d0»o 9 j^ cos 20 d$ ■■ o 9 sin2dj^ —Jo 9 . 

Hence the total area of both loops m a*, i. e. the area of a square of side a. 
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107. Lengths of arcs in polar coordinates. 

It was shown in Art. 168 that = »* + i 


therefore, measuring s so that it increases with 6, 





where a, P are the values of 9 at the extremities of the arc. 

As in the case of rectangular coordinates, the same expression is 
obtained by taking the length of the arc as the limit of the perimeter 
of an inscribed polygon. 


Example. Find the total length of the cardioid* 

In the cardioid r — a ( 1 + cob 9), 

(dejdey - r 1 + (dr/d 9)* - a 2 (1 + cob 9f + a* Bin 2 9 - a* (2 + 2 cos 9) 
■■ 4a’cos 9 }d; 

,% total length of arc — 2 f 2a cob $ 9d0 =* 4a ["2 sin — 80 . 


168. Volumes and areas in polar coordinates. 

There are no simple general formulae for the volumes and superficial 
areas of solids of revolution in polar coordinates. The following 
example will show the method of dealing with such cases. 


Example . Find the volume and the area of the surface of the solid formed 
by the rotation of the cardioid r a (1 + cos 6) about its line of symmetry. 
Starting with the Cartesian formula, we have 


the area 


-M 

d it 

■r 


2 7t rBintf — d6 
dd 


(the limits are 0 and it since the rotation of the upper half gives the solid), 
— J 2 tt o(l + cos 0 )sin 0 . 2 a cos %9 dd 
(it was shown in Art. 167 that ds/d 9 — 2 a cob } 0) 

«■ 4 n a* J 2 cob* i 9 . 2 sin \ 6 cos } 9 . cos ) 9 d 9 

— 16 ffO*J cos*} 0 ginJ 0 d9 

Let ) 9 — then the limits for < j > are 0 and \ tt, and the integral 
■» 32 7 r a* | cos 4 0 sin 0 d 0 


■ 82 it a* • 


3.1 

5.3.1 
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Similarly, the volume ■» J* # * n y* dx — J** n 

since 0—0 when ar — 2 a, and 0 — n when *r — 0. 

Now « — rcos0 — aCcosd+cog 1 ^), 

•\ dx/d$ — a(-sin0-2cos0sin0) — ~ 0 sin 0 (l+ 2 oos 0 ); 

•\ the volume — J ira^l+cosdJ’sinVx -asin0(l+2co*0) dd 

— it a*J (1 + 008 0)* (1 + 2 cos 0) sin*0 00 

— *r a 1 J [1 + 4 cos 0 + 5 cos* 0 + 2 cos* 0] sin 3 0 00. 

Of the four integrals contained in this expression, the second and fourth 
are, from Theorem V, Art 146, equal 
to 0, and in the other two, the in- 
tegrals from 0 to tr are double the 
integrals from 0 to $ 7 r. 
the volume 

— 2 iro s J* W (sin* 0 + 5 008*0 810*0) dB 
-2,r« s [|+5.^] (Art. 149) 

— j IT O*. 

It will be noticed that if BMB * 

(Fig. 115) be the double tangent 
dx/dQ is — from A to B, and + from 
B to O ; therefore the integral from Fig* 

0 to ir gives the volumes formed by 

the rotation of ABM and MBO with different signs, Le. it gives the volume 
whose section is ABOB'A. 



Examples LXVII. 

1. Find the area of the cardioid r — a (1 4- cos 0). 

а. Find the area between the curve r — 2e® # and the two radii whose 
lengths are 2 and A 

8. Show that in the curve r0 — a, the area described by the radius 
starting from some fixed position is proportional to the increase in the 
length of the radius. 

4. Find the area of the curve r — 2 + cos 0. 

5. The curve r — 2 + 4 cos 0 consists of two loops through the origin, one 
within the other ; find the area of each loop* (See Ex. LXVi. 28.) 

б. Find the area of the circle r — 2 a cos 0. 

7. Trace the curve r* — a* cos 0, and find its area. 

8. Find the area of one loop of the curve r — a cos 3 0. 

8. Find the area of one loop of the ourve r — a sin 4 0. 
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10 , Find the area of the segment of the circle r ■■ 2« coal cut off by the 
straight line 0 — \ *r. 

11, Find the areas of the several portions into which the oardioid 
r mm a (1 + oos 0) is divided by the axis of y. 

12, The polar equation of a parabola referred to its focus as origin is 
r (1 + cos 0) ■- 2 a ; find the area cut off by the latus rectum. 

18, Find the length of the curve r — as* between two radii of lengths r t 
and r,. 

14. Find the length of the spiral r~a6 from 0 «■ 0 to 6 ■■2*4. 

15. Find the length of the curve r — a cos 1 £ 0. 

16. Find the length of the arc of a parabola (see Question 12) cut off by the 
latus rectum. 

17. Express the length of one loop of the lemniscate r* — a* cob 2 4 as 
a definite integral. 

18. If A be the area of a curve whose tangential-polar equation is given, 
prove that dA/dr — \ r/</(r % — p f ). 

Deduce from this result the area of the cardioid. 

19. Deduce from the result of Ex. LX VI. 19, the length of the oardioid. 

20. Prove that 2 dA/d 0 —p ds/d 0 -■ r 1 ; and verify geometrically. 

21. Find the volume of the solid formed by rotating the curve r* « a 1 cos 0 
about its line of symmetry. 

This solid is called the solid of greatest attraction. 

22. The curve r — 4+2 oos 4 rotates about its axis; find the area of the 
surface described. 

28. Find the volume of the solid described in the previous example. 

24. The curve r -■ a cos 0 rotates about the line which bisects it ; find the 
superficial area of the solid thereby formed. 

25. Find the volume of the solid in the preceding example. 

26. The area mentioned in Question 12 rotates about its axis ; find the 
area of the surface of the solid formed. 

27. Find also the volume of the solid in the preceding question. 

28. The curve r — between 6 ■» 0 and 0 ■■ w rotates about the line from 
which 0 is measured ; find the superficial area of the solid formed. 

169, Epicycloids and hypooyoloida. 

If a circle rolls (without sliding) on the outside of the circumference 
of another circle, the locus of a fixed point on its circumference is 
called an epicycloid ; if it rolls on the inside, the loous is called a 
hypocyclouL 

The equations of these curves are easily obtained in terms of 
a third variable, as in the case of the oydoid (Art. 50). 

Let P (Fig. 116) be the position of the tracing point when the 
point of contact of the circles has moved from A to B ; P was 
originally at A . Let a and b be the radii of the fixed and rolling 
circles, and 6 , 4> the angles turned through by OB and C1I respectively ; 
(hen the arc AH = a0, and the arc PE = b<p. 

Since these arcs are equal, a$ = b<p, L e. as aO/b. 
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Let (x, jf) be the coordinates of P referred to 0 as origin and OA as 
axis of x. Then 

x = OK- PM = 00 co* e-PC cos CPM 

- (a+b)coa6-b cos (0+<f>), [since CPM= CLK= d+d>] 

= (o+b) cosd— b cos^i^d, (since <J> — ~ (f) . 

y = KO-MC - 0(7 sin 0- PC sin CPM = (a+b) sin e~b sin 0. 

0 



If the rolling circle be inside the fixed circle, it will be seen at once, 
by drawing a figure, that the coordinates of the tracing point are 
obtained by changing the sign of b. 

lienee, in this case, 

* = (a—b) cob 0+b cos 

y = {a—b) sin 0—b sin 0 . 

If the rolling circle surround the fixed circle, b > a; but the latter 
equations still give the coordinates of the tracing point* The locus in 
this case is sometimes called a perict/cloid. 

All these curves are special cases of a class of cams known as roulettes. 

It can be shown exactly as in the case of the cycloid (Art. 50) that, if P be 
joined to H and also to H\ the other extremity of the diameter HC t then 
PH' and PH are respectively the tangent and the normal to the curve at P. 

Particular cases . (i) In the case of the epicycloid, if b mm a, the equations 
become x — » 2 a cos 6 — a cos 2d, jr ■■ 2 a sin 3 — a sin 2 6. 

In this case the curve is a cardioid ; for, if r be the distance of P from A, 
we have r 1 — (op— «)* + y\ which reduces to 4 a 8 (1 - cos 6)\ 
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Hence r — 2 a (I-oos0); 

and it is obvious geometrically that in this case 4P is parallel to OC, and 
the angle PAK is equal to 0, so that the locus of P is a cardioid with A 
as pole. 

(ii) In the cue of the hypocydoid, if a ■■ 2 6, the equations beoome 

& — b cos 6 + b cos $ mm2 b cos 6, y — 6 sin 0 — b sin 6 ■■ 0. 

Hence the tracing point moves along the axis of 8 and describes a diameter 
of the fixed circle. 

(iii) If a — 4 b, the equations become 

8 mm 8 6 cos 4 + ft cos 3 0 mm b [8 cos 0 + 4 cos 8 0-8 cos 0] — 4 b cos 8 0, 
y — 3 b sin 0 — 6 sin 8 0 -* b [8 sin 0— 8 sin 0 + 4 sin* 0] — 4 b sin 8 0 ; 
flc*/ 8 + y 8 / 8 — (4 1)*/ 8 (cos 8 0 +■ sin 8 0) — a 8 / 8 . 

In thiB cue, the curve is the astroid [Art. 49, Ex. (i)]. 

Examples LXVIII. 

1. Give the coordinates of any point on an epicycloid and a hypocydoid 
when o — 3 b. Sketch the curves. 

3. Find the value of dy/dx in an epicycloid ; deduce that, if HCB* be a 
diameter of the rolling circle (Fig. 116), H'P is the tangent at P. 

8. Find de/d0 in an epicycloid, and deduce the length of the curve traced 
out in one revolution of the rolling circle. 

4. Find ds/d0 and the length of the curve in the cue of the hypocydoid. 

6. Find the equation of the tangent to the epicycloid in which a — 2 b 9 at 
the point where 0 — } rr. 

0. Find the equation of the tangent to the hypocydoid in which a — 3 6, 
at the point where 0 — J tt. 

7. Find the area between the epicycloid and the fixed circle when a — 2b. 

8. Prove (geometrically) that the tangential-polar equation of the epi- 

cycloid u 

9. Find the tangential-polar equation of the hypocydoid when a — 8 ft. 

LO. Obtain the coordinates of a point on an epicycloid when b becomes 

infinite, so that the rolling circle becomes a straight line. 

The epicycloid in this cue is called an involute of the fixed circle. 



CHAPTER XVHI 

PHYSICAL APPLICATIONS 
CENTRES OP GRAVITY 

170. Centre of gravity. Centre of mass or inertia. 

It is proved in textbooks on Mechanics that the resultant of any 
number of parallel forces P,, P 2 , ... , acting at fixed points A lt A t , ... , 
is their algebraical sum 2(P), and that it acts at a point whose 
position relative to A lt A t , ... is fixed. This point is called the 
centre of the system of parallel forces. 

If (*i> ?i)» (®j» t/i)> ••• be the coordinates of A lt A t , ..., referred to 
rectangular axes OX, OT, it follows, by supposing the forces to be 
parallel to each axis in turn and taking moments about 0, that the 
coordinates (x, y) of the centre are given by the equations 
S. 2(p) = P i x l +P t g t + ... = 2(Pc), 

Each particle of a body is acted upon by a force, viz. its weight, 
along the line joining it to the centre of the earth (regarded as 
a sphere). In the case of all ordinary bodies, the distance of the 
centre of the earth is so great compared with the dimensions of 
the body that the weights of the different particles of the body may 
be regarded as a system of parallel forces. This system possesses 
a ‘centre’ which is fixed relative to the positions of the particles, 
i.e. fixed with respect to the body. The resultant of this system of 
parallel forces is the weight of the body, and its centre is called the 
centre of gravity (frequently denoted by the letters C. G.) of the body. 

If m x , m 2 , ... denote the masses of a system of partioles whose 
coordinates are (®j, y,), (x a , y 2 ), ..., the equations above, which 
determine the position of the centre of gravity of the system, become 
$2(t» g) = 2(mgx); $2(mg) = 2(myy); 

Le. dividing by g, 

Mi as 2 (mx ) ; My = 1 {my), 
if Hf be the total mass of the system. 

2 (me) and 2 (my) are sometimes referred to as th eflnt moment* of the 
System about the axes of y and <r respectively. 

We here confine ourselves to the case in which the body is 
symmetrical about a plane ; the centre of gravity lieB in this plane, 
and the preceding equations determine its position relative to fixed 
axes in this plane. 
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In the ease of a continuous distribution of mass, the summations 
above become definite integrals. The centre of gravity, as given 
by the preceding equations, coincides with the point (defined in 
various ways independently of the weight of the body) known as the 
centroid or centre of mass or centre of inertia of the body. 

If the preceding equations be differentiated with respect to the 
time, we have, using the notation of Art. 62, 

Mi = 2 {nut) ; My = 2 (my) ; 
and, differentiating a second time, 

Mi = 2 (mx) ; My = 2 (my). 

Hence the velocities and accelerations of the C. O. of a system of 
particles are obtained from the velocities and accelerations of the 
several particles by the same rule which gives the coordinates of 
the C. G. in terms of the coordinates of the particles. 

171. Centre of mass of a lamina and of a solid of revolution. 

(1) To find the centre of mass of a uniform thin lamina bounded by 
a curve y = /(x), the axis of x, and two ordinates x = a, x=b, let 
the area be divided into elements by ordinates as in Fig. 117; let the 
coordinates of P and Q be (x, y) and (x + bx } y + by). 


B 



Consider the rectangle PN. Its area is ylx, and its mass myftx, if m 
be the mass per unit area of the lamina. The coordinates of the 
centre of mass of PN are (x+ \ bx> \y)] therefore, if (x, y) denote the 
coordinates of the centre of mass of AHKB, and M the total mass, 

Mx = Lt2:: * my hx (x + J 8*) = J tnyxdx, 

■in co x+\hx-+-x as &x—+0; and 

MS — w y 5x - Jy =| 
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If the area be symmetrical about one of the axes, the centre of 
mass will be on the axis of symmetry, and only one coordinate has 
to be determined. 

(2) If the area AHKB makes a complete revolution about the axis 
of £, the centre of mass of the solid of revolution so formed will 
be on this axis. If m be the mass per unit volume, L e. the density, 
then we have, taking moments about the origin, 

MB ss Lt2"I« mir V % &•* (* + !&*) J mwy*xd» # 

which gives the position of the centre of mass of the solid. 

Example »: 

(i) Find the centre of maee of the area between the parabola y* ■» 4 ax, the 
axis of x, and the ordinate x — b. 

We have 


x .my dx 


—JY 


2o l '**V«ix-2mo 1 /* *V*dx-2may*.f&y* f 


and M — m x area — m . f b . 2 a 1 / 9 J 1 / 1 [Art. 79, Ex. (i)] — f ma */* &V 1 . 

by division, x — g b. 

Similarly My — J }y.myrfy — mj 2 axdx — mab*; 

y - mab*/M - ma 1 /* &•/■ - J vV) - f . 2 -/(at) - g BK. 

(ii) Find the centre of maee of the volume formed by the rotation of the eame 
figure about the axis of x. 

In this case 




miry*dxx x — mnj 
mny 1 dx — m7r J ^ 


4 ax* da? — gmirod*. 


4 ax dx >■» 2 m tt at 1 . 


Therefore 

(iii) Find fAe C, G. of a quadrilateral with two parallel eidee . 

Let a and & be the lengths of the parallel Bides AB and CD (Fig. 118), 
and e the distance between them ; the C. G. obviously lies on the line ME 
which joins the middle points of AB A M 8 

and CD. A 

Let PQ be a strip of length x at dis- j \ 

tance y from AB, If m be the mass per p Z — L 

unit area, the whole mass j *-\ 

— m x area — J (a + &) cm. / \ 

•\ taking moments, / \ 
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Let ALK, parallel to BC, meet PQ at L ; then, by similar triangles. 


y AP 
c AD 


PL x-a . 
JDJST - b-a 


whence x 



and l(a + &)emy-m£ (ay + if*) <*y - m [?£ + 

- me* [| « + J (6 - o)] - * me’ (a + 2 1) | 

. . a+2b 

- y - fl *8l5TI5* 

It follows that the C. G. divides MN in the ratio a + 2 b : 2 a + b. 


From this result, the following simple geometrical construction for the 
C. G. easily follows : 

Produce AB to E and CD to F so that BE — CD and DF — AB. Let EF 
meet MN in G. 

Then MG/ON - ME/NF -(*« + &)/(« + J b) - (« + 2 6)/(2a + 6) ; 

hence 0 is the C. G. of the figure. 

We will now find the C. G. of a solid of revolution when the axis 
of rotation is not one of the axes of coordinates. 


(iv) The part of the parabola y* — 4 ax between the axis of x and the lotus 
rectum rotates about the latus rectum ; find the C. G. of the solid formed. 

The centre of gravity » obviously on the latus rectum SL (Fig. 119). 

Let AS—a y therefore SL — 2a (Ex. II. 20). 
Imagine the solid divided by planes per 
pendicular to SL into thin circular plates. 
The mass of an element 

— mirPN'dy — mir(«— x) 9 by, 
and its C. G, is at the height y + $ty, which 
-* y as -► 0. 

the whole mass 



— J mir(a—x)*dy — mn J “ 4 a) 

- m "(<*’-$ y’ + A y 4 /®*) dy 

** m IT [a*. 2 a - J(2 a) B -f ^*(2 a)* /a*] ■■ 

Therefore, taking moments, 

ttmiro* .y -J^'mjrCa-*)’, dy - m»rj| ia [a , y-iy , + A//®'] tfy 

— m ?r [a* . J (2 «)’ - 1(2 a)* + A (2 «)*/«*] - Jmrra 4 , 
whence y*!®" A 


172. Centres of gravity oonneoted with the circle and sphere* 
We will now solve some examples connected with the circle and 
the sphere. 
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Tojind the C.Q. or centre of mate if: 

(i) A uniform circular arc . Take the line which bisects the arc, upon 
which the C. G. obviously lies, as axis of x % and let the arc subtend an angle 
2 a at the centre. 

Let m be the mass per unit length* Let $ be the length of the arc 
measured from X to P, and let the angle XOP •» & (Fig. 120). 

Then the mass of an element of arc PQ 
of length 6 e m be mr and the whole 
mass ■■ m.2r(X . 

Therefore, taking moments about 0, 


m.2rOt.x 


-L 


mrdO.x** 2 m rd 6 . r cos 6 


2 mr* sin a, 
whence x — (r sin a)/a. 

(ii) A sector o/ a circle. To find the C. G. 
of the sector 04X4', we may regard it as 
the limit of 2(AP0$). The area of this 
triangle $ r f sin 60 $ r 1 x (sin 60)/60, 

and in the limit, the last factor is 1. Its C. G. 
is on the median from 0 to PQ , and there- 
fore is ultimately at distance f r from 0. 
The area of the whole sector -*r'x2a; 
hence, if m be the mass per unit area, and 
therefore r % OLm the whole mass, we have 



Fig. 120. 


r 1 affix x 


whence 




m . 4 r 9 d 6 . } r cos 6 — } mr 9 sin a, 
x — |r(sin a)/a. 


(iii) The area of the surface of a sphere intercepted by two parallel planes. 

Consider the surface formed by the rotation of the arc AB (Fig. 120) about 
the axis of x t and take, as in Art. 161, an element of surface 2ir y 8s. Its 
C. G, is at a distance from 0 which tends to the limit x as ds-o 0. 


Mx — fm2nyds.x (between suitable limits) 

■> 2m*r rein 6 . r cos 8 . rdS (if a, 0 be the values of 6 at A and B) 

■» m it r*j* 2 sin 6 cos 6 dQ « m ?r r 8 £ — cos 1 


■■ m n r 9 (cos* /3 - cos* a). 

Also, Ar«mj2 rry ds 2 irr sin 0 . rdd ■■ 2 m ir r 9 (cos p — cos Of)^ 

by division, i — Jr (cos j8 + cos a) -• } (Olf+O^T). 

Hence the C, G. is half-way between the bounding planes. 
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(if) The volume of the portion of « sphere cut off by a plane . 

Consider the volume formed by the rotation of AMX (Fig. 120) about the 
axis of «, and take an element of volume ny* dx. Its C. G. is at a distance 
from 0 which tends to the limit * as 6 x 0. Therefore, denoting OM by A, 

MB — J m iry 1 dxxm. 

In this case, it is more convenient to integrate with respect to x. 

Mi «* J mnx(r % — x 8 ) <fcr— mrr r 8 x 8 - £ x 4 ^ 

-mn[\r*-\r*-(\r'h'-\h'K 
■■ Jmtr(r 4 — 2r f h* + h 4 ) — • J mir (r 1 — h*f. 

Also , Af«* mir(r 8 ~ * 2 ) dx — mrr fr 8 x — Jx 8 ! — J wir (2r* -3r , h + h’). 

J* L J* 

. . . . - 3 (r 8 -* 8 ) 8 3 (r + h)* 

- bydlvmon ‘ 

after removing the common factor (r— A) 8 . 

Particular Cases . 


If in (i) we take OL — £ *r, we have the C. G. of a semicircular -arc at 
a distance 2 r/ir from the centre along the middle radius. 

If in (ii) we take or — £tt, we have the C. G. of a semicircular area at 
a distance 4 r/3 n from the centre along the middle radius. 

If in (iii) we take a — J tt, /S — 0, we have the C. G. of the surface of 
a hemisphere or of an indefinitely thin hemispherical shell at a distance £ r 
from the centre along the middle radius. 

If in (iv) we take h — 0, we have the C. G. of a solid hemisphere at 
a distance $ r from the centre along the middle radius 


173. Application of Simpson’s Buie to centres of gravity. 

If the equation of the bounding curve (in the case of an area) or 
the generating curve (in the case of a solid of revolution) be not 
known, or if the expressions obtained by the method of Art. 171 
cannot be integrated, the position of the C. G. can be found 
approximately by Simpson’s Buie (Art 156), as shown in the following 
example : 

A curve is drawn through the points (1, 2), (1*5, 2*4), (2, 2*7), (2*5, 2'8), 
(3, 3), (3*5, 2*6), (4, 2*1) ; find the C. O. of the area between this eurve % the axis 
of x, and the ordinates x — 1 and x ■= 4. 

We have x — J xy dx -5 - y dx; y \y* dx +£ y dx* 

The value of J y dx has been found in Art. 156, Ex. (i), to be 7*8 nearly. 
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To find Jj wy das, we first write down the successive values of xy at each 

point ; they are 2, 8*6, 5*4, 7, 9, 9*1, and 8*4 
The cum of the first and last values — 10*4, twice the other odd values 
— 2 (5*4 + 9) •- 28*8, four times the even values ■» 4 (8*6 + 74- 9*1) — 78*8. 
the approximate value of the integral — £ x *5 (10*4 +28*8+ 78*8) 19*67. 
Similarly, the suceessive values of y* are 4, 5*76, 7*29, 7*84, 9, 6*76, 
and 4*41. Hence the approximate value of 



g x g [4 + 4*41 + 2 (7*29 + 9) + 4 (5*76 + 7*84 + 6*76)] 
A (122*48) - 10*2. 


Therefore the coordinates of the C. G. of the given area are approximately 
19*67/7*8 and 10*2/7*8, i.e. (2*52, 1*31). 


174. Pappus 9 theorems. 

These are two useful theorems first given by Pappus of Alexandria 
about 800 ▲. d. 

(1) If an arc of a plane curve rotate about an axis in its own plane 
which 1 does not divide it into two parts, the area of the Burfaoe 
thereby formed is equal to the length of the arc multiplied by the 
length of the path of the centre of gravity of the arc. 

Let the axis about which the curve rotates be taken as the axis of x* 



If l be the total length of the arc, and g the ordinate of its centre of 
gravity, 

ly =zfyds between suitable limits. 

Hence the area of the surface generated 

=s /2 tt yds = 2vlp = l x length of path of C.G, of are, 
which gives the theorem stated. 
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(S) If a plana area rotate about an axis in itc own plane which does 
not divide it into two parts, the volume of the solid thereby formed 
is equal to the area multiplied by the length of the path of the centre 
of gravity of the area. 

If bA be an element of area, y* the ordinate of its centre of 
gravity, and the ordinate of the centre of gravity of the area, 

Atf^f/dA. 

Hence the volume generated =y*2 iry'dA = 2 trp'A 

= ix length of path of G. G. of A . 

These results are evidently true if the arc or the area does not 
make a complete revolution ; in this case, the factor 2ir in the 
preceding proofs is replaced by the factor 04 where a is the circular 
measure of the angle turned through. 

Examples : 

(i) A circle of radius r rotates about an axis in its own plane at distance 
e (> r) from its centre ; find the volume and superficial area of the solid 
formed (which is called a tore or anchor-riny). 

The oentre of the circle is the centre of gravity of both arc and area* 

Hence the superficial area — 2irrx2irc Air % re, 
and the volume — 7rr a x2irc — 2ir*r*c. 

(ii) These theorems can also be used to find the centre of gravity of a 
semicircular arc or area, for the rotation of semicircular area gives a sphere. 

The volume of the sphere $ n r 9 — area of semicircle x length of path of 
its C. G. — j 7r r* x 2 it y, whence y ■■ 4 r/3 vr for a semicircular area. 

Similarly, the area of the surface of the sphere, i. e. 4irr* ■■ nrx2iry f 
whence y — 2 r/n for a semicircular arc. 


Examples LXIX. 

Find the C. G. of the following, 1-20 : 

1. (i) A quadrant of a circle. (ii) A quadrant of an ellipse. 

2. A solid cone. 

8. The area between the curve xy ■■ o f , the axis of x t and the ordinates 
s-i, x — c. 

4 * ^d1S ULre k-° UX f* ec * kj one semi-undulation of the sine curve y — fc sin (a?/a) 

5. The nart of a solid sphere of radius 10 inches intercepted between two 
parallel planes at distances 3 and 8 inches from the centre. 

6. The area between ay ■« a? 1 , the axis of x t and x -» a. 

7. The area between y — ar 1 , the axis of y, and y — 1. 

0* The solid formed when the portion of a parabola cut off by the latus 
rectum rotates about the axis. 

9. Half a prolate spheroid bounded by a plane perpendicular to tho 
major axis. 
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10. Half an oblate spheroid bounded by a plane perpendicular to the 
minor axis. 

U. A segment of a circle cut off by a chord which subtends 60° at the 
centre. 

18. A cardioid. [Proceed as in Art. 172 (ii).] 

18. One of the four areas between the axes and the curve a?*/* + y 1 / 1 — a*/*. 

14. The surface generated by the rotation of a quadrant of a circle about the 
tangent at one extremity. 

15. The smaller of the two portions into which a solid sphere is divided by 
a plane which bisects a radius at right angles. 

10. A frustum of a solid right circular cone, the radii of its ends being 
8 inches and 6 inches, and its length 12 inches. 

17. The solid formed by the rotation of the figure bounded by a quadrant of 
a circle and the tangents at its extremities about one of the tangents. 

18. The area between the curve y — (a : — 2) (5 — a?) and the axis of x , . 

10. The portion of an elliptical lamina between the minor axis and the 
latus rectum. 

20. The area between the parabola y — x*-7a?4-12 and the axes of x and y. 

21. The portion of the solid obtained by rotation of y^ac*— 4x + 6 about 
the axis of x r between the sections x 1 and * -■ 4. 

22. The solid formed when the portion of the parabola y -■ x* — 3 x cut off 
by the axis of x rotates about the axis of x. 

23. The arc of one arch of a cycloid. 

24. The area between one arch of a cycloid and the axis of x. 

25. The area between the catenary y -■ e cosh ( x/c ), the axis of x , and x wm ♦ 

20. Find (by Pappus' Theorems) the surface and volume of the solid formed 

by the rotation of an equilateral triangle about its base. 

27. Also of the solid formed by the rotation of a square about an axis in its 
plane through one corner perpendicular to the diagonal which passes 
through the corner. 

28. A circle rotates about a tangent ; find the superficial area and volume 
generated. 

20. An ellipse rotates about its directrix ; find the volume of the solid ring 
thereby formed. 

80. A semicircular bend of iron pipe has a mean radius of 10 inches ; the 
internal diameter of the pipe is 5 inches, and the thickness of the iron 
i inch. Find the weight, supposing 1 cubic inch of iron weighs a 28 lb. 

81. A square of side 6 inches with an isosceles triangle of height 6 inches 
standing on one side rotates about the opposite side ; find the area of 
the surface and the volume of the solid which is formed. 

82. Deduoe from Pappus' Theorems the volume and area of surface of a oone 
and a cylinder. 

88. An iron ring is in the form of the solid generated by the rotation of an 
ellipse whose semi- axes are 8 and 2 inches about an axis in its plane 
parallel to its major axis and distant 8 inches from it ; find the weight 
of the ring if a cubic inch of iron weighs *28 lb. 

84 . A curve is drawn through the points (2, 1*4), (8, 2), (4, 2*8), (5, 1*8), 
(A 1*2); find the C. G. of the area between this ourve, the extreme 
ordinates, and the axis of x. 

85. Find the C. G. of the solid formed by rotating the onrve in the preceding 
question about the axis of a. 
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CENTRES OF PRESSURE 


175. Centre of pressure. 

It is proved in text-books on Hydrostatics that the intensity of 
pressure at any point of an area immersed in a liquid varies as the 
depth of the point below the surface of the liquid and is equal to t oh, 
where w is the 1 specific weight La. the weight per unit volume^ 
of the liquid. The point of an immersed area at which the resultant 
pressure on the area acts is called the centre qf pressure of the area. 
Its position can easily be determined by the Integral Calculus, as 
follows: 

If dA be an element of the area at depth y below the surface, the 
pressure on bA = vn/lA, and the total pressure on the area= fwydA , 
taken all over the area. 

If y be the depth of the centre of gravity of the area, Ay = /yd A ; 
the total pressure = to Ay = the area x the pressure at its C.G. 

If § be the depth of the centre of pressure below the surface, we 
have, by taking moments, 

the total pressure xi =/yx wydA 
i. e. wAy a = v>f y*dA, 


and 



the integral being taken over 


the whole of the immersed area. 

In evaluating the definite integral, the area is usually divided into 
strips parallel to the surface of the liquid. 


Examples : 

(i) Find the centre qf pressure qf a triangle immersed with its base in the 
surface. 

Let b be the length of the base and h the height of the triangle. The 



Fig. 192. 


resultant pressure on the triangle 
wm^bhx pressure atC. Gh—Jfchx u>, } h 
-* u*>h\ 

Dividing the triangle up by lines 
parallel to the surface, the pressure on 
a strip PQ (Fig. 122), whose upper 
edge is at depth y t 

— PQ .byxw{y+\by) — w.PQ.y &y 9 
neglecting small quantities of the 
seoond order. 

taking moments about the surface, 
ex\tcbh % mu l w.PQ.ydyxy i 
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By umilar triangle*, ^ L e. PQ - £(*- y). 

<*y - ?[* v-iy4 X “ ?• * * 

the depth of the centre of pressure — J h. 

Since the centre of pressure is obviously on the median through A, its 
position is determined. 


(ii) Find the centra of pressure of a rectangle , sides a and b, immersed 
vertically in a liquid with the sides a parallel to ths surface, and its centre 
of gravity at a depth h below ths surface . 


Dividing the rectangle into strips by lines parallel 
to the surface (Fig. 123), the pressure on a strip at 
depth y is a by x wy . 

The resultant pressure on the rectangle » ab x wh. 
taking moments about the surface, 

06 • «** ” atc vdy*it-*'* [i * 

— law. 2 [3h* . I b + J6 8 ] — J awb [3fc* -4- J &*]* 
whence a — h + ^ 6*/h. 



Fig. 128. 


(iii) Find the centre of pressure of a circle of radius r immersed with its 
plane vertical and its centre at depth h (> r) below the surface . 

The resultant pressure on the circle — nr* x %ch. 

The pressure on a strip PQ (Fig. 124) parallel to the surface and at depth 


y below it is PQ by x wy . 

If PQ subtends an angle 2d at the centre of the circle, PQ — 2rsind, 



depth of centre of pressure •» h + £ r % JK 
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Examples UX 

Find the C.P. of the following, 1-7. 

1. A triangle immersed with its vertex in the surface and its base parallel 
to the surface. 

1. A triangle immersed with its vertex upwards and at depth h below the 
surface and its baa# parallel to the surface. 

t. A rectangle 8 it. by 4 ft. immersed vertically with its shorter sides 
horizontal and the upper one 2 ft below the surface. 

4. A semicircle immersed with its bounding diameter in the surface. 

5. An ellipse immersed with its major axis vertical and one vertex in the 
surface. 

O. A trapezium immersed with one of its parallel sides in the surface. 

7. The area cut off from a parabola by its latus rectum, immersed with the 
latus rectum in the surface. 

0. A triangle is immersed in water with its base in the surface ; show that 
the pressures on the two parts into which it is divided by a horizontal 
line through its centre of pressure are equal. 

9. Find the displacement of the centre of pressure caused by increasing the 
depth of an immersed area by a given amount h. 

10. Prove that the limiting position of the C. P., as h is increased inde- 
finitely, coincides with the C. G. 


MOMENTS OF INERTIA 

170. Moments of inertia. 

If particles of masses m lf tn 2 , ... be situated at points whose 
perpendicular distances from a given straight line are r l9 r a , ..., 
then 2 (my 3 ), i.e. m 1 r 1 a + m 2 r 2 2 + ... ifl called the moment of inertia 
of the Byslem about the given line. 

It is sometimes called the second moment of the system about the given 
line, 2 (mr) being called the first moment [cf. Art. 170]. 

In the case of a continuous distribution of mass, the summation 
becomes a definite integral. If bm be an element of mass of a body 
at distance r from a fixed line, Lt 2 r a 6m, i.e. fr % dm taken 
throughout the body, is the moment of inertia of the body about the 
given line. 

The moment of inertia of a body is of very great importance in Dynamics 
in dealing with rotation (see Art. 196) ; it plays a part in the rotatipn of 
a body similar to that played by the mass in a motion of translation. For 
example, if the given system of masses have a common velocity e, parallel to 
a given straight line, the kinetic energy of the system—} (mass of system) c\ 
If the system of particles above mentioned be rigidly connected by a frame- 
work of negligible mass, and rotate about the fixed straight line with angular 
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▼elocifcy «, the linear velocities of the particles m tf ... will be r x «, ... 

respectively, and the kinetic energy of the system will be 

Jm,(r 1 a>) , + | m, (r* »)* + i.e. \ (m 1 r J , + m a r t a + 

i. e. | (moment of inertia of the system) x «*. 

If the moment of inertia of a body of mass M about a line be 
written in the form Mk\ h is called the radius of gyration of the body 
about the line. In the case of a uniform wire of negligible thickness 
bent into a circle of radius r, every point of the wire is at distance r 
from an axis through its centre perpendicular to its plane ; henoe its 
moment of inertia about this axis is »nr*, and the radius of gyration 
is equal to the radius of the circle. 

The moment of inertia and the kinetic energy of a body rotating 
about a fixed axis are the same as if the whole mass were collected 
at a distance k from the axis. 

The letters M. L are generally used as an abbreviation for the term 
* moment of inertia’. Methods of evaluating moments of inertia 
are shown in the following examples : 

Examples: 

(i) Find the M. /. of a uniform straight rod about an axis perpendicular to 
its length through a point at a distance b from its centre. 

Let 2 a be the length of the rod and m the mass per unit length ; therefore 
the whole mass M is 2 am. Taking the axis of x along the rod and the axis 
about which the M.I. is required as axis of y, the mass of an element 
FQ (Fig. 125) is mbx, and its M. I. about OT is (to the first order of small 
quantities) m&xxx*, if OP x. 


Y 



-Ar 

> 

O 

C 

PQ 

X 


k oc- 

--> 



Fig. 126. 




Hence the M. I. of the rod 


r.+» 

J-«+» 


mx 3 dx 



Jta [(« + &)*— (-a + &)*] 


• J m (2 + 6 ab') - M (j a* + &*). 


If the axis pass through the centre of the rod, b ■■ 0, and the M. I. 
n J Ma*. Therefore the radios of gyration — a/</3. 

If the axis pass through one end of the rod, b — a, and the M, I. — | Ma\ 
Therefore the radius of gyration — 2 a/ </3, 

z 


IMS 
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(ii) Find the M.I. of a rectangle about an aerie parallel to a tide. 

If 2 b (Fig. 126) be the length of the sides parallel to the axis, and 2o4he 
length of the other sides, the M. I, of a strip parallel to the axis 

• m . 2 b 6* x 

and the whole mass M is 4 mob; the 
working is the same as in the preceding 
example with the addition of the factor 
2 b until the M is introduced, and the 
results are exactly the same. In fact 
the rectangle may be regarded as made 
up of rods perpendicular to the axis, and the preceding result, being true for 
each one, is true for the sum of them. 



Fig. 126. 


Fig. 127. 


(iii) Find the M.I. of a circular diet about an aerie through its centre 
perpendicular to ite plane. 

Let a be the radius of the disc and m its mass per unit area ; therefore its 

^ total mass M is n a*m. Divide the disc into elements 

by means of concentric circles (Fig. 127); the mass 
/ \ ^be element between two circles of radii r and 

/ if A \ r+6r is ultimately m. 2 nr dr, and its radius of 
( (f -O JJ gyration is r. 

V J I. of disc — J" m ,2nr dr xr* 

^ » 2 m 7T (”} r 4 l — OTrr.Ja 4 * \Ma % . 

Fig 127 ^ 

' Hence the radius of gyration -» a/^/2. 

This result may how be used to obtain the M. I. of a solid of revolution 

about the axis of revolution, as shown in the following example. 

(iv) Find the M. I. of a sphere about a diameter. 

Let r be the r&diuB and m the mass per unit volume ; therefore the whole 

mass M is J m 7r r*. Divide the Bphere into 

thin slices by planes perpendicular to the 
/ diameter about which the M.I, is required 

f //A (Fig. 128). 

/ // ;! \ The mass of an element » m Try* and, 

I — . jl j by the preceding result, its M. I. 

\ J — (its mass) x $ y* — m tt y a . j y*. 

\ \\ ;7 J **• I. of whole sphere 


«* J Imng'dx — Jmrr J (r*-x 7 )*dx 

Fie. 128. IV 

-iwjrx 21 (r 4 —2r t ee* + x 4 ) dx 

— mix £r 4 x- g »•**»+} a*]' ■■ m n [r 1 1 — | r * + J r # ] ■■ ^ m it r 9 


Therefore the radius of gyration «■ ry' 
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(▼) Find the M. I. ef an elliptic lamina about its major axis . 

Divide the ellipse into indefinitely 
thin strips by lines perpendicular to the 
major axis (Fig. 129). The mass of an 
element is m . 2 y 6x, and its M. 1. about 
the major axis is, by Ex. (i), 
m2y txx $y a . 

M.I. of ellipse 

«J> dx 

[let x fm a cos 0 t y b sin d, (Art. 50)] 




Z^sin^x —a sind dO 


— $ mb* a J* sin 4 6 d 6 ■■ J mb* a x ~~ • £ rr « £ it malt 

— J if 6*, since M-wx area -■ mnab. 

The radius of gyration — £ 6. 

This is given as an example of the way in which an area may be divided 
tip into strips perpendicular to the axis about which the M. I. is required. 
The result might have been obtained by dividing the area into strips parallel 
to the major axis. The mass of such a strip is m . 2 x b y, and its radius of 

gyration is y ; hence the M. I. «■ 2 J m . 2 xy* dy, which may be evaluated 

in a similar manner, and giveB the same result. 


As in the case of areas, volumes, and G. G., if the equation of the 
bounding curve is not known, or if the general formula gives an 
expression which cannot be integrated, an approximate value of the 
M. I. can be found by the use of Simpson’s Rule. For instance, 


(vi) To find the radius of gyration about the axis qf revolution qf the solid 
described in Ex. (iii), p. 303. 

If A be the area of a section of radiuB y, perpendicular to the axis of 0 , 
we have 

Mk* — fmA .\y* dx ** m ,\nfy* dx, since A— jry*. 

The values of y are 18/n-, 21 /jt, 28/jt, 25/tt, 26/?r, whence, by logarithms, the 
values of y 4 are found to be 1077, 1995, 2870, 4006, 4690, approximately, 
and M m x volume — 4025m, using the result obtained in Art. 159. 

by Simpson’s Rule, 

4025 h* - x 1 [1077 + 4690 + 2 (2870) + 4 (1995 + 4006)] - it. 8551 1, 

whence k is found to be 5*265 approximately. 

1 2 
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Examples LXXX. 

Find the If. I. of 

I. A square about a ride. 

8. A rectangle, aides a and h, about a line parallel to the aides a and distant 
i*. i> from them respectively. 

3. A flat circular ring, whose outer and inner radii are r and 2r, about an 
axis through its centre perpendicular to its plane. 

4. A circle about a diameter. 

6. An isosceles triangle about an axis through its vertex parallel to its base. 

6. The same triangle about its base. 

7. The same triangle about its axis. 

8. The same triangle about a line through its C. G. parallel to its base. 

8. A right circular cylinder about its axis. 

10s A right ciroular cone about its axis. 

II. A spheroid about its axis of revolution. 

13. An elliptic lamina about a latus rectum. 

18. The portion of a paraboloid of revolution bounded by the section m — b 9 
about its axis. 

14. A thin uniform circular wire about a diameter. 

15. An indefinitely thin spherical shell about a diameter. 

16. The area between the parabola y* — 4 ax and the double ordinate 
x — b, about the tangent at the vertex. 

17. The same area about its axis. 

18. The same area about the ordinate x — 6. 

18. The area described in Ex. LXIX. 84, about the axis of x . 

80. The volume described in Ex. LXIX. 85, about the axis of a 

81. A uniform arc of a circle about its chord. 

88. The area between one arch of a cycloid and its base, about the base. 

28. The solid formed by the rotation of a cycloid about its base, about the 
axis of revolution. 

84. The area enclosed by the curve s* , / l +f®/ # — a*/*, about one of the axes. 

177* General theorems on moments of inertia. 

The evaluation of moments of inertia is facilitated by several 
simple general theorems which establish relations between moments 
of inertia about different axes. 

L The M. L of a lamina about an axis perpendicular to its plane 
through a point 0 in its plane is equal to the sum of the If. L about any 
two rectangular axes through 0 in the plane. 

If r (Fig. 130) be the distance of an element bm from the origin 0, 
and (x, y) its coordinates referred to two rectangular axes through 0, 
the M. I. about a line through 0 perpendicular to the plane XOY 

*= fr 3 dm = /(s 2 +y 2 )dm 

=s fx % dm +yy dm, taken all over the area, 

*= M. I. about 0Y+2L L about OX. 
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Example*. This result may be need to deduce the M.I. of a circular disc 
about a diameter from the M. I, about an axis through its oentre perpen- 
dicular to its plane. For we have 


X 


Fig. 180 . 

\Ma % — M. I. about a perpendicular axis through the centre [Art. 176 (iii)] 
— sum of M. I. about two rectangular axes in its plane 
« 2 x M. I. about a diameter, from symmetry. 

M. I. about a diameter — J Jfa\ 

Again, the M. I. of a rectangle, sides 2 a, 2 b t about an axis thr ough one 
corner perpendicular to its plane — sum of M. I. about the two sides through 
that comer - Jf.*o* + Af. 4 6* « M .* («> + &*). 

Hence also the M. I. of a square lamina of side a about an axis through 
One corner perpendicular to its plane — sum of M.I. about two sides 
— | Jfa 1 ; and since a cube may be regarded as made up of square laminae, 
for each one of which the preceding result is true, it follows that the M.I. 
of a cube of side a about an edge — f Jfa 1 . 

IL The M. I. of a body about any axis exceeds the M. I. about a 
parallel axis through the centre of gravity by the product of the mass into 
the square of the distance between the parallel axes (i.e. by the M. I. of 
the whole mass collected at the centre of gravity about the original 
axisi 

From this theorem it follows 
that the M. I. about an axis 
through the G. G. is less than the 
M. I. about any parallel axis. 

Let G (Fig. 181) be the centre 
of gravity of the body. Let the 
given axis meet the plane through 
G perpendicular to it in A, at 
distance o from G, and let a linear 
element 6 m, parallel to the given 
axis, cut this plane at P; let A <7 
be taken as the $-axis, G as origin 
and (x, y) as coordinates of P 9 
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The M. L about the line through A perpendicular to the 
plane XGY 

= fAP* dm ==/[(a+a;) , +y a ]*n = y (a , + 2aa:+« , +y 1 )dm 
= a*fdm+ 2a fx dm + fGP 2 Am 

= a*2lf+0+M.L about the line through G perpendicular to 
the plane XGY, 

since fxim = Mx, where x is the abscissa of the C.G. [Art 170] 

= 0, since the C. G. is the origin. 

Hence the M. I. about the axis through A exceeds the M. L about 
the parallel axis through the centre of gravity by Ma\ 

Examples . The M.I. of a rod or rectangle of length 2 a about an axis 
through its centre perpendicular to its length is $ Ma * ; hence the M. I. 
about a parallel axis through one extremity -* \Ma % + Md* — J Ma % , 

The M. L of a circular disc of radiuB r about a line through a point on its 
edge perpendicular to its plane 

■» M. I. about axis through centre perpendicular to its plane + Mr 1 

» $ Mr 1 + Mr* ■» ) Mr\ 

The M. 1. of the disc about a tangent line -■ } Mr 1 + Mr 3 J Mr 1 . 

I i must be carefully noticed that the theorem does not connect 
the M. I. about any two parallel axes ; one of them must go through 
the centre of gravity. 

E.g. the M.I. of an isosceles triangle (Fig. 132), of height h and vertical 
angle 2 or, about a line through its vertex parallel to its base 

■» J in .2y dx . ir 1 -■ 2mJ a^tanOf dx — 2m tan or . 
since M — < mfcx Jbase— mV tan or. 



To deduce the M. I. about the base, we must first find the M. I. About 
a parallel axis through the C. G. of the triangle. The distance between the 
C. G. and the vertex is J h ; 

•% £ Mh 1 — M. I. about a parallel axis through C. G. + 4 
M. I. about axis through C. G. parallel to base — faMh*. 

The distance from the C. G. to the base ■■ 

M. L about baae - A M h' + 1 Mh' - i Uh\ 
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HI- To find the M. L of a lamina about a line through the origin 
inclined to the axes . 

Let the straight line OA (Fig. 188) be inclined to OX at an 
angle ol Let hm be an element of mass situated at the point P whose 
coordinates are (x, y). Draw PM, PN perpendicular to OA, OX and 
NL, NH perpendicular to PM } OA respectively. 



The M. I. of the lamina about OA 

= / MP 2 dm = f(LP-NH) 2 dm = f(y cos ol~x sin a)* dm 
s= cos* a fy* dm— 2 sin a cos oc fxydm + sin 2 a fx 2 dm, 

the integrals being taken all oyer the lamina. 

fxydm is called the ‘ product of inertia ' about the axes OX, OT \ 
If the body be symmetrical about either of the coordinate axes, it is 
evident that this integral fxydm is zero ; for, if symmetrical about 
the axis of x , then, to any value of xybm for a positive value of y, 
there is a value for the corresponding negative value of y which will 
be equal in magnitude and opposite in sign ; hence, as in Art. 146, 
the terms of the sum whose limit is the definite integral cancel in 
pairs, and the integral is zero. Similarly if the lamina is symmetrical 
about the axis of y. 

In this case, the M. I. of the lamina about OA 
= cos* <x/y* dm + sin* oefa? dm, 

i.e. if the lamina is symmetrical about one (or both) of the axes OX, OT, 
the M. 7. about a line inclined at angle a to OX is equal to 

( M.I . about OX) cob*<x + (M. 7. about OT) sin* a. 

In this case the M. I. about OX, OT are called the * principal moments of 
inertia relative to O’, and the axes are called the ‘principal axes at O'. For 
further information as to principal axes and moments of inertia, the student 
is referred to works on rigid dynamics , it is there shown that at every point 
of a lamina there is a pair of axes for which the product of inertia is zero. 
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It is easily seen that this theorem is also true for a solid body which is 
symmetrical about the plane XOT For in this case, if 2 a be the length of 
the element through P perpendicular to the plane XOT \ of which P is the 
middle point, the M.I. of the element about OA ■■ 8 m (J c 9 + JfP 1 ) ; and 
its M. I. about OX and OT are respectively & tn (J * 9 + y 9 ) and 8 m ( J * 9 + x 9 ). 
.% the M.I. of the body about OA, as before, 

— f\ ** dm + cos* a/y* dm + sin 1 <X/x* dm 

— cob* «/(J + y 9 ) dm + sin 1 OL/{\ «*+**) dm, [since sin , a + cos , flC ■■ 1] 

■■ cos* a x M. I. about OX+sin* Of x M. I. about OT 

Examples : 

(i) Find the M.I. of a rectangle , sides 2 a and 2 b, about a diagonal 
The M. L about lines through the centre parallel to the edges are J Ma % 
and l Mb *, and the rectangle in symmetrical about these lines. 



Fig. 134. 


If oc (Fig. 134) be the angle between the diagonal and a side whose 
length is 2 a 

cos* a ■■ a 9 /(a 9 + &*), and sin* a — b'/(a % + &•). 

M. I. about diagonal — £ Mb 1 cos* OC + J Ma 9 sin 9 Ot 

-JAf&V o V(«* + & 9 ) + J Ma' . b'/(a' + 3*) 
-Silfa 9 &7(a f +* f ). 

(ii) FVnd the Jlf. J. o/ a solid right circular cone about an axis through its 
vertex parallel to its base. 



Fig. 186. 


Divide the cone (Fig, 185) into thin circular slices by planes perpendicular 
to its axis. 
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The maw of an element ie Mir]/* dm, and its M.I. about one of it* 
diameters is miry* 4# . Jy* ; .% its M. I. about the given axis, which is at 
distance * from a parallel axis through the C.G., is miry* d*( ly*+**). 


•\ M. I, of cone m rr y* ( J y* + x*,) <£» 

“ nce I 

-"'(A 4 *)/.*** 4 * 

- Af»7rr J ^(f J + 4V) 


r 

h' 


•> Jf (r 1 + 4 fc*), since the whole mass M — J m ir r* fc. 


From this result the M. I. about a parallel axis through the G. Gk, and then 
the M. I. about a diameter of the base can be deduced. 

The M. 1. about a generating line can also be deduced by Theorem III of 
this article ; for the M. I. about the axis is easily found by direct integration 
to be M r 1 , and the cone is symmetrical both about the axis, and about 
any plane through the axis. 

Hence, if a be the semi- vertical angle of the cone, the M.L about a 
generating line 

— Mr 3 cos* a + M (r 1 + 4 fc*) sin* (X 


+ AM(r»44h*)p^i 

(2*'+**+***)- A** • 


Examples ZaXXII. 

Find the M. I. of 

1. A flat circular ring, radii r and r\ about a diameter. 

2. A square about an axis through one comer perpendicular to its plane. 

8. An ellipse about an axis through its centre perpendicular to its plane. 

4. A square lamina of side a about an axis through its centre perpendicular 
to its plane. 

5. An equilateral triangular lamina about an axis through the middle point 
of its base perpendicular to its plane. 

8. An ellipse about (i) the tangent at one end of the major axis, (ii) a latus 
rectum, (iii) a directrix. 

7. An equilateral triangle about an axis through its C. G. perpendicular to 
its plane. 

8 . A cylinder about a generating line. 

8. A sphere about a tangent line. 
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10. A straight rod of length 2 a about an axis perpendicular to its length 
at distance b from one end. 

U. A square of side a about anj line through its centre in its plane. 
(Deduce both from Example 4 above, and from Theorem III), 

IS. A square about any line in its plane at distanoe b from its oentre. 

13. An ellipse about the line joining the extremities of the axes. 

14. An isosceles triangle, of height % and base 2b, about a line joining the 
middle point of the base to the middle point of one of the equal sides, 

15. A solid cone about (i) an axis through the C. G. parallel to the base, 
(ii) a diameter of the base. 

16. A solid cylinder about a diameter of one end. 

17. A solid cylinder about (i) a line through the C. G. perpendioular to the 
axis, (ii) a tangent to one of the circular ends. 

18. The solid formed by the rotation of a rectangle, sides a and b, about a line 
in its plane distant e ( > $ b) from its centre and parallel to the sides a, 
about the axis of rotation. 

10. A solid anchor-ring about the axis of rotation. 

80. An aro of a oircle about an axis through its middle point perpendicular 
to itB plane. 

81. A rod in which the line-density varies as the distance from one end, 
about an axis through that end perpendicular to the rod. 

88. A oircular disc in which the surface-density varies as the distance 
from the centre, about an axis through the centre perpendicular to 
the disc. 

23. A right-angled triangle about a line through the right angle perpen- 
dicular to its plane. 

24. A paraboloid of revolution bounded by the section x~b t about a tangent 
line at the vertex. 

85. A spheroid about a tangent at an extremity of the axis of rotation. 


POTENTIAL 

178. Potential. 

If m l9 m i9 ... be the masses of a system of particles situated at 
distances r l9 r %9 ... respectively from a point P, then 



Sl + ?4. 

n u 


is called the potential of the system at the point P. This function is 
of great importance in the theory of attractions and in electricity. 
In the case of a continuous distribution of mass, the Bummation 
becomes a definite integral 

Examples of the calculation of the function in several important 
cases are here given. 
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Examples: 

(i) Find the potential of a circular disc at a point on its axis . 

If the disc be divided into elements by conoentrio circles, the potential of 



an element at a point P (Fig. 136) on the axis is m . 2 tt r 6 r/PQ (to the first 
order of small quantities), m being the mass per unit area. 

Let p be the distance of P from the diso and a the radius of the diso. 

f* 2 m w r 


Then the potential of the disc at P J 


dr 


■ 2wjt 

i 

«» 2mn 


■ dr — 2m tt 


- . 


> 7P+j»*) 

[yV + <*’) -rf - 2 w n- (J2 -j>), 

if it be the distance of P from a point on the edge of the diso. 

(ii) Find the potential of a thin spherical shell at any point. 

Let o be the distance of P (Fig. 137) from the centre of the spherical shelL 
Divide the shell into elements by planes perpendicular to OP, 



Fig. 187. 


the potential of the whole shell — J— — ^ ^ 

—2 cr cos 6) 


mm 2 mrrf 3 I 


sind 
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This can be integrated by putting e % +r M - 2 crtos$ ■* a 9 ; 

2 cr sin 6 ■* *2 a dx/d 6 , i. e. cr sin &/* ■■ dz/d 6 t 
and the limits for * (which is PQ) are c— r and c+r, if P be outside the 
shell 

the potential — *** "" 

2t»rrr r , 4 mrr r* Jf 

“ e f e+r- ( c “ r )] “ — T - 

If the point P be inside the shell, the expression to be integrated is the 
same, but the limits for * or PQ are r— c and r- ^ c. 

•\ in this case, the potential ■■ — - — [r + e - (r - c)] » 4 m ir r ■■ Jf/r. 

If the point P be on the shell, the limits for t are 0 and 2r, and c — r; 
hence in this case also the potential ■* Jf/r. 

Hence the potential of a thin spherical shell at an external point — Af/c, 
i.e. it is the same as if the whole mass were concentrated at the oentre; at 
an internal point, the potential — Jf/r, L e. it is constant, and therefore is 
the same as if the point were the centre. 

(iii) Find the potential of a solid sphere at any point. 

Let the sphere be divided by concentric spheres into thin spherical shells. 

If the point P be outside the sphere, the potential of each shell and hence, 
by addition, of the whole sphere is the same as if the whole mass were 
collected at the centre, and therefore » equal to M/c, where c is the distance 
of the point P from the centre. 

If P be inside the sphere, the potentials of the spherical shells which do 
not contain P are the same as if their whole mass were collected at the 
centre, and hence their sum ■» ^ir&m/c — j^rrmc 9 ; the potentials of the 
shells which do contain P are the same as if P were at the centre, and there- 
fore their sum 

tn :^. 7 rr f. ft n 4 tr m f r dr ■■ 4 »r m (| r* - ic*) ■= 2 rrm (r 1 — c*). 

I r Je 

Hence the total potential of the sphere at P 

— 4 irmc 9 + 2 ir m (r 1 - c*) -* 2n m (r*— Jc 1 ). 

Examples LXXIII. 

Find the potential of the following, 1-11 : 

1. A circular arc at its centre. 

2. A thin cylindrical shell (with open ends) at the centre of one end. 

8. A solid cylinder at the centre of one end. 

4 . A hollow cone at its vertex. 

6. A solid cone at its vertex. 

6. A thick shell bounded by two concentric spheres of radii r and s'. 



• J ** 
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7. A thill hemispherical shell at its centre. 

8. A shell bounded by two non-intersecting and non- concentric spheres. 
(Take it as the difference of potentials or two solid spheres.) 

8. A flat circular ring at a point on its axis. 

10. A sector of a circle at the centre of the circle. 

11. Prove that the potential of a thin uniform rod AB of length 2 l at a point 
P on its perpendicular bisector is *nlog[(r+ l)/(r— I)], where PA ■■ r. 
Show that tins may be put in the form 2 m log cot 1 a. where a is the 
angle PAB. 

in. If Fbe the potential of a solid sphere of radius r at a point distant x 
from the centre, prove that V and dV/dx are continuous functions of 
but that <PV/d& is discontinuous when x •» r. 
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17 9 • Attraction . 

The law of gravitation, as enunciated by Newton, states that two 
particles of masses m> m', at distance r apart, attract each other with 
a force which varies directly as the product of the masses and 
inversely as the square of the distance between them, i.e. the 
attraction is equal to kmm' /r a . It is usual to ohoose the units so that 
the constant k may be unity ; they are then called astronomical units . 
In terms of these units, the attraction of a particle of mass m on 
unit mass at distance r from it is equal to w/r 2 . ‘ The attraction at 

P* is the phrase used to denote the attraction on a particle of unit 
mass situated at P. 

The force between two electrified particles obeys the same law, 
being attractive if the product of the charges be negative, and 
repulsive if the product be positive. 



Let V be the potential of mass m situated at A at a point P 
distant r from it, so that V = tn/r. Let s be the distance of P 
(Fig. 1 88) measured along its path from some fixed point in the path ; 
then 7 is a function of s. Let <f> be the angle between the radius 
vector AP and the tangent at P. 
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We have 


dV dV dr m dr m . 
d$ ~ dr ' d5~ f* # ds ~ r a 00i ^ 


(Art. 108) 


= ^5 cos APT = attraction of m at Pxcoe APT 

= resolved part of attraction of m in direction PT 
(in which $ increases). 

This result will be true for each particle of an attracting system, 
and therefore will be true for the whole system. Hence, if V be the 
potential of an attracting system at an external point P, the 
attraction of the system at P, in the direction in which e is measured, 
is equal to dV/ds . 


Examples: 

(i) Find the attraction of a uniform circular dice at a point on its axis. 
From Ex. (i) of the preceding article, if r be the radius of the diso, 
Vmm2irrn(R-p) ■■ 2irm[\/(r*+p , )-p] t 

where p is the distance of the point P (Fig. 189) from the disc. The 
attraction of the disc at P is obviously along the axis, from symmetry, and 



if Ot be the angle subtended at P by the radius of the disc. 

The same result may be obtained directly, by resolving the attraction of 
an element of the disc along OP and integrating the result. 

Taking a ■■ $ jt, we see that the attraction of an infinite disc at a point 
at finite distance from it, or of a finite disc at a point whose distance from it 
is indefinitely small, has the constant value 2 m ir. 

* +dV/dp is the attraction in the direction in which p increases, La 
upwards. 
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Cl) Find the attraction of a etraight uniform rod at a point on its perpen- 
dicular bisector. 

If p be the distance of the point P(Fig. 140) from the rod, and 0 the 
inclination of PQ to the perpendicular PN from 
P to the rod, the attraction of an element mdx 
situated at Q is mbx/PQP. From symmetry, the 
resultant attraction of the rod is along PN ; 
hence, resolving along PN and integrating, the 
total attraction 
f mdx 


■ cos 6 


o f q m P nec 1 ^ d0 . cos 6 
~ Jo p*Bec*0 


"Jw 

since * — p tan 0 f PQ — p sec 0 9 2 a being the 
angle subtended by the rod at P t 

2m r a 

-T).' 


cos 0 d6 — sin OL. 
P 



(iii) Find the attraction of a spherical shell at a given point . 

If the point be inside the shell, the potential M/r is constant, and there- 
fore its differential coefficient is sero ; hence the attraction of a spherical 
shell at an internal point is sero. 

If the point P be outside the shell at distance c from the centre, the 
attraction of the shell at Pis, from symmetry, along the line joining Pto 
the centre. The potential at P is M/c (from Ex. (ii) of Art. 178) ; there- 
fore the attraction of the shell, which is towards the centre, i.e. in the 
direction in which c decreases, — —dV/dc — M/c 1 ; hence the attraction of 
a spherical shell at an external point is the same as if the whole mass were 
concentrated at the oentre. 


(iv) Find the attraction of a solid sphere at a given point. 

If the point P be outside the sphere at distance c from the centre, the 
potential F-»Af/e, and the attraction towards the centre «■ —dV/dc=* M/c? t 
i. e. the same as if the whole mass were concentrated at the centre. 

If P be inside the sphere, the potential F**2 n m (r*— } c*) (from Ex. (iii) 
of the last article), and therefore the attraction towards the centre 

-■ — dV/dc — — 2ttw( — |c) — |rr me. 

Hence the important results that, in the case of a solid sphere attracting 
according to the law of gravitation, the resultant attraction at an external 
point varies inversely as the square of the distance from the centre, and at 
an internal point, varies directly as the distance from the centre. It follows 
that the value of g, the acceleration of a particle due to the earth's attraction, 
varies in the same manner, if the earth be regarded as a sphere of uniform 
density. 

It should be noticed that, although the expressions for the potential and 
the attraction of a solid sphere at a point distant e from its centre taka 
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different forma according aa the point ia inside or outside the sphere, yet both 
are continuous functions of e ; in both cases the two expressions tend to the 
same value when e-wr. Both expressions for the potential become Jf/r, 
and both expressions for the attraction become Af/r 1 , i.e. Imirr^/r* or 
|m9rr. Hence V and dV/dc are both continuous when c ■■ r. 

The seoond differential coefficient &V/d& is however discontinuous 
when c ■■ r; for at an internal point 

&V/d& d. c. of — in me » - Jtrm, 
and at an external point, 

d 1 r/dc* - d.C. Of -M/<* -2AT/c*- frr mr*/c*, 

which, as e-^r, approaches the value g rrm. 

Hence there is an abrupt change from — Jrrm to £irm, i.e. an abrupt 
increase of 4 jtw in the value of d l V/d<? 9 as c increases through the value r. 


Examples LXXIV. 

Find the attraction of the following, l-ll : 

1. A thin uniform rod at a point on its perpendicular bisector, by dif- 
ferentiating the expression for the potential obtained in Ex. LXXIII. 11. 

8. A circular disc at a point on its axis, by direct integration. 

8. A thin uniform rod at a point on the perpendicular to the rod from one 
end of it. 

4. A thin uniform rod at any point. [See Ex. 14, below.] 

8. A thin cylindrical shell (open at the ends) at an external point on its 
axis. 

6. A solid cylinder at an external point on its axis. 

7. A solid right circular cone at its vertex. 

8. A thick spherical shell, radii r and r' (r>r'), at a point distance x from 
its centre (i) when x < r\ (ii) when r'< x < r, (iii) when x > r, 

8. A shell bounded by two non-intersecting and non- concentric spheres 
(i) at an internal point, (ii) at an external point. 

10. A rod AB at a point in AB produced. 

11. A flat circular ring at a point on its axis. 

13. Taking the value of g as S2‘18 at the earths surface, and the radius of 
the earth as 4000 miles, find the value of g (i) at a point 100 miles 
within the surface, (ii) at a point 100 miles outside the surface. 

18. Find the work done in raising 100 lb. from the surface of the earth to 
a height of 100 miles. (Take the radius of the earth as 3960 miles.) 

14. A circle is drawn with any point P as centre to touch a straight line AB ; 
if CD be the arc of this circle intercepted by PA t PB, prove that the 
attraction of the straight rod AB is the same in magnitude and direction 
as that of the circular rod CD. 

18. If V be the potential of a solid sphere at a point distant x from its centre, 
draw the graphs of (i) V, (ii) dV/dx, (iii) dfFJdaP* 
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180. The compound interest law. 

In many eases in nature, the rate of change of a quantity which 
is a function of some variable is, for any value of the variable, pro- 
portional to its actual magnitude for that value; i.e. if t denote the 
variable * of which y is a function, 

^7 = ky 1 which can be written - = h 

dt y dt 

The left-hand side is the d. c. of log y with respect to t Therefore, 
integrating with respect to t, log y = kt + C f 

i. a y = e kt + c = ^xe c = ae u 

writing a instead of the constant factor e c . 

This law of change, viz. : that the rate of increase of a variable is 
proportional to the value of the variable, is called the compound 
interest law for the following reason : 

Let a sum of money £P be invested at compound interest at the 
rate of r per cent, per annum, and let the interest be payable n 
times per annum at equal intervals of time. 

After the first payment of interest, the amount 

and, similarly, the amount at the end of each interval is equal to the 
amount at the beginning of the interval multiplied by the factor 
1 + r/100n. Therefore after t years, Le. after nt payments of interest, 
the amount will be 

P(l+r/100w)*. 

This is the manner in which money increases in actual practice, not con- 
tinuously as a mathematical function increases, but by a succession of 
disconnected finite increments (as in the graph of Fig. 31) ; n may be 1 
(C. I. paid yearly), 4 (C. I. paid quarterly), 12 (C. L paid monthly), and 
so on. 

If r/lOOn be denoted by 1/m, and therefore n = rm/100, this 
amount may be written 

P( 1 + l/m)™" 100 . 

Now let n (and therefore also m) increase and ultimately become 
indefinitely great, so that the interest is added more and more 


* The independent variable is frequently the time. 
A& 
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frequently, and ultimately continuously ; the amount at the end of 
t years will then be 

Px Lt (1 + 1 /m)rmt/ioo _ P x [Lt (1 + 1 /«)"»] rt,ioo = p e rt/m (Art. 87). 

m oo 

Hence, when compound interest is added continuously to the 
principal P, the amount A at the end of t years = Pe^ 100 , and 
therefore obeys the above law. 

The rate of increase of A = ~ = P. e ri / 100 = r^r A . 

Ctt 100 lvU 

The preceding result can also be obtained directly by integration, 
for the amount A at any instant is increasing at the rate of r per cent, 
per annum, i. e. 

dA/dt = -4r/100. 

*'• 2^ = 1^ "hence log A = ^-1 + 0. 

When t == 0, A is equal to the sura P originally invested, log P= (X 

i. e. log A = rtf 100 + log P, 

. \ A = Pe rt/10 °, as before. 


Extension of compound interest late . 

Gases in which the rate of increase of the function is partly constant and 
partly varies directly as the value of the function may be included in the 
above law, for if dy/dt — b + ky, 

we may write dy/di — Jc (y + b/k), 

from which it follows that the rate of increase of the function is proportional 
to the excess of the value of the function over the constant —bjk. 

The equation may be written — V-77 $ — k. 

y + b/k dt 

Therefore, integrating, and taking the constant of integration in the form 
log C, which is more convenient than C, we have 

log (y 4 b/k) — kt + log C % 
whence y + b/k — Ce **, 

and y «■ — b/k 4- Cd*. 

(It should be noticed that the preceding equation takes exactly the same 
form as in the case of the compound interest law if we replace y + b/k by #, 
and therefore dy/dt by dz/dt.) 

181. Particular cases of the oompound interest law. 

Among the natural processes which follow the compound interest law are 
the following : 

1 . The cooling of a body which is at a higher temperature than its surround' 
ings , according to Newton's Late of Cooling . 

This states that the rate of cooling is proportional to the excess of the 
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temperature of the body over the temperature of its surroundings ; i. e. if B 
denote this excess of temperature, 

dd/df- -id, 

the — sign being taken because the temperature decreases as time goes on. 
Hence, from the result at the beginning of the last article, B — Ce“ u . 

If B 0 be the original excess of temperature, L e. the value of B when f — 0, 
we have 6 % — C ; 6 — 

Taking a numerical case, suppose that a body cools from 80° C. to 70° C. in 
5 minutes ; what will its temperature be after a quarter of an hour, and how 
long will it take to oool to 40° C., the surrounding temperature remaining at 
20° C. all the time ? 

Here ■■ 80— 20 — 60 ; therefore B — 60s“ w . 

It is given that B (the excess of temperature) — 50 when t ■» 5 ; therefore 
50 «■ 60 a"**, whence e ~ th «- £ , log £ , and k *■ $ log 1*2. 

After a quarter of an hour, B ■■ 60 — 60 (s“ 6 *) 8 — 60 x (£)* — 34*7°C. 

nearly. Therefore the temperature will be 54*7° C. 

The time to cool to 40° C. is given by 20 — 60 ; whence 

— if — log J — -log 3, and t — (log 3 )/i -■ 5 log 3/log 1*2 — 30*1 minutea 

The temperature of 40° C. is reached after a little more than half an 
hour. 

2. The change in the atmospheric pressure due to an alteration in height above 
eea-level. 

Let p be the pressure at height h above sea-level (or any other fixed level), 
and p + dp the pressure at height h + 6 h. 

Taking a vertical cylindrical column of air of height d h and section A , 
the pressure on the lower end exceeds the pressure on the upper end by the 
weight of the column, i.e. by gpAbh. 

Hence pA — (p + 8p)A ■■ gpAbh, i.e. Abp—~gpAbk 

Therefore, when 8h-> 0, dp/di — — pp — • —gp/k f 
since, as is proved in text-books on Hydrostatics, p-»fcp , provided the 
temperature be supposed to remain constant. 

Therefore p — Ce~ oh / k —p p e~*V* if p 0 be the pressure at the given 
level. 

Hence, if p lt p, be the atmospheric pressures at heights h lt h 9 , we have 
Pi/P% ■“ p 0 -rp 0 erfaJ* « ss(*«-*i)/*. 

8. The motion of a particle against a force which is proportional to the 
velocity . 

(For small velocities, the resistance of the air is roughly proportional to 
the velocity). Such a force will produce a retardation which varies as the 
velocity; hence the equation of motion of the particle is de/dt — —he, 
whence v — us"**, where u is the initial velocity. 

▲ a 2 
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4. The tension qf a rope or bdt round a rough pulley or cylinder. 

Let Pbe the tension at a point P (Fig. 141) whose angular distance from 
the point A, where the rope leaves the pulley on the slack side, is 6 ; and let 
T+ b T be the tension at Q t distant $ + b& from A • 



Let R be the normal reaction at the middle point of PQ, and p the coefficient 
of friction ; therefore pRia the friction at that point when the rope is on the 
point of slipping. 

Resolving along the normal and tangent at the middle point of PQ for the 
equilibrium of the indefinitely Bmall element PQ , we have 

R — Tain $ b0 + (T+ b T) sin \ dd, 
and (P+d T) cos \b6 -= pR + Pcos | dd, 

whence d Tcoa Jdd - pR « p (2 P+ d T) sin J dd, 

from the preceding equation. 

d T/b e . cos i be - P (2 P+ d T) (sin \ dd)/dd. 

When M-*0, coejatf-l, 2T+&T+2T, 

ultimately, dT/dO — p .2Tx\ — pT, 
whence, as before, T — T 0 , where T 0 is the tension at A . 

From this it is easily seen how it is that a small force at one end of a rope 
which takes a turn or two round a rough post can support a very considerable 
tension at the other end, for if the coefficient of friction be i and the rope 
makes 1} complete turns, i.e. if 6 — Stt, we have T — T^e^ —> T 9 x 11118, 
so that a given tension at the slack end will support a tension 111 times as 
great at the other end. 

5. The discharge of a condenser through a large resistance. 

It is shown in works on Electricity that, if C be the capacity of the 
condenser, and R the resistance through whioh it is discharging, then 
dq/dt mm -q/CR t where q is the amount of the charge at time fc 
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Hence q — A*~*f CK , where A ia constant, 

«■ 2o *~ l I 0Jt , if Jo be the original oharge when <»0i 

Therefore log ^ ± , and B - i/log 6 - g/log J, 

if e 0 , « be the potentials originally and at time t. This gives R in terms 
of v and t, 

6. The true expansion of a length , area, or volume when the coefficient of 
expansion is constant. 

Taking the case of a volume (Art 88), L — a, if F be the volume at 

K a 0 

temperature 6. Therefore, as in the preceding cases, F — F 0 e<** # if F 0 bethe 
volume at temperature 0°, or F- Vt* *<*-*0, if F r be the volume at tem- 
perature S'. Taking the former case, we have, on expanding e°* and 
neglecting squares of a, F«* F t (1 + a0) approximately. 

7. 77w current flowing in an electric circuit . 

It is shown in works on Electricity that if an electric current of strength i 
be flowing in a circuit of self-induction L and resistance JR, and if E be the 
external E. M. F. on the circuit, then L di/dt+Ri — E 

(i) If the circuit be left to itself, so that there is no external E.M. F., E—Q, 

di/dt — - Iii/L. 

Hence, as before, * — i 0 e~ttt/L t where ^ is the original current 

(ii) If a constant E. M. F. be supplied to the circuit, we have a case of the 
extension of the compound interest law mentioned above, for then 

di/dt -■ E/L — Ri/L, where E is constant 
Therefore, using the result at the end of Art. 80, 

« ■» — jf ^ — +Ae“ffl L — £ + Ae-M L , where A is a constant. 

If the time be measured from the instant the circuit is completed, t ■■ 0 
when t 0. 

0 — E/R+A, and A — -E/R ; 
so that • - E(l -e-WL)/R. 

Since the last term in the brackets tends to zero as t increases, the current 
approaches the constant value E/R. 

(For another case of this problem, when the cirouit is under the influence 
of a variable E.M. F., see the next artiole.) 

8. The velocity of certain chemical reactions. 

(a) Many ohemical reactions follow the law (known as Wilhelmy’s Law) 
which states that the velocity of the reaction is proportional to the concen- 
tration of the reacting substance, i e. if a be the initial concentration of the 
reagent and » the amount transformed at time t % dx/dt — k (a-x). 
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This is the extension of the compound interest law, and integrating as in 
the preceding artiole, we get 


Tr x Tt~ k ’ -log(«-*)-«+C 

To find (7, we have a — 0 when f«0; .% — loga— C. 

changing signs, 

log(a-») -■ — fcf+loga, i.e. a-a?«-as w , or x — a ( 1 — #“ w ). 

The equation may also be written in the form 

let — logo— log(o— «)» logr— * - *—7 

q—x t a— a? 

This gives the value of the constant h when a and a pair of simultaneous 
values of t and x are known. 

(b) There are other chemical reactions which follow the more complicated 
law dx/dt — k (a - x) (b — x). 


dt k ' 


This may be written y rjr ? 

(a— a?)(o— a?) 

f dx 

,\ integrating with respect to t, let — fa^x)(b — x) * 

By the method of partial fractions (Art. 123) we find (if a>b) 


1 LfJ Ll. 

(<*-a?)(fc — x) a—bLb—x a—x J 

“ A [ " l0g (> -* )+1 °* (— *)] - • 

(<*-&)« -log^ + C. 


s «0 when * ■■ 0 ; 0 — log («/&)+ C ; 

(•-»)»-iogJ=£-i«gJ 

or 

a o-jp 

Solving this equation for 8 , we obtain 

«&[*(•-*>* -II 


log 


bia-x)' 
a ( 6 -a?)* 


which gives the value of x at time U 
If a pair of simultaneous values of x and t are known, the value 
is obtained from the equation above, 


k 


1 

(a-b)t 


log 


b(a—x) 
a(fc— < r) 


ef ft 


182. Another example from Electricity. 

We have, in the preceding article, solved the equation 

*2 +*-* 

for the particular cases S — 0 and A ■■ constant 
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Let us now take the case when the external E. M. P. it a periodic function 
of the time; let JE — E Q sin pt, where E t is constant. 

di R . 2£ 0 . 

•• * + 

di P 

In integrating the equation ^ + - 1 — 0 in the preceding article, we 

obtained * — i. e. &&/& «■ A, a constant. 

If we verify this result by differentiation, we get 

* • I ** ,L + % e ** ,L - 0. i- «• (jt + Z*)- 0 - 

This shows that the left-hand side of our equation above is made an exact 
differential coefficient (of fVW/X) f and therefore the equation can be in- 
tegrated, by multiplying it by the factor e^/L . it then becomes 

e m J L ~ +»y eR*/ L mi ~ eWL sin pt. 
at L L 

The left-hand side being the d. c. with respect to t of te^ L 9 we have by 

integration w f 

ilfit/L - e Rt/L 8 i n pt dt + C. 

An integral of the same type as that on the right-hand side has already 
been evaluated in Art. 139; substituting R/L t p, and t for a, b, and ji 
respectively in the result of that article, we get 


whence 


i,Rt/L _ tRt/L W L • gin Plzl C 0 *P^ + n 

L ' li'/L'+p* + ’ 

*• nn V (Bnnpt-pLcoipt) . c ._ Ht/T . 

E> W+FZ? + c • 


Measuring the time from the instant when the circuit is completed, we 
have t — 0 when t — 0, 

••• 

The first term can be put in a more convenient form by the following 
artifice, which is one of frequent use. 

Let R -» £ cos at, pL — k sin oc ; therefore tan a — pL/R, and, squaring 
and adding, Ji*+p*L 4 — k\ 

Then R sin pt—pL cos pt wm k (cos OL sin pt — sin oc cos pt) 

— k sin (pt — a) -* y't-B* + j p*L*) sin (pt — a). 


Hence 


4mm 


Ea 


-sin (p*-<X) + 


E>pL _ 


Rt/L, 


7 X* + P'L*) T A* + j>*L« ’ 

The last term becomes very small as t increases, since, R/L being + , 
r-Rt/L decreases rapidly as t increases, and therefore the current soon 
approaches the steady oscillation given by 

< "7(Ff , < pTL*) ,in(i> ‘- a) ' where 
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Examples LXXV. 

In doing these examples, the differential equation should be formed and 
actually solved in each case. Do not substitute numerical values in the results 
of Art 181. 

1. Find the compound interest on £200 invested for 8 years at 5 per oent 
per annum, when interest is payable (i) monthly, (xi) daily, (lii) con- 
tinuously. 

1. The temperature of a body is 80° above that of the surrounding atmo- 
sphere ; and its rate of cooling per minute is *01 0, where 0 is the excess 
of its temperature above that of the atmosphere (which is supposed to 
remain constant) ; find (i) its temperature after 8 minutes, (ii) when its 
excess of temperature will have fallen to 20°. 

8. The temperature of a liquid in a room of constant temperature 20° is 
observed to be 70° ; after 5 minutes, it is observed to be 60° ; what will 
its temperature be after another half-hour, and when will it be 40° ? 

4. A rope which is in contact with a circular post is on the point of 
slipping ; if the portion of rope in contact with the post subtends an 
angle of 120* at the centre, and the coefficient of friction is J, compare 
the tensions at opposite ends. 

0. A rope is wound just twice round a post and held by a force of 20 lb. wt. 
at one end ; if the coefficient of friction be *4, what force must be applied 
at the other end to make it slip ? 

0. The height of the barometer is 30 inches at sea-level ; what would it be 
at the top of a mountain 10,000 feet high, if the temperature were 
constant ? [Take the specific gravity of air at sea-level as *0018, that of 
mercury as 18*6, and determine k from this.] 

7. The height of the barometer is 80 inches at the bottom of a mountain 
and 24 inches at the top ; find the height of the mountain. [Take k 
- 842000.] 

6. A light string hangs over a fixed rough horizontal cylinder, and is on the 
point of slipping when masses of 8 lb. and 2 lb. are suspended from its 
extremities ; find the coefficient of friction. 

9. A fly-wheel of mass 1 ton and radius of gyration 2 feet is running against 
a frictional resistance which is proportional to the velocity ; its angular 
velocity was initially 80 radians per second, and after 20 seconds it is 
50 radians per second *, what will it be after a minute ? [If I be the M.L 
of the wheel, and si its angular velocity at time t, Idwjdt — — k».] 

10. A point moves so that its acceleration is always numerically } of its 
velocity ; if it starts with velocity of 5 ft. -Bees., find its velocity after 
10 seconds, and when its velocity will be 100 ft.-secs. 

11. A particle falls vertically under the action of its weight, and against 
a resistance which produces a retardation proportional to the velocity; 
find its velocity after 10 seconds, supposing that it starts from rest, and 
that its velocity tends to the value 80 ft-secs. as t increases indefinitely. 

IS. A chemical reaction takes place according to the law mentioned in 
Art. 181. 8 (a). If a — 9*5, and x — 3 2 after two minutes, find (i) the 
value of fc, (ii) the value of x after 5 minutes. 

18. A chemical reaction takes place according to the law mentioned in 
Art. 181. 8 (5). If a 85*4, b — 12*5, and x — 2*8 after one minute, 
find (i) the value of fc, (ii) the value of x after 8 minutes. 
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14. An electric condenser of capacity 18 x I0~ 14 is discharging through 
a resistance 8 x 10“ ; if the initial charge be '001, find (i) the charge 
after *01 second, (ii) when the charge is reduced to 10 per cent of its 
original value. 

15. A condenser of capacity 5 x 10~ u is discharging through a resistance, 
and in 2 seconds the voltage falls to one-tenth of its original value; 
find the resistance. 

10. A current is flowing in a circuit of resistance 10 ohms and self-induction 
a 02 henry ; if its value was originally 40 amps., find (i) its value after 
a 01 second, (ii) when it is 10 amps., the circuit being left to itBelf. 

17. Find the current after *01 second if the same circuit is under the 

influence of a constant E. M. F. of 50 volts, and % « 0 when t ■■ 0. 

18. Find the current after a 01 second if there is an E. M. F. of 50 sin 500 1, 
and ♦ • 0 when *»0. 

18. Find the eurrent after half a second in a circuit of resistance 10 and 
self-induction 5 under an E. M. F. of 40 sin 200 1. 

20. The rate at which liquid is flowing out of a vessel at any instant is 
proportional to the amount left in at that instant ; if the vessel is half 
emptied in 1 minute, how much will flow out in 2 minutes, and when 
will it be four-fifths empty ? 

21. A pane of glass absorbs 4 per cent, of the light passing through it ; how 
much of the light will get through 20 such panes of the same kind of 
glass? How many panes will absorb 40 per cent, of the light? 

[If I be the intensity after passing through a thickness I, dl/dl *■ - Jfc/.] 

22. An electric current, left to itself, drops to \ of its original value in 

second ; how long will it take to drop to one-millionth of its original 
value? 

28. An electric current left to itself drops 20 per cent in 2 minutes ; when 
will it be imperceptible to a galvanometer which can just detect one 
thousand-millionth part of its original value ? 

24. The population of a country is at any instant increasing at a rate which 
is proportional to its value at that instant; if it be doubled in 20 yearB, 
when will it have increased 5-fold ? 



CHAPTER XIX 
APPLICATIONS TO MECHANICS 
WORK 


183. Work tnd energy. 

It was shown in Art. 65, that, if IT be the work done in moving 
a particle from some standard position to a point P, and E the 
kinetic energy at P, then F = dW/dx and also = dE/dx, % being 
the distance of P from some fixed point in the line of motion. 

Therefore dW/dx = dE/dx, and hence (Art. 76) W and E differ 
by a constant only, i. e. W = E+C. 

If E q be the kinetic energy of the particle in the standard position, 
we have E * E 0 when W = 0 ; hence 0 = E 0 +C, and 0 = —E 0 , 

W=E-E 0 . 

Therefore the work done in moving the particle from one point to 
the other is equal to the change in the kinetic energy of the particle. 

Also, since dW/dx = F, it follows that W ~ fFdx. Therefore, 
if F be known in terms of x, the work done in moving the particle 
from one point to another can be calculated. 

A s as example of thii, we will calculate the work done in itretchisg an 
elastic string. Let a be the natural length of the string, and suppose we 
want to find the amount of work done in stretching it from length a+b to 
length a +e. The tension of such a string is given by Hooke’s Law, which 
states that the tension is proportional to the extension. When the stretched 
length is a+x, the extension is x, and the most convenient way of expressing 
this law is: T«* Xx/a, where X is a constant. [If x — o, this gives T—X, 
so that the constant X is the weight which, suspended at the end, would 
cause the string to hang in equilibrium stretched to twice its natural length, 
■opposing this law continues to hold good.] 

Hence we hare dW/dx - T — Xx/a. 

Therefore the work done in increasing x from b to e 
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If I*, T r denote the tension! at lengths «4fc, «+e respectively, 
TV — Xb/a and TV ■» Xc/o ; therefore the work required 
- IX («+*) (e-h)/a - i (2V + IV) («-*) 

■■ the extension x the mean of the initial and final tensions. 

184. Graphical method. 

If x is the distance of a moving body from a fixed point 0 in 
its line of motion, and if the values of the force acting on the body 
for different values of x are known, either by calculation from 
a formula or as the result of observations, then, by plotting these 
values, we may obtain a curve whose ordinate at any point (x, y) 
represents the force F acting upon the body when at distance x from 0 . 

The work done in moving the body from x l to x z = \ Fdx> and 

J*i 

since Fia represented by the ordinate of the curve, this is represented 
by the area between the curve, the axis of x and the ordinates x as x l 
and x = x 2 . This area may be calculated by Simpson’s Rule or 
measured by a planimeter, and thus the amount of work done is 
approximately obtained. 

This is the principle of the 4 indicator diagram 9 of an engine, 
which registers mechanically the pressure in the cylinder at different 
parts of the stroke ; the area of the diagram which is drawn gives 
the amount of work done during the stroke. 

A similar method can be used to estimate the distance travelled in 
a given interval of time, if the velocities at different instants be 
known, and to estimate the change of velocity in a given interval, if 
the accelerations at different instants be known, for 

.=£«#; ••• 

186. Work done by an expanding gas. 

Imagine the gas contained within a right circular cylinder of 
cross-section A sq. ft. and length h feet, in which a piston just fits 
and slides freely, and suppose that a slight expansion of the gas from 
volume v to volume e + 5t> moves the piston a distance b h. The 
pressure on the end of the piston is pA, if p be the intensity of 
pressure of the gas. Hence, if bW be the work done by the gas in 
the expansion, bW = pA bh =pbv f and bW/bv = p. Therefore 
if dW/dv = p f and the work done in a finite expansion is 

obtained by integration. It can be shown that this relation is 
true whatever be the shape of the vessel which contains the gas. 
If Cj be the original volume and v 2 the final volume, the total work 

done by the gas in the expansion = J pdv. If the gas is compressed, 
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this is the amount of work which must be done to reduce the volume 
from Os to €>!• If the expansion be supposed to take place isothermally, 
Le. without alteration of temperature, the relation between p and v 
is given by Boyle's Law, pc = constant ; if the expansion is adiabatic! 
i.e. if no heat is taken from or supplied to the gas, the relation 
between p and v is given by the law pv* = constant [See Art 386.] 
The pressure p f volume e, and absolute temperature T of a * perfect 
gas 9 are connected by the relation pv = kT. 

We will take an example of each case. 

Examples: 

(i) In an air-compressor , air is drawn in at atmospheric pressure 14*7 lb. wt. 
per sg. inch , and is compressed until the pressure is 50 lb. wt. per eg, , inch. Find 
the work done per minute and the horsepower, if the machine makes 100 strokes 
per minute and draws in 2 cubic feet at each stroke, supposing the compression 
isothermal . 

The total work done against the gas in reducing the volume from Cj to 

- k (log v x - log ® a ) - P, e, log - Pl r, log (Pt/Pi). 

c, — the initial volume of the air compressed — 100 x 2 « 200 cu. ft. ; 
p x — the initial pressure — 14*7 x 144 lb. wt per sq. ft ; 

pjpx- 50/14*7 - 3*401. 

.*. the work done — 14*7 x 144 x 200 x log 3*401 
■■ 831,500 ffc.-lb. per minute, 
and the necessary H. P. is a little more than 10. 


(ii) A quantity of dry air at temperature 40 °F. is compressed adiabatically 
until its volume is one-third of its original volume ; find the amount gfwork done 
and the change of temperature. 


Taking the general case, the work which must be done 

This result may be expressed in the form 

1), ft. (h)\ 

/. the work required — ~ 1 J ’ 

In the given example, « 8 ; .•. the work (3 Y ~ l -l), 
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If there were originally 60 enbio feet of air at atmospheric pressure. 
Pi — 14*7 x 144, v x — 60, and y is, for air, 1*404. 

Therefore the amount of work required 

_ 14*7x144x60^ 14*7x8640 

*404 “ — =404 — x ^ 59 “ 176700 fcdh. 

To find the change of temperature, we have p x v x — fc2\, p x v x — kT % . 

... S.aa.fayxS.fay- 1 . 

P\P\ V«| / v x \v t / 

Taking the absolute aero of temperature as 461° F., T x «■ 461° +40*«« 501° ; 

.*. T,- 601 o x3^ l -501°x8* 40l -781 a . 

Henoe the temperature rises on compression to 320° F. 


VIRTUAL WORK 

186. Virtual work. 

It is proved in text-books on Statics that, if a body or system of 
bodies be in equilibrium, the work done by the external forces in 
any small displacement (consistent with the geometrical conditions) 
which the system may be imagined to take (i.e. in any virtual 
displacement) is zero. More strictly speaking, if the displacement be 
an infinitesimal of the first order, the work done in any such 
displacement from a position of equilibrium will be an infinitesimal 
of the second order. In many cases we can, by the principles of the 
differential calculus, write down at once the work done by the forces 
in a small displacement, and then, by equating it to zero, find the 
position of equilibrium, or obtain relations between the forces in 
the position of equilibrium. The following examples illustrate the 
method. 

Examples: 

(i) A uniform rod of weight W (Fig. 142) rests between the ground AC and 
a vertical waU BC, both smooth , and is kept from slipping by a horizontal string 
attached to the lower end of the rod and sup- 
porting a weight P hanging freely ; find the 
position of equilibrium* 

Let 2 1 be the length of the rod, 6 its 
inclination to the ground when in equi- 
librium, and b the length of the string. 

Imagine the weight P to descend a little, so 
that 0 is increased by a small amount 30. 

The reactions at A, B r and C do no work, 
sin oe the displacements at A t B, and C are 



Fig. 142. 
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perpendicular to them. If z be the height of the middle point of the rod 
above AC, and x the depth of P below C, the work done by W is — Wdz, and 
the work done by the weight P is Pd*. 

Hence, by the prinoiple of virtual work, 

-lTde + Pd*-0. 

Now sr«*Zsin0, *-.&-2Zoosd; (Art. 24) 0*—/ cos 000, 0**27 sin 0 00. 
Hence, substituting and dividing by 00, Wl cos 0 — P27 sin 0, 

or tan0*JF/2P. 

This gives the position of equilibrium. 

(ii) Afmme ABC (Fig. 143) consists of 3 light rods, of which AB, AC are of 
length a and BC of length $ a, freely jointed together; it rests with BC horizontal , 
A below BC, and the rods AB, AC over two smooth fixed pegs E and F in the 
same horizontal line , distance 2 b apart . A weight W is suspended from A ; 
find the thrust on the rod BC. 

Denote the angle BAH by 0. Imagine A to descend a little, and that the 
rod BC is slightly shortened. The only forces which do work are the 



Fig. 143. 

weight W and the thrust T. The work done by W is Wb(KA), and the work 
done by Pis Tb(BC). 

Hence W3(KA) + Tb(BC) - 0. 

Since we are supposing BC to alter its length a little, we must find its 
length in terms of the variable 0. 

KA — h cot 0, and BC - 2 a sin 0 ; 3 (HA) — - b cosec *0 00, and 

0 (PC)- 2a cos 0 00.* 

Hence — Wb co8ec*0 00 + T . 2 a cos 0 00 ■■ 0, 

... T-W±°- 2=5?. 

2a cos0 

• If A descends, 0 diminishes, 50 is negative; this makes 3 (HA) positive, 

and 0 (BC) negative. 
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Sine# 


sin 6 — BE/BA — {, and ca 


wl 64 32 

2</T77~9*'7 



If the weights of the various bodies of the system be the only 
foroes which do work in the displacement, and if y be the height of 
the oentre of gravity of the system above a fixed horizontal line, the 
principle of virtual work tells us that Wby, and therefore by (since 
the weight W of the system is finite), is of the second order of small 
quantities. If y be expressed in terms of Borne variable 0, then, to 
the first order of small quantities, 

h V = % te (Art 84). 


Hence, since by is of the second order, we have dy/dO = 0, i.e. y is a 
maximum or minimum (provided cPy/dQ * is not zero). Hence the 
system is in a position of equilibrium when the height of its centre 
of gravity is a maximum or a minimum. The equilibrium will be 
stable (i. e. if slightly displaced, the system will tend to return to its 
original position) if the height of the centre of gravity be a minimum, 
i. e. if (Py/dO 2 is positive ; and unstable (i.e. if slightly displaced, the 
system will tend to move still further away from the position of 
equilibrium) if the height of the centre of gravity be a maximum, 
i e. if d 2 y/dB 2 is negative. 


Examples : 

(i) A rod rests with one end against a smooth vertical plane AB (Fig. 144), 
and the other on a smooth inclined plane AC of angle <X ; find the position 
of equilibrium. 

Let 0 be the inclination of the rod to the horieontal, and l the length of 
the rod. The height y of the C. G. above A 

- A N + i NB - N C tan QL + J l si n 0 
■» l cos 0 tan OL + J l sin 0. 

To find the maximum and minimum values 
of this, we have 

dy/d 0 m — Z sin 0 tan (X 4 \l cos 0, 

which is equal to 0 when sin 0 tan OL — » } cos 0, 
i.e. when cot 0 — 2 tan a. This gives the 
position of equilibrium. 

Since &y/d& — Z cos 0 tan a - J Z sin 0, 
which is negative, 0 being acute, y is a 
maximum, and the equilibrium is un- 
stable. 



Fig. 144. 
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(ii) A uniform rod AB (Fig. 145) of length 2a is hinged at A; a string 
attached to the middle point G of the rod passes over a smooth pulley at 0 
at height a vertically above A, and supports a weight P hanging freely / find the 
positions of equilibrium. 

Lei d be the inclination of the rod to the vertical, therefore } d is the 
inclination of the string CG to the vertical, since AC » AG. Let l be 
the length of the string. 

The depth of G below C**a + acosd, and the 
depth of P«« 1 — CG — l— 2a cos \0. 

Hence, if y be the depth of the C. G. of the system, 

(P + W) y - P (l - 2 a cos | d) + Wa (1 + cos d). 

This is to be a maximum or minimum* Differen- 
tiating with respect to d, 

(P + W) dy/d d - P (a sin J 6) + Wa ( - sin 6). 
Hence dy/d 6 — 0 when Pein Jd — Train d 

— 2TFsin|dcos J d, 

i. e. when sin £ d — 0, or when cos£ d -« p/2 TF. 
Differentiating a second time, we have 

(P+ W)^ - Pa.\<to9\6-Wac,os0 

“^“[g^ 008 * 6-008 ^] 

‘Wa ^^cos^^cos’itf+lj 

If sinjfl — 0, 0 — 0 and co»$0 — 1 ; (P+ «- Wa -lj, 

which is + or — according as P > or < 2 TF. 

Hence, 

if P> 2TF, the depth y is a minimum, and the position d •» 0 is unstable ; 
if P< 2 TP, the depth y is a maximum, and the position d — 0 is stable. 
The seoond solution, cos \ d — P/2 TF, is only possible when P< 2 IF, and 
then 

(p + ir)?j:.ir. [ji -2.j^ + i] 

which is +, since P<2TF. The depth y is then a minimum, and the 
position given by cos $ d — P/2TF is unstable. 

Examples LXXVI. 

X. Find the work done in stretching an elastic string of natural length 
6 it. from length 7 ft. to length 8 ft., X being 4 lb. weight 

2. Find the work done in stretching a string to three times its natural 
length, X being & lb. weight. 


C 
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®* I? 1 * pressure* on the piston of s steam-engine at distanoes 

0) 2, 4, 6 y 8, 10. 12, 14, 16 inohee from the beginning of the stroke are 
respectively 18,000, 18,500, 18,400, 18,000, 16,500, 14,200, 11,100, 7200, 
1800 ; find the work done during the stroke of 16 inohes. 

A. The pressures of a gas at volumes 1, 2, 8, 4, 5, 6, 7 cubic feet are 400, 240, 
170, 120, 85, 70, o5 lb. weight per fequare inch. Find the work done 
during the expansion from I to 7 cubic feet 

6. A gas expands according to the law pv ■■ constant. When its volume 
is * cubic feet, the pressure is 850 lb. weight per square inch. Find the 
work done as the gas expands to a volume of 5 cubic feet 

Find the work done as the gas expands until its pressure is 55 lb. weight 
per square inch. 

O. A quantity of air expands according to the law pc 1 * 4 » constant The 
pressure is 250 lb. weight per square inch when the volume is 8 cubic 
feet. Find the work done when it expands to a volume of 7 cubic feet. 
Find how much work is required to compress it to a volume of 2 
cubic feet 

7. A body of mass 100 lb. is drawn along a rough horizontal plane (f» ■■ *8) 
by means of a rope which passes over a smooth pulley 6 feet above the 
plane. If it be originally 10 feet distant from the pulley, find the work 
done in pulling it very slowly a distance of 5 feet along the ground. 

0. A chain 500 feet long hangs vertically, and its mass varies uniformly 
from 101b. per foot at its upper end to 7 lb. per foot at its lower ena. 
Find the work done in winding it up. 

0. A circular well, 6 feet in diameter and 200 feet deep, is full of water. 
Find the amount of work done in pumping all the water to the top. 
At what rate is the level of the water sinking when it is (i) 100 feet, 
(ii) 150 feet below the ground, supposing the engine works at uniform 
rate and empties the well in 80 minutes ? 

10. A quantity of dry air at temperature 50* F. and atmospheric pressure 
is compressed adiabatically from volume 20 cubio feet to volume 
5 oubic feet; find the amount of work done and the change of 
temperature. 

11. Three cubic feet of saturated steam, pressure 150 lb. weight per square 
inch, expand to volume 8 cubic feet. Find the work done, the law of 
expansion being pi?'** — constant. 

12. A uniform rod, weight W, rests with the lower end on a smooth hori- 
zontal plane AB, and the upper end against a vertical plane BC ; it is 
kept from slipping by a horizontal string attached to a point on the rod 
distant one-third of its length from the lower end, which passes over 
a smooth pulley and supports a weight 4 W hanging freely. Find the 
position ox equilibrium. 

18. If the lower end of the rod in Question 12 be supported by a string 
attached to B (and the other string be removed), find the tension of the 
string when the rod is inclined at 80° to the vertical. 

14. Four equal uniform rods, each of weight W, are smoothly jointed 
together; B and D are kept apart by a rod of negligible weight of such 
length that ABCD is a square, and the whole is suspended from A . 
Find the thrust in the rod BD . 

1C. If, in the preceding question, the rod BD is taken away, and the figure 
kept in shape by an inextenaible string AC, find the tension in the string. 

»«• » b 
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10. If in Queition 14 the string be elastic, of natural length equal to the 
length of the rods, and such that the weight of all the rods would just 
stretch it to double its natural length, find the inclination of the rods 
to the vertical when in equilibrium. 

17. A string passes over two smooth pecs A, B, 2 feet apart in a horizontal 
line, and has masses 5 lb. suspended at each end, and 6 lb. at its middle 
point Find the position of equilibrium of the 6 lb. masa 

10. A uniform heavy rod, 6 feet long, rests over a smooth peg and against 
a smooth wall, from which the peg is 1 foot distant. Find the position 
of equilibrium, and whether it is stable or unstable. 

10. A uniform rod rests with its ends on two smooth inclined planes of 
angles 35* and 50° which have a common foot. Find the position of 
equilibrium, and whether it is stable or unstable. 

00. A parallelogram ABCD of four uniform rods freely jointed has the side 
AB fixed horizontally and hangs in a vertical plane. A is attached to 
C by a light string of length equal to AB , and OL is the acute angle of 
the parallelogram. Find the tension of the string. 

01. Four rods of length a and negligible weight are freely jointed ; the 
system rests with AC vertical, ana BC f CD against two smooth pegs in 
the same horizontal line, distant c apart, B and D being kept apart by 
a light rod of length a. Find the thrust in BD when a weight W is 
placed on A . 

00. A ladder of mass 100 lb. rests with one end on the ground and the 
other against a smooth vertical wall. It it kept from slipping by 
a horizontal string attached to its lower end. Find the tension of the 
string when the ladder is inclined to the horizontal at an angle Of . 

08. In the preceding question, find the toork done in pulling the ladder 
from inclination 60* to inclination 70®, its length being 40 feet. 

04 . A cube of wood of side 2 feet and specific gravity ‘6 floats in water with 
its base horizontal. Find the work done in pushing it down until its 
top is level with the surface of the water. 


RECTILINEAR MOTION OF A PARTICLE 

187. Motion of a particle in a straight line. 

We will next consider some applications of the integral calculus 
to the motion of a particle in a straight line. 

Expressions for the velocity and acceleration of a moving point 
have already been given (Art. 62), together with a few simple 
examples in which the acceleration is a given function of the time 
(Arts. 63 and 78). 

We will now discuss some cases in which the force acting on the 
particle is given as a function of the position of the particle. 

In the first place, since the force acting on a particle in any 
direction is equal to the product of its mass and its acceleration in that 
direction, it follows that the acceleration of the particle will follow 
the same law as the force which produces it 
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(1) Simple Harmonic Motion. We commence with the well-known 
case of simple harmonic motion. 

A particle moves in a straight line under the influence of a force which 
is directed towards a fixed point in the line , and varies as the distance 
from that point To find the motion. 

Let the particle start from rest at distance a from the fixed point 0 
(Fig. 146). When at F f at distance x from 0 , its acceleration in the 

< CLr 

0-< jc---->p A 

Fig. ns. 

direction OP (L e. away from 0) is £ or v dv/dx. [Since v dv/dx ss 1 the 
d.c. of v 2 with respect to x, it is + when increases as x increases.] 
Taking the latter form, since the force and therefore the acceleration 
varies as x y and is towards 0, we have 

v dv/dx = —pa?, 

where p is a constant whose value can be found if the mass of the 
particle and the magnitude of the force acting upon it in any position 
are given. 

Integrating with respect to a?, $ v* = — p . £ x 2 + 0. 

Since the particle starts from rest at A, we have v = 0 when x = a, 
0 = — iixa 2 + C, and 0= x pa a . 

Substituting this value of C, v 2 = p(a a — a?) f 

V = 

This gives the velocity in any position ; the double sign indicates 
that, at distance x from 0, the particle is moving sometimes towards 
O and sometimes away from 0 ; the magnitude of the velocity is the 
same in either case. This equation may be written 

dx/dt = (a a —£ a ), 

1 dx / 

vV-**) ^ 

Integrating with respect to t 9 sin -1 (x/a) = ± t Vp+ C. 

If t be measured from the instant when the particle starts, we 
have x = a when t = 0. 

•\ sin"" 1 1 = C, and 0 = 1 *; sin' 1 (x/a) =1 *±fvV> 

or x/a = sin (1* ± t V p), and x = a cos tV p. 

This gives the distance of the particle from 0 (not the distance 
travelled from A) after time t 

The velocity at any instant is obtained by differentiating this with 
respect to t This gives 

v = dx/dt = —aV p sin t -/p. 

If t'/p is increased by 2 ir, both x and v are unchanged in magni- 
tude and sign, i. e. all the circumstances of the motion are repeated 

sb2 
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without any alteration when t is increased by 2ir/VV; hence the 
motion ia oscillatory, and the time of a complete oscillation, or the 
period , = 2ir / This is independent of a, the amplitude. 

(2) Law of Gravitation. Next, let us take an example of the law of 
gravitation. 

A particle moves in a straight line under the action cf a force towards 
a fixed point in the tine varying inversely as the square of the distance 
from that point; find the motion, and , as particular cases , find (i) with 
what velocity a meteorite would reach the earth after moving from a very 
great distance under the influence of the earth's attraction, and (ii) how 
long it would take the moon , if suddenly stopped in its orbit, to reach the 
earth. 

As in the preceding case, the acceleration at distance x from 0 is 
v dv/dx in the direction OP, . \ v dv/dx = — p/x*. 

Integrating with respect to x, £ e*= p/x -f C. 

If the particle starts from rest at distance a, v = 0 when x = a. 

•\ 0 = /u/a+C, and C = —p/a ; 
hence v* = 2p (1/x—l/a). 

This gives the velocity of the particle in any position. 

In the case of the meteorite starting at a very great distance, we may 
take v — 0 when x — oo ; .% 0—0, and e* — 2 p/x. At the earth's surface, 
the distance x of the particle from the centre of the earth * is equal to r, 
the radius of the earth ; hence, neglecting the retarding effect of the earth’s 
atmosphere, the velocity on reaching the earth’s surface is given by e* 2ft /r. 
We can find p in this case, because we know the acceleration of a particle 
at the earth’s surface due to the attraction of the earth ; it is approximately 
82 ft.-secs. per sec., therefore p/r* — 82. 

Hence e* — 2 p/r — 64 r — 64 x 4000 x 5280, taking r as 4000 miles. This 
gives the value of e as approximately 7 miles per second. 

Conversely, if we suppose the direction of motion reversed, a stone pro- 
jected vertically upwards from the earth’s surface with this (or any greater) 
velocity would (neglecting the effect of the atmosphere) never return, but 
would recede to an infinite distance. 

The retardation due to the resistance of the earth’s atmosphere has here 
been neglected. As a matter of fact, this is so enormous that few meteorites 
ever reach the earth’s surface. They are usually dissipated by the heat 
generated by their passage through the air. If in the preceding formula we 
take r — 4050 miles, the result will sot be very different, and this would 
give the velocity at a point 50 miles distant from the earth’s surface ; at this 
distance the atmosphere of the earth will be extremely rare, and its retarding 
force very slight 

* It was shown in Art 179, Ex. (iv) that the attraction of the earth, regarded 
as a sphere, at an external point is the same as if its whole mass were concen- 
trated at iti centre. 
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Returning to the general case, we have 

dx/dt= v m —•/ {2^(1/*— 1/a)} = — v^{2jn{a— x)/ax}, 
taking the — sign since x decreases as < increases. 

<•* 

integrating with respect to f, N(^) dxss — V (2 n)t+C. 


The expression on the left-hand side is rationalized by putting 
s = acos 2 0; 

then C— V (2 ft) t = x ~% a cos ® B2n ® ^ 


— — a$y2cos*0dd 
= — o*y(l + cos20)d® 

= — a®(0 + £zin20). 

When f = 0, * = a, and therefore cos 0=1 and 0 = 0; hence C=0. 


and 


V (2 n) t = aS (0+ J sin 20), 

t — cfi (0 + sin 0 cos 0)/ */ (2 (it) 


= ^ + ^IK 1 -D}] ■ 


This gives the time to reach a point distant x from 0 , after starting 
from rest at distance a from 0. The time to reach the origin is 


found by putting x = 0, which gives 


a * tt 

V{2il)'2 m 


Taking the particular case mentioned above, if the moon be supposed to 
describe a circle of radius a about the earth with angular velocity ®, its 
acceleration towards the earth's centre is »*a (Art. 68) ; but at distance a, 
the acceleration due to the earth’s attraction is p/a* towards the earth’s 

centre ; .% •*« * p/a*, and » — vW«*- 

Hence the time of a complete revolution of the moon — 2 tt/o> — 2 n-afy vV 
Therefore y 

time to reach the earth __ 1 __ */2 i 

time of a revolution about the earth ~ 4 ^2 " 8 ~ ncarl/ * 


The time of a revolution of the moon about the earth is 27 days 7} hours 
nearly ; hence the time it would take the moon to reach the earth is *1768 
of 27 days 7} hours , i. e. a little less than 4 days 20 hours. 

This supposes the moon to reach the centre of the earth, i e. it neglects 
their radii in comparison with their initial distance apart. 
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188. Motion of a particle suspended by an elastio string* 




mg 

Fig. 147. 


Let OA (= a) (Fig. 147) be the natural length of the 
string (whose mass is neglected), and suppose a mass m to 
be gently attached to A , and then let go ; it will begin to 
descend. Let x be the length of the string after time & 
The forces on the particle are its weight mg vertically 
downwards, and the tension of the string vertically 
upwards. The tension of the Btring is given by Hooke's 
Law (Art. 188); in this case the tension is X(s— o)/a> 
x being the total length. 

Let v be the velocity when the length of the string is x ; 
therefore the acceleration is v dv/dx downwards. 

The equation of motion is 

mv ~ = the force downwards = mg— T= mg — 


i.e. 


dv . a ✓ mag\ 

+ — (x—a ~ )=0. 

dx ma V X / 


dz 


_X 

ma 


If x— a— mag/\ be denoted by e* then 

dv _ dv da _dv m 
dx~ da ' dx~~ dts 9 


and the equation may be written 


X A 
o-r + — e = 0. 
da ma 


This is the same equation as was obtained and solved in 
Art. 187, (1), with X/ma instead of /ul. The initial conditions in this 
case are that when t = 0, v = 0 and x = a, therefore 0 = — mag/K 
Hence, substituting these values in the result there obtained, we 

have s = — (may/X) cos {fv'fX/ma)}, 

Le. ® == a+(mcy/X) [1— cos (fy^X/ma)}]. 

The maximum value of x (when fv^X/ma) = v) is a + 2 magf\ 9 
and the minimum value (when t = 0) is a ; hence the particle descends 
a distance 2mag/\ then rises to its original position again, and 
continues to oscillate between these two positions with simple 
harmonic motion. The centre of the osoillation is the position of 
equilibrium of the particle, which is at a depth a + mag/K below 0. 
The time of a complete oscillation is 2nV (roa/X). 

* It will be men from the result below that * la the depth of the partid# 
below its position of equilibrium. 
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Examples LXXVII. 

1. A particl# starts from rest and mores towards a fixed point 0 under the 
influence of a force directed towards 0 , and varying as the distance 
from 0; if the particle was initially 4 feet from 0, and the foroe on it 
was then equal to twice its weight, find (i) the velocity when 2 feet 
from 0 , (ii) the velocity at 0, (iii) the distance from 0 after half a second, 

(iv) the time of a complete oscillation. 

2. If in the preceding question all the circumstances are the same except 
that, instead of starting from rest, the particle is projected towards O 
with a velocity of 8 foot-seconds, find the corresponding velocities, 
distance, and time. 

9. Supposing the earth suddenly stopped in its orbit round the sun, how 
long would it then take to fall into the buu ? 

4. A particle moves in a straight line under the influence of a force towards 
a fixed point 0 in the line, which varies inversely as the square of the 
distance from that point ; it starts from rest at distance 4 feet from 0, 
and the force at starting is four times itB weight ; find (i) the velocity 
when 1 foot from 0, (ii) the time to reach 0, (iii) the time to reach 
a point 1 foot from 0. 

6. If a particle could move in a straight line from the surface of the earth 
to its centre, how long would it take, starting from rest, to reach the 
centre, and what velocity would it have on arriving there? [See 
Art. 179, Ex. (iv).] After what time would it return to the starting- 
point ? 

e. Find the velocity of a particle which has moved from rest at a distance 
of 1000 miles under the influence of the earth’s attraction, when it 
arrives at a distance of 100 miles from the earth’s surface. 

7. If a particle were projected vertically upwards with a velocity of 1 mile 
per second from a point on the earth’s surface, find how far it would go 
under the influence of the earth’s attraction (neglecting the effect of the 
atmosphere). 

8. With what velocity would a stone have to be projected from the surface 
of the moon in order not to return ? The radius of the moon is about 
1100 miles, and the value of g at its surface about 5$ ft.-secs. per sec. 

9 . A particle starts from rest and moves towards a fixed point 0 with an 
acceleration which varies as the square of the distance from 0, and 
which is 16 ft-secs. per sec. when the particle is 4 ft. from 0 ; find the 
velocity with which it arrives at 0, if it was originally 10 feet from 0. 

10. Suppose that in the preceding question all the circumstances are the 
same except that the acceleration varies inversely as the distance ; find 
the velocity of the particle when it is 1 foot from 0. 

11. Find the velocity in any position when a particle moves from an in- 
finitely great distance under the action of a force which varies inversely 
as the oube of the distance. 

18. A particle of mass $ oz. is attached to the end of an elastic string 2 feet 
long which hangs vertically from a fixed point, and is then let go ; find 
(i) the greatest depth it reaches, (ii) the time of oscillation, Jiii) the 
velocity at depth of 2*5 feet, (iv) the time to reach depth 2*8 feet, 

(v) the depth after half a second, supposing that a mass 1 oz. hangs 
in equilibrium with the string 4 feet long. 



876 APPLICATIONS TO MECHANICS 

18. A particle is repelled from a point 0 with a force which varies as the 
distance from 0 ; if it starts with velocity u from O, find its velocity 
at any distance from 0, and the time it takes to reach a given distance 
from 0. 

14. Answer the same questions if the particle starts from rest at distance a. 

15. Answer the same questions if the repulsive force varies inversely as the 
square of the distance. 

Id. A particle moves towards a fixed point 0 with an acceleration which 
varies as its distance from 0 ; its velocity when 4 feet from 0 is 20 foot- 
seconds, and its acceleration is then 6g foot-seconds per second ; at what 
distance from 0 did it start from rest ? 

17. A particle moves towards a point 0 with an acceleration which varies 
inversely as the cube of the aistanoe from 0 ; find the time to reach 0, 
supposing it starts from rest at distance a. 

18. A particle attached to the end of an elastic string of natural length 
8 feet hangs in equilibrium with the string stretched to a length of 
4 feet ; if the particle is held with the string at its natural length and 
then let go, find (i) the time to reach the greatest depth, (ii) the maxi- 
mum velocity, (iii) the velocity after 1 second, (iv) the depth after 
3 seconds. 

18. If in the preceding question the particle is held with the string stretched 
to a length of 4} feet, and let go, find the values of (ii)-(iv). 

20. A particle on a smooth horizontal plane iB attached to two horizontal 
elastic strings, each of natural length 2 feet, which are in the same 
straight line, and have their other ends attached to fixed points 6 feet 
apart; the particle is in equilibrium with each string stretched to 
a length of 3 feet, and the modulus of elasticity X is twice the weight of 
the particle for each string. If the particle is displaced a distance of 
1 foot, so that the strings are 2 and 4 feet long, and then let go, find 
the time of a complete oscillation, and the position of the particle 
at any time. 

21 . Answer the same question when the strings are stretched vertically 
between two points 8 feet apart, and the particle is displaced I foot 
upwards from the position of equilibrium. 

MOTION IN A RESISTING MEDIUM 

180. Resistance proportional to Telocity. 

We now proceed to discuss several cases of the motion of a particle 
in a medium whose resistance is a function of the velocity of the 
particle. 

A particle falls from rest in a medium whose resistance varies as the 
velocity) find the velocity at any subsequent instant and the distance 
fidtm. 

Let m be the mass of the particle. It is convenient to take the 
resistance as Tcmv ; this varies as v, since m is supposed constant 
during the motion of the particle. 

Taking the acceleration in the form dv/dt (since we want to find 
v in terms of Q, the equation of motion is 
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mdv/dt = force vertically downwards = mg—mkv t 
Le. = g—kv, which may be written — ~ =s 1. 

Integrating, {log (y— *»?)}/( — A?) = *+C 

Since the particle starts from rest, v = 0 when $ = 0, 

-(log0)/*= U; 

hence, substituting this value of C f and multiplying by —ft, 

log {g—Tcv) = — ftf + logp, 

f p— fct> - . 7 ft 

log ~r~ = or 1— -t) = e w , 

» f 

whence 0 = | (1— e*" w ). 


As f increases, ► the limiting value g/7e, since e“ w — *0. 

This is called the terminal velocity ; its value can be obtained 
at once from the equation of motion, for it is clear that so long as 
the weight of the particle is greater than the resistance, the velocity 
continues to increase, and therefore the resistance continues to 
increase, and the resultant force on the particle tends to become zero ; 
the acceleration then tends to zero, and the velocity tends to a 
constant value. The acceleration v is zero when g—kv = 0, ie. when 
v == g/k. This then is the terminal velocity, the limit to which the 
velocity of the particle tends. 

The velocity rapidly approaches the terminal velocity (unless k be very 
small) since the term r** diminishes rapidly. For suppose the terminal 
velocity is 96 foot-seconds, i.e. g/k — 96, and therefore k — }. The velocity 
after 9 seconds ■» {g/k) (1 — 96 (1 — «“'*) — 96 x *95 nearly ; i.e. after 

9 seconds, the velocity is only about 5 per cent, short of the terminal 
velocity. 


The distance fallen in time t is now obtained by writing 

a / c~ M \ 

integrating, S = | — 3 ^) + 0 . 

8 = 0 when t = 0, 0 = |(|) + O, 

i. e. C = —g/h?. 

Henoe « = £ (<+* = * “ |. t 1 ~ e ~^‘ 
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190. Resistance proportional to square of velocity. 

In this case, if we take a particle falling from rest, the equation of 
motion becomes 

dv/dt = g—hv*, which may be written Tc(g/k—iP), 
or, putting c* instead of g/Jt for convenience, dv/dt = k (c*— v 2 ), 

• -A- 

* * dt~ 

l O V 

Integrating with respect to t , x- log = JW + C 

fiC C—P 

When f = 0, o = 0, since the particle starts from rest ; 

0 =C, and log — = 2ckt ; 
c—v 

= e 2cW , whence r = c. — =- ■= c tanh elf. 

c—v 7 e acW +l 

As f increases indefinitely, tanhclf—*l (Art. 98) and t>— *c, 

Le. V(g/h). This is the * terminal velocity’, as is likewise evident 
from the equation of motion. 

The distance fallen through in any time t is at once obtained 
from the preceding result, for 

dx/dt = v = c tanh ckt, 

•\ x = c ftKnhckt.dt = c J ^ df = —log cosh cft<+ O. 

When t = 0, x = 0, and cosh elf = 1 ; log coshclf = 0. 

Hence 0=0, and a; = ^ log cosh elf = * log cosh V (gTc) t. 

To find the height attained by a particle projected vertically 
upwards with velocity u , we take the acceleration as v dv/dz. The 
equation of motion is then 

v dv/dz * — p— hv* f 

. * dv _ - 

Le> g+kv*dx~ 

Integrating, (1/2 X) log (p + W) = —x+C. 

Initially, v — u and * = 0, (1/21) log (p + ltt*) = CL 

••• — 

1 le 

At the highest point, « = 0, and * = log (l + -«*)• 

This gives the greatest height attained. 
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191. Numerical examples. 

(i) A particle is projected vertically upwards with a velocity of 80 foot-seconds 
in a medium whose resistance varies as the square of the velocity; with what 
velocity will the particle return to the starting-point , given that the terminal 
velocity of the particle falling in the same medium is 80 foot-seconds f Find also 
the time which elapses before it returns to the starting-point . 

The acceleration of the particle when falling is g-kv\ and this is aero 
when v is the terminal velocity, i.e. 82 —k . 6400 — 0 ; hence h — 

When the particle is ascending, the equation of motion is 

•£- -„-W- -82- 2 4- -^(6400+ A 

f 2 v dv r 

64004^ 

Integrating, log (6400 4 1 ?) -= - jfoj x + C. 

v — 80 when x «* 0 ; .\ log 12800 — C, 

and jh x = log 12800 - log (6400 4 *) - log (12800/(6400 4 
At the highest point, * — 0 ; x — 100 log 2. 

We now have to find the velocity of the particle after falling this distance 
from rest. 

When descending, v dv/dx — g-Ja? «- jfo (6400 - v a ), 
whence, as above, log (6400 - *■) — - 1 fos * 4 C. 

v ■■ 0 when * -■ 0 ; log 6400 =* C . 
log (6400 — «*)-■ — x Ju x 4 log 6400. 

Hence, when x — 100 log 2, we have 

log (6400 — v 1 ) — — log 2 4 log 6400 ■■ log 3200 ; 

6400— e* — 8200, 

and v ■* y^200 — 40\/2 — 56*56 foot-seconds. 

To find the time, we take the acceleration in the form dv/dt 
When ucending, (6400 + A % - “ito- 

Integrating, A tan -1 A » — - < + C. 

When t * 0, ® *■ 80 ; C" ^ tan"" 1 1 »■ jr, 
and ^jtan" 1 (?bc = 

At the highest point, e « 0 ; ™ f«r — 1’96 seconds. 

When descending, 5^(6400 -e’), % ~ afar- 

Integrating, rks log - joo + C ‘ 

When t-0, v-O; C-0, and <-Jlog^iJ. 
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If we sow use the result obtained above, that v ■» 40v'2 on reaching 
the starting-point again, we have 

t-Vog j log^±i _ jlog(8+2-/2) - JlogV8S - 2*2. 

Hence the total time which elapses is 4*16 seconds approximately. 

(ii) A toboggan descends a uniform slops of 1 in 5 which is a hundred 
yards in length. The coefficient of friction is and the resistance of the air 
caries as the square of the velocity , and is 2 lb. weight per square foot of surface 
exposed to it when the vdocity is 20 foot-seconds. If the toboggan when loaded 
weighs 200 &, and presents a surface of 4 square feet to the air-resistance, find 
its velocity when it reaches the foot of the incline and the time it takes to descend. 
Show that, however long the incline may be, the vdocity can never exceed about 
26} miles per hour. 

The resolved part of the weight down the incline 

— 200 sin OL ■■ 200 x } ■■ 40 lb. weight (Fig. 148). 

The friction — A R — A x 200 cos a — 10 x ^ — 9*8 lb. weight. 

o 

The air-resistance per square foot — kv % , and is equal to 2 lb. weight 
when v 20 ; 

»'• 2 ™ k . 400, and k • vie* 

Hence, since the surface exposed to it 
is 4 square feet, the total air-resistance 
— -foo* lb. weight. 

Therefore the equation of motion of the 
toboggan is 

Fi * 148 ‘ 2QO«dv/ds - (40-8’8-*e*)p. 

v dv/ds - (80-2 — *«») - Txf&o (1510— r*), 

V dv —2s dv , An *. 

** e ' 1510-v*d»“ I1 ^ re ’ ° f 1510 ° 064 ’ 

Integrating, log (15 10 — »“) ■• — *0064 s + C. 

Now o — 0 at starting, i.e. when s*-0; *'• loglSlO—C; 

log ( 1510 -r 1 )- log 1510- *0064 s. 

Hence 1510-s* - 1510*-** 4 -, 

and - 1510 [1 — 

At the foot of the incline, s ■■ 800, and 0W4# — e” 1 *®* — *1466, 

»* — 1510 x *8534 and v ■■ 35*9 foot-seconds. 

Hence the toboggan reaches the bottom with a Telocity of 35*9 foot-seconds, 
or 24} miles an hour very nearly. 

As s increases indefinitely, r 1 -* 1510 and v -► 38’9. Therefore, however 
long the incline may be, the velocity will never exceed 88*9 feet per second, 
or roughly 26} miles per hour. 
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To And the time of descent, we may, in the equation of motion, take the 
acceleration as dv/dt instead of v dv/ds, and proceed as in the last example; 
it will be found that, when 0 — 35*9, * — 13 nearly, so that the time of 
descent is approximately 13 seconds. 

(iii) Find the horizontal distant* travelled in 1 second by a body projected 
horizontally with velocity 1000 foot-seconds, assuming the resistance of the air 
paries as the cube of the velocity ( which is found by experiment to be approximately 
the case for large velocities). 

The equation of motion is t> — — -fcu*, i. e. — ^ — k; 

integrating, 1/v — hx + C. 

Initially, e— 1000, and a? — 0; •*. 

and l/c — i. e. dt/dx — 

Integrating again, t—\ kx? 4- * + C. 

Initially both t and x are 0 ; C — 0, 

and \kx* + " 0. 

Taking t — 1, 500 lex* -fa: — 1000 — 0 ; 

/. *-[-1 + -/(I + 4. 500 fc. 1000)]/1000 k. 

The positive root of this equation gives the distance required; it is found 
by experiment that k - 4*45 x 10“ # nearly. Substituting this value, we find 
x — 976 feet approximately. 

MOTION IN A CURVE 
102. Motion in an ellipse. 

We have discussed (Art. 187) the motion of a particle in a straight 
line when attracted to a fixed point in the line by a force which 
varies as the distance from the point. Let ue now determine the 
motion of a particle under a similar force, when projected in 
a different direction. Suppose it is projected from a point A, at 
a distance a from the fixed point O towards which the force acts, 
with velocity u in the direction 
perpendicular to OA (Fig. 149). 

Let ( x , y) be the coordinates of 
the position P of the particle at 
the end of time t , referred to 
rectangular axes OA f OB t and let 
(r, 6 ) be the polar coordinates of P. 

The force on the particle at P 
may be written in the form /xtwr, 
and the accelerations of P parallel to the axes are v dv/dx and if dtf/dy, 
where v and if are the components of the velocity of P parallel to 
the axes respectively. 
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Resolving parallel to the axes, we have the equations 
mvdv/dx = — pmr cob 6 = —pmx, 
mv' dtf/dy == — p-mrsinO = —piny, 

La. o = — px, and o' dt//dy = ~py ; 

together with the initial conditions x = a, y = 0, c = 0, «?' = «*. 

These are the equations of simple harmonic motion obtained in 
Art 187, and the equations can be solved as in that article. Hence 
the motion of the particle is compounded of two simple harmonic 
motions in directions at right angles and having the same period, 
since p is the same in both. 

The equation of simple harmonic motion can also be solved in 
another way as follows : Taking the above equations, they may be 
written in the forms % = — px, and y = — py. 

If we ask ourselves what kind of function satisfies an equation of 
this type, we remember that the second differential coefficients of 
sin mt and cos mt with respect to t are — m 2 sinmf and — m a cos mt ; 
hence, if se = sin Wp or cos W p, it follows that z=z—px, and 
therefore the same result is true if * = A sin W p + B cos t</p 9 
where A and B are constants. This therefore is a solution of the 
equation, and it will be seen later that it is the most general 
solution. 

Hence x = A sin t Vp+B cos tVp; y = C sin Wp + D cos tV /a, 
and it remains to determine the constants A, B, C f D . 

Differentiating, 

dx/dt, Le. v, — AVpcoBt*/p—B‘)/pBinti/p* 9 
dy/dt , i.e. o', = cos tV p—DV psvntVp. 

Substituting in these four equations for x, y, dx/dt, dy/dt the 
initial values x = a, t> = 0, y = 0, t/ = u when t = 0, we get 

a = 2? ; 0 = A Vp, and 0 = 2), u = CV p. 
x = a cos W p [as in Art. 187], and y = (u/Vp) sin Wp. 

Eliminating t, we have as the equation of the path of P 

a* + = cos ' **'V+*“»* 

which ifl the equation of an ellipse whose centre is the origin, and 
whoae axes lie along the axes of coordinates (p. 19), and are of 
lengths 2a and 2 «/■/ /*. 

Hence the path of the attracted partiole is an ellipse described 
about the ‘ centre of force ’ as centre. 
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If «• — fia* 9 the axes are equal and the path of the partiole is a circle. 
In this case £ — -aVVfin<vV *nd t — * vV cos &+y* — a*tt, 

and the resultant velocity of the moving point is oonstant and equal to aVth 
i. e. the moving point desoribes a circle of radius a with uniform angular 
velocity vV* Uniform circular motion may therefore be regarded as the 
resultant of two simple harmonio motions at right angles of equal periods and 
amplitudes, one of which is a quarter oscillation ahead of the other. This 
follows at onoe geometrically, if we draw perpendiculars PN, PM from 
a point P on the circle to two diameters at right angles, and consider the 
motion of N and M. 

108. Motion of a partiole along a smooth curve in a vertical 
plane. 

Let u and v be the velocities of the partiole at A and Prospectively, 
and s the length of the arc AP (Fig. 160). 



The acceleration of the particle along the tangent at P is vdv/ds ; 
therefore, resolving along the tangent, 

mv dv/ds = — tnp sir ^ = — mg dy/ds (Art 82). 

Integrating with respect to s, 1 v 2 == — gy+ G. 

If y 0 b* the ordinate of A , then v = u when y = y 0 , 

J u 2 = —gy 0 + C. 

Hence, by subtraction, i (t> 2 — u 2 ) = — g (y — y«^ (i) 

i.e. v 1 = u i —2gh, 

if h be the vertical distance between A and P. 

Therefore, if a particle moves along a smooth curve under the 
action of gravity, the change in its velocity depends only upon the 
vertical distance it travels. 
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Multiplying equation (i) by m, it may be written 
iww 1 — J mo 3 = mgy—mgy 0f 

Le. the decrease in the kinetic energy of the particle is equal to the 

increase in its potential energy ; hence the sum of the kinetic and 
potential energies is constant. 

Examples LXXVIII. 

X. A particle it projected with velocity u, and moves horizontally in 
a medium whose resistance varies as the velocity. Find (i) the velocity 
after travelling a given distance ; (ii) the velocity after a given time, 
(iii) the distance travelled in a given time, (iv) when it comes to rest, 
(v) where it comes to rest. 

2. A particle is projected with velocity 1000 foot-seconds, and moves 
horizontally in a medium whose resistance to mass m moving with 
velocity s is ^ mv*. Find (i) the velocity after travelling a distance x, 

(ii) the velocity after t seconds. 

8. A particle is projected vertically upwards with velocity 80 foot-seconds 
in a medium whose resistance varies as the square of the velocity, and 
is equal to mv a poundals in the case of mass m lb. moving with 
velocity v foot-seconds. Find (i) the time to the highest point, (ii) the 
greatest height, (iii) the velocity after 2 seconds, (iv) the velocity at 
height 20 feet 

4. Answer the first three questions of Ex. 3 if all the conditions are the same 
except that the resistance is equal to mv poundals. 

6. A particle falls from rest in a medium whose resistance varies as the 
velocity. The resistance is ^ of the weight when the velocity is 10 foot- 
seconds. Find (i) the terminal velocity, (ii) the velocity after 5 seconds, 

(iii) the distance fallen in 4 seconds. 

6. Answer the same questions if all the conditions are the same except that 
the resistance varies aB the square of the velocity. Find also the velocity 
after falling 40 feet 

7. A particle falls from rest in a medium whose resistance varies as the cube 
of the velocity. If the terminal velocity be 16 foot-seconds, find the 
resistance to a mass of 2 lb. moving with velocity 10 foot-seconds. 

8. A particle is projected vertically upwards with velocity 40 foot seconds 
in a medium whose resistance varies as the square of the velocity, and 
is equal to } of the weight of the particle at starting. Find (i) the time 
to the highest point, (ii) the greatest height, (iii) the velocity on reaching 
the ground again, (iv) the time taken to fall to the ground again. 

O. A particle is projected vertically upwards with velocity 80 foot-seconds ; 
find its velocity after rising 10 feet, if the resistance produces a retarda- 
tion *00005 o* ft. -secs, per sec., where v is the velocity of the particle. 

10. Find the terminal velocity if a particle falls in a medium whose resis- 
tance varies as the n ih power of the velocity. 

11. A particle is projected vertically upwards with velocity u in a medium 
whose resistance varies as the velocity. Find the time to the highest 
point and the greatest height 
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IS. In the preceding question, find the time to the highest point if the 
resistance varies as the square of the velocity. 

18. A particle of mass 4 lb. starts with velocity 100 foot-seconds, and moves 
horizontally against a resistance v 4 /2* lb. weight. Find (i) its velocity after 
travelling 20 feet, (ii) the distance travelled in 1 second, (iii) how far 
it travels before its velocity is reduoed to one-half of its original value. 

14. A particle of mass m lb. moves horizontally in a medium whose resistance 
■* my' e/fc lb. weight. Find the time before the particle comes to rest 
and the distance travelled, if it starts with velocity it. 

15. A man descends from a balloon by means of a parachute. How large 
should the parachute be in order that, whatever be the height from 
which he starts, his velocity on reaching the ground may not exceed 
20 foot-seconds ? The total mass of the man and parachute is 160 lb. 
and the resistance of the air varies as the square of the velooity, and is 
equal to 1 lb. weight per square foot of surface exposed to it when the 
velocity is 20 foot-seconds. 

16. Steam is shut off, and the brakes are applied to a train running at 
60 miles per hour. If the brakes exert a constant retarding force equal 
to iV of the weight of the train, and if the other resistances are 
proportional to the velocity and equal to jfa of the weight of the train 
when the velocity is 60 miles per hour, find the time and the distance 
travelled before the train comes to rest. 

17. Two particles move in the same vertioal straight line in a medium whose 
resistance varies as the velocity. One is projected vertically upwards 
with velocity it, and starting at the same time the other falls from rest at 
a height h. After what time will they meet? 

18. An inclined plane is half a mile long and has a vertical fall of 300 feet. 
A toboggan of mass 200 lb. slides down it. If the coefficient of friction 
is *05, and the air-resistance varies as the square of the velocity and 
is equal to 5 lb. weight when the velocity is 40 foot-seconds, find the 
velocity at the bottom of the incline and the time of desoent. Show 
that the velocity will never exceed 64 foot-seconds, however long the 
incline be. 

10. In Ex. 15, find how long and how far the man falls before his velooity 
is 19*5 foot-seconds. 

20. OA y OB are two equal straight lines at right angles ; a particle is pro- 
jected from A in the direction AB with velocity 20 foot-seconds, and is 
attracted to O by a force which varies as the distance from O. If OA be 
5 feet, and if the initial acceleration of the particle be 20 foot-seconds 
per second, find its path. 

21. Determine the path, if, in the preceding question, the direction of pro* 
jection is inclined to OA at an angle sin~*£, the other circumstances of 
the motion being unaltered. 

22. Find the coordinates of the particle at the end of time t , and deduce 
the equation of the path, if in the theorem of Art. 192, the force is 
repulsive instead of attractive. 

28. A particle moves in a parabola under the action of a force parallel to its 
axis ; prove that the force must be constant. 

24. A particle moves under the action of an attractive force which is perpen- 
dicular to a given straight line and varies as the distance from it ; show 
that it describes a sine-curve. 
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MOTION OF A PENDULUM 


104. The simple pendulum. 


A particle of mate m is attached bp a string of length 1 to a fixed point 
and makes oscillations in a vertical plane, lb find the time of a small 
oscillation. 


If 0 be the angle which the string 
OP makes with the yextical at time t, 
the acceleration of m along the tangent 
at P in the direction in which 0 in- 
creases is l d 3 6/dt* or l da>/dt (Art. 68), 
if a) be the angular velocity. Hence, 
resolving along the tangent, 

ml = —mg gin 6 

dM 

<tt* *- l 

This equation cannot be integrated 
in finite terms so as to give 0 in 
terms of t. A first integral which 
gives the relation between the 
angular velocity w and the angle 6 can however be found. For 



i.e. 


= sin0. 


<P0 da> dio d& dco 

d?' ' H ~d0 * dt~ m de ; 


Hence the equation may be written a> dm/dO = — (g/l) sin 0* 
Integrating with respect to 0, i o>* = (g/l) cos 0+ C. 

If the particle be held with the string inclined at an angle a to 
the vertical and then let go, we have a> = 0 when 0 = Of, 

(7 = — (i7/0 cosa ; and <u a = 2(g/l) (cos cos a), 
which gives the angular velocity in any position. 

This result may also be written down at once from Art, 193. (In 
this case the tension of the string replaces the normal reaction of the 
curve.) For the kinetio energy of the particle is and the 

vertical distance it descends while the inclination of the string 
changes from at to 0 is l cos 0 — l cos a. 

I wPw* — mg (l cos 0—1 cos a), 
i e. *> 2 = 2 (g/l) (cos 0— cosa), as before. 
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Returning now to the original equation, it may be written 


dm 

*d0 


— | sin 0 = — 



sin 0 

~W 


If 0 be email, (sin 0)/0 is nearly 1 , and therefore the motion is 
represented approximately by the equation 

m dm/dS = — (g/l) 0* 

This is the same equation as was obtained and solved in Art. 187, 
with m, 0, and g/l instead of v t x , and p respectively. Using the 
result obtained there, we have 0 = a cos tV (g/l)* The particle 
moves along the arc with simple harmonic motion, and the time 
of a complete oscillation is 2ir V{l/g). 

If we try to find the time taken to swing through any angle 0, 
not very small, we get 

dO/dt— m = ± V {(2 g/l) (cos 0— cos a)}. 

Since (in the first swing) 0 decreases as t increases, the — sign must 
be taken. Using the formula cos 2 A = 1—2 sin 3 A, we get 

d0/dt= -V{(2p/O(2sin*ia-2sm**0)}. 

To simplify this, since 0 > Of, we may put sin \0 = sin £ or sin ^ ; 

i i add . . , d<f> 

•\ l cos|0 - = sin ior cos^-^- ; 

2sin|aco &<f> d<f> tig . 

••• -£n» - -£ = -VL-f"»’t«a—" , *)j 

= — 2^|sin £atcos<£; 

l d<f> lg . . i ^ 

COB 10 dt *\l’ * V(l— sin* i or sin* 0) <2* 


When 0 = Of, sin </> = 1 and 4> = £ 7r ; therefore the time from the 
initial position to any position <f> is given by the equation 


t 



d<P 

-/(l — sin* Jot sin*<£) # 


This eannot be integrated in finite terms of functions hitherto 
considered, but it can be expanded by the Binomial Theorem, and 
an approximate value of the integral can be found, as in Art. 160, in 
obtaining the length of an arc of an ellipse. Since ^ = 0 when 
0 = 0, and <£ = £'* when 0 = Of, the time of a complete oscillation 
will be four times the value of the integral from <f> = 0 to ^ = Jir. 
If we neglect sin* £or, we get the approximation above, viz. ; 

co 2 
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If we expand by the Binomial Theorem, we get a closer approxi- 
mation to the time of oscillation. This give* 

f=s4^^J** (1— sin*tasin , ^) _ ii<#> 

= (l + i sin* }« sin* <f> + a sin 4 <£ + ...)<*$ 

= (iw+isin»la . i . |y|sin 4 t<x. *w + ...) 

= C 1 + ^ ain H« + 2*^2 8in ‘ *“ + -) • 

If a = 80°, the first two terms give the period as 2ir\/ (I/p) X 1-016. 

195. The cycloidal pendulum. 

The foregoing result 2itV(l/g) for the time of a complete 
oscillation is not exact, because it has been obtained only by taking 
(sin 0)/$ equal to unity ; since this is only approximately true for 
small values of 0, the time of oscillation is only approximately 
constant. If, however, the particle be made to move along an arc 
of an inverted cycloid, instead of an arc of a circle as it does when 
suspended by an inextensible string, it can be shown that the time 
of oscillation is quite constant, whether 0 be small or large. 

For it has been shown (Art. 82) that, if s be the length of an arc 
of a cycloid measured from the vertex 0 , 

ds/dO = — 2a sin J0, 

8 ss — 2a/sin \6d0 = 4 a cos J0 + C; 

8 =s 0 at the vertex where 6 = ir, 0 = C, and s = 4a cos £ 0. (i) 


G 



O T N 

Fig. 152. 


If the particle moves along the arc towards 0, then resolving along 
the tangent at P (Fig. 162), 

m dPs/dt* tas — mg sin PTN = — mg cos PTO «= — mg coo $0 ; 
dPs/dt % as -pcos|0 = —(p/4 a) $ 9 from (i). 
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This is ihe equation of simple harmonic motion again. Hence the 
particle moves along the arc with simple harmonic motion, and the 
time of a complete oscillation is 2 (4 a/g). 

Here no approximation has been made, and the result is true 
whatever be the length of the arc in which the particle oscillates. 

190. The compound pendulum. 

The following investigation shows how the moment of inertia of 
a rigid body enters in dynamical problems : 

A rigid body strings freely about a fixed horizontal axis ; to find the 
equation qf motion , and the time of a small oscillation . 

Let Fig. 158 represent a section of the body by a plane through 
the centre of gravity O perpendicular to the axis of rotation which 
meets this plane in 0. Consider the position in which ihe plane 
through Q and the axis is inclined at an angle 0 to the vertical. 
Let 5m be an element of mass of the body situated at P, and let the 
perpendicular from P to the axis be of length r and make an angle <f> 
with the vertical. Let OQ = ft. 

The accelerations of 5m at P are r<$ 
perpendicular to OP in the direction in 
which increases, and rfr along PO. 

(Art 68.) 

Hence the resultant forces on 5m are 
(i) 5 m. r<£ perpendicular to P0 9 
(ii) 5m . along PO ; 
therefore the sum of the moments 
about the axis of the forces on 5m 
= 5 m.rfxr (since the moment of (ii) 
is aero) = 5 m.r 1 ^. 

Therefore, for the whole body, the 
sum of the moments about the axis of 
the forces on all the elements of mass 
= 2(5 mr*$). 

Now, if a be the angle between the 
planes through OP and OQ perpen- 
dicular to the plane of the paper, 

<p=z$+<x f and if the body be rigid, the 
angle a will be oonstant ; therefore, differentiating twice with respect 
to the time, $ = &, and is the same for every element 5m. 

Hence the sum of the moments about the axis of the forces on all 
the different elements of mass 

= Si (r 2 5m) =b & x M.I. of the body about the axis = & . Mlfl, 
where ft is the radius of gyration about the axis. 

The aggregate of the forces on all the elements 5m of the body 
consists of the external forces acting on the body and the mutual 
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actions and reactions of the elements among themselves. It may be 
taken as a consequence of the laws of motion that the latter are in 
equilibrium among themselves. * Assuming this, it follows that the 
quantity obtained above as the sum of the moments of all the forces 
about the axis is equal to the sum of the moments about the axis of 
the external forces on the body. 

This gives d = — Mgh sin d, S = — (gh/k i. 2 ) sin d. 

' This is the same equation as was obtained in the case of the 
simple pendulum in Art. 194, with l replaced by k?/h Therefore, 
using the results of that article, a first integral gives 

d 2 = 2 gh (cos d — cos >3)/3fe*, 

if the body starts from rest with OG inclined at an angle p to the 
vertical ; and if the oscillation be through a small angle only, the 
time of oscillation is approximately constant and equal to 2xV {fc/gh). 

A nearer approximation can be obtained exactly as in the case of 
the simple pendulum. 

These results are the same as if the whole mass were concentrated 
at a point distant k 2 /h from the axis, i.e. they are the same as in the 
case of a simple pendulum of length k 2 /h. Hence k 2 /h is called 
the length of the simple equivalent pendulum, k being the radius of 
gyration of the body about the axis round which the body rotates, 
and A the distance of the G. G. of the body from that axis. 

We have, above, deduced the equation for 6 from the equation for 9 
by integration. This process can be reversed, if we assume the 
principle of energy for a rigid body. For the element dm is moving 
with velocity i.e. rd, perpendicular to OP; therefore its kinetio 
energy is $dm . t* d a , and the kinetic energy of the whole body 
= 2 ft dm. r*d 2 ) = *d 2 2 (r 3 dm) = d* 

The only force which does work during the motion is the weight of 
the body, and the work done in turning from inclination P to 
inclination d to the vertical 

= Mg x vertical displacement of C. G. == Mg (A cos d— A cos 0). 

Hence, since the increase in the kinetic energy is equal to the work 
done by the weight, 

i MJc*d 2 = Mgh ( cos d-cos/9), 
and d 2 = 2gh (cos d — cos P)f& f as above. 

The equation of motion can now be obtained by differentiating 
this result, which gives 

i. e. d = — [gh/k 2 ) sin d, as before. 

* From ]>’ Alembert’# Principle, which it fully explained in works on Bigid 

Dynamic*. 
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Examples : 

(i) A circular dive swings through a small angle about a tangent; find 
the time of oscillation. 

In this ease, A — r, and h % — r* + Jr 1 — fr* (Art. 177. II); 

•\ the period — 2 sV(f f^/pr) — 

(ii) If the dive swings about a line through a point on its edge perpen- 
dicular to its plane, A — r, and k % — *■* + !** — jr*. 

in this case, the period -■ 2 nV(} t*/gr) — J nV(3 r). 

(iii) A oube makes small oscillations about one edge which is fixed 
horizontally. 

If a be the length of an edge, A — a) */ 2, and A # — |a # (Art. 177). 

.% the period ■■ 2nV(f V2 o^/ga) — £»r */(\</2a). 

(iv) An elliptic lamina of eccentricity J makes small oscillations about 
a latus rectum which is fixed horizontally. 

If C be the centre and S the focus through which the fixed latus rectum 
passes, A -■ CS — at — Jo (p. 19), and the M.I. about the latus rectum 
-* M.I. about the minor axis + M . C? 

the period — 2 n */(l a 2 /\ go) — 2nJ(afg). 


Examples XiXXIX. 

1. A heavy particle is attached to a fixed point by a string a yard long; it 
is held with the string tight and horizontal, and then let go. Find its 
angular velocity in any subsequent position, and express as a definite 
integral the time it takes to fall into its lowest position. 

2. A particle attaohed to a fixed point by a string 8 feet long is held with 
the string at 5° to the vertical and let go. Find the inclination of the 
string to the vertical (i) after Jit seconds, (ii) after 2 seconda 

8. A bead slides on a smooth wire in the form of an inverted cycloid with 
its base horizontal ; the radius of the generating circle is 2 feet, and the 
bead starts from rest at the top. Find 

(i\ the time of oscillation, 

(ii) the velocity at the lowest point, 

(iii) the velocity when half-way down (measured along the arc), 

(iv) the distance from the vertex after 1 second, 

(v) the time to reach a point distant 2 feet from the vertex, 

(vi) where it is when its velocity is 8 foot-seconds, 

(vii) the velocity after 1 second, 

(viii) when its velocity is first 12 foot-seconds downwards. 

4. A rod of mass 2 lb. and length 4 feet swings freely about one end which 
is fixed ; it is held in a horizontal position and let go. Determine its 
angular velocity in any position, and express as a definite integral the 
time it takes to reach the vertical position. 

8. Answer the same questions in the case of an isosceles triangle of height 
2 feet swinging about its base fixed horizontally. 

8. Also in the case of the same triangle swinging about a line through the 
vertex parallel to the base, and starting with xts plane horizontal. 
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7. Also in the case of a semicircular lamina swinging about its bounding 
diameter which is horizontal. 

6. Also in the case of a cube swinging about one edge which is horizontal, 
and starting with the lower face through that edge vertical* 

8. Find the time of a small oscillation of a rectangular lamina about 

(i; a side, 

(if an axis in its plane through an angular point, 

(lii an axis through an angular point perpendicular to its plane, 

(iv a horizontal line through the middle points of two adjacent sides. 

10. A uniform solid sphere of radius 6 inches swings about a point 3 feet 
above its centre. Find the time of a small oscillation. 

11. A circular disc of radius 1 inch swings about a horizontal axis perpen- 
dicular to its plane 9 inches from its centre. Find the time of a small 
oscillation. 

12. Retaining the Becond term in the expansion at the end of Art. 194, find 
the time of oscillation of a uniform rod 4 feet long swinging about one end 
in a vertical plane through an angle 10° on either side of the vertical. 

13 . Using the same approximation, find the time of oscillation of an equi* 
lateral triangle swinging through 20° on either side of the vertical about 
one side which is horizontal. 

14 . For what value of h will the time of oscillation of a compound pendulum 
be a minimum ? 

15 . A uniform rod of length 10 feet is bent into the form of the arc of one 
arch of a cycloid, and oscillates about a horizontal line joining its 
extremities. Find the length of the simple equivalent pendulum. 

16 . The motion of a magnetic needle is given by the equation J$ — O sin <f>. 
Find the motion, and the time of oscillation when the magnet makes 
small oscillations. 
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107. The catenary. 

A heavy uniform string or chain hangs in equilibrium in a vertical 
plane with its ends attached to two fixed points A and B ; to find the 
equation of the curve in which it hangs . 

Let the axis of x be parallel to the tangent at the lowest point C 
(Fig. 154), and let the vertical through C be the axis of y ; let s be 
the length of the aro measured from C to any point P, and let w be 
the weight of the string per unit length. 

Consider the equilibrium of the portion CP. The forces on it are 
the tension T at P along the tangent at P, the horizontal tension T n 
at C, and the weight ws. Therefore, resolving horizontally and 
vertically, 

Tcosi/r = T 0 , and Tsin yf/ = ws t 
whence, by division, ws/T 0 = tani/r — dy/dx. 
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If T 0 be written in the form tea, Le. if the teniion at the loweet 
point be equal to the weight of a length a of the string, we have 

= s/a. 




ds 


V(a*+s*)dx' 


1 

: — e 

a 



Integrating, Binh 1 (s/a) = x/a + A. 

Since 5 = 0 when x = 0, we have -4 = 0; 

einh -1 (a/a) = x/a, i. e. s/a = sinh (x/a) ; 

. • . dy/dx — s/a = sinh (x/a). 

Integrating, y = <* cosh (x/a) + A. 

The depth of the axis of x below C has not jet' been chosen ; it is 
convenient to take it so that A may be zero. 

When s = 0, cosh (x/a) = 1, and y = a + A. Therefore A will 
l*e 0 if y = a, i. e. if the axis of x be taken at a depth a below (7. 

The equation of the curve is then y = a cosh (x/a). 

If a string of length 2 1 feet is suspended between 2 points A and B distant 
2 b apart in the same borisontal line, then, putting x « b and « » / in the 
preceding expressions for y and a, we have, if y A denote the ordinate of A, 

y A — a cosh ( b/a ), and l — a sinh (b/a ). 

These are two equations for y A and a, whose difference is the depth 
below AB of the middle point of the string ; they cannot be solved in finite 
terms however. 

If the string is stretched tightly between A and B f the depth of C below 
AB is small, so that y A and a are nearly equal ; hence cosh (b/a) is nearly 
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equal to 1, and therefore b/a ii small, la this ease, an approximate solution 
of the equation l — atinh(b/a) may be obtained, either graphically or by 
the use of Tables. [See also Art. 198.] 

Example; 

A chain 52 feet long is euepended between two points 50 feet apart ; find the 
depth of its middle point . 

In this case the equation for a is 26 — a sinh (25/a). 

Let 25/a w a, and the equation becomes sinh x ■■ 26/a — (fa «■ 1*04*. 

The abscissa of the point of intersection of the graphs of sinh* and l a 04* 
can be found by plotting these graphs carefully, and this will give an 
approximate solution. 

If a table of hyperbolio Amotions be used, it » found, on tabulating values 
of 1*04* and sinh*, that when * -» *5, 1*04* — '520, and sinh* «■ ‘521; 
hence * ■■ *5 is an approximate solution. 

Hence, sinoe 25/a — * — ’5, a — 50 ; 

y 1 ■■ a cosh (b/a) — 50 cosh £ — 50 x 1*128 — 56*4. 

Henoe the depth of the middle point of the chain below A B ■■ g A - a — 6*4 
feet nearly. 



Fig. 156b 


108, Suspension bridge. 

Suppose that a uniform horizontal load is suspended from a chain 
by numerous vertical chains or rods, and that the weights of the 
chains and rods are small compared with the load. 

Then, considering the equilibrium of a portion CP of the chain 
(Fig. 165), the only difference between this case and that of the 
preceding article is that the weight supported is t ox instead of ecs, 
where u> is the weight of the horizontal load per unit length. 

Hence, in this case, we get dy/dx =. x/a } where wa is the tension 
at the lowest point. 

integrating, y =* £ x % /a + A . 

If O be taken as origin, y = 0 when x = 0 ; 

A =3 0, and y = £ x*/cl 

The form of the chain is in this case a parabola. 
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If a uniform heavy chain is suspended tightly between two fixed points 
(as in the ease of a telegraph wire), then, in the preceding article, # and x are 
very nearly equal, and the equation dy/dx mm «/a there obtained may be 
replaced by dy/dx ~ x/a, so that in this case the form of the curve will 
differ but veiy little from the parabola y — i **/<*. In this case the dip of 
the chain at any point is easily found, and thence the tension at the lowest 
or any other point. 

The same result may be deduced from the equation of the catenary ; for, 
using the expansion of Art 92, we have 

jr - a cosh ~ - « [l + \ J, + ~ + ...] . 

Therefore, neglecting 4 th and higher powers of x/a, y — a + $**/«, which, 
when the origin is moved to the point C (0, a), becomes y — \ot?/a. 

Example : 

If 200 feet 6 inchee of wire are etretched between two points 200 feet apart 9 
find the maximum dip and the tension at any point. 

The equation of the curve assumed by the wire may be taken as y ■■ } x*/a, 

■» 2-;—2->H2M*S o- 

Since the wire is nearly horizontal, dy/dx is very small ; x/a is 

small, and hence we may expand y^l + x*/a % ) by the Binomial Theorem, 
and neglect all terms after the first two (i. e. neglect the 4 th and higher 
powers of x/a). 

This gives ds/dx « I + $ a? 1 /® 1 , whence e — x + $ o^/a* + A. 

Measuring from the vertex C, e « 0, when x«=0; A — 0, and 

s -■ a? + J a^/o 9 . 

At an end of the wire, s -■ lOOf, x — 100 ; 100 J «« 100 + $ . 100 */a % , 

which gives a 1 — $ x 100 s and therefore a — 816*3. 

The maximum dip of the wire is evidently the value of y at one end, i.e. 
when x — 100, and is therefore equal to 

100*/2 c - 100 s -r 1632*6 - 6 1 feet. 

The tension at the lowest point ■■ wa ■■ 816*3 it «■ the weight of 816*3 feet 
of the wire. 

The tension at any other point, say at P, 40 feet from one of the posts 
x — 60], is found from the equation Tcos B — T % . 

r_T.».«-r..g-T.(l + j5)-818S»[l + j^ 5l ]-8ISl« 
Examples LXXX. 

X. A chain 102 feet long is suspended from two points A and B, 100 feet 
apart; find the depth of the middle point of the chain below AB. 

S. Three hundred and one feet of wire, weighing 1 lb. per yard, ate 
suspended between two posts 800 feet apart, find the tension (i) at 
the middle point, (ii) at one end, (iii) at a point 50 feet from a post. 
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8. Prove that the resultant tendon at any point of a chain ii equal to try. 

4. Prove that the C.G. of an aro of a catenary is vertically above the point 
of intersection of the tangents at the extremities of the arc. 

5. Find the distance between the points where the ordinate cuts the 
catenary y — 8coih J* and the parabola y ■» 8 +A® 1 * 

0. A wire hangs in the catenary y — 200 cosh *005 x (x and y being 
measured in feet) ; find the length of the wire and the sag at the middle 
pointy if the points of suspendon be 100 feet apart. 

7. Calculate the length and the sag if the form of the wire in the preceding 
question be taken as the parabola y — 200 + 7^0 a*. 

a. If l be the length of an arc of a catenary , show that the difference of the 
slopes at the extremities of the arc is equal to l/a, a being the parar 
meter of the catenary. 

0. A uniform string of length l is suspended from two points A and B in the 
same horizontal line at distance h apart ; if h and l be nearly equal, 
prove that «■ — ^ h B /(l — h). 

10. A uniform chain of length 100 yards is stretched across a river SO that 
the middle point juBt touches the surface of the water, and each end is 
2 feet above the edge of the water. Find the difference between the 
length of the chain and the width of the river. 


CHAPTER XX 

CtJBVATUBE 

100. Radios and circle of curvature. 

Let PT, QT be the tangents at two points P and Q on a continuous 
curve, and let them make angles \j/ and i/f+ty respectively with 
a given line, so that ty is the angle between the tangents (Fig. 156). 



If 6s be the length of the arc PQ, then 6\fr/6s is called the ‘ average 
curvature ' of the arc PQ. The curvature at P is defined as the limit 
to which this quantity tends when 6s is indefinitely diminished, 
i.e. the curvature at P is equal to d\b/ds. 

If PQ be an arc of a circle of radius r, the angle ty between the 
tangents at P and Q is equal to the angle subtended at the centre of 
the. circle by the arc PQ, and therefore 6s = rty ; hence 6\fr/6s, and 
ultimately d^/ds, = 1/r. The curvature is constant at all points of 
a circle, and the radius r — ds/d^, the reciprocal of the curvature. 
In any curve, the value of ds/df at any point is called the length of 
the radius of curvature at that point ; it is the reciprocal of the 
curvature, and is usually denoted by the letter p. It follows from 
the result immediately preceding that it is the radius of the circle 
which has the same curvature as the given curve at the point. 
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The circle with this radius, which has the same tangent at V and 
lies on the same side of that tangent as the given curve, is called the 
circle of curvature at P, its centre is called the centre of curvature, and 
its radius the radius of curvature . 

The length of the radius of curvature at any point in terms of the 
rectangular coordinates of the point is obtained as follows : 

If the angle \f/ be measured from the axis of x , we have 
ds ds dx , dx 

^ — d\p 8=1 dx d\f/ ~ 800 ^ d\j/ 

Also tan \fr = dy/dx ; 

d\l/ d?y 

•\ differentiating with respect to x 9 sec* ^ ^ 


p — MOC\J/ 


dx 


sec ^ 


s ec 2 \j/ _ 


d x* 


cPy 

dx* 


M£)'j 

' <Py 
dx? 





If the positive value of the root in the numerator be taken, the 
sign of p will be the same as the sign of d*y/dx?, i. e. positive if 
the curve is above the tangent and negative if below it (Art. 59). 
At a point of inflexion, d 2 y/dx? is zero, and therefore p becomes 
infinite ; L e. the curvature at a point of inflexion is sera 

The coordinates of the centre of curvature can be obtained at once 
by drawing a figure. In Fig. 157, dy/dx and p are both positive. 

Let yjr be measured from the axis of x, and let (£, tj) be the 
coordinates of C , the centre of curvature, then 


£ = x—p sin \f/ 
ij — y+pcoe \jf 


ds dy t _ dj/ 
x ~~ d^ ds* d-ty* 

ds dx dx 

y + d^d» 7=,y ' l '<lV 
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Bine* 


In terms of t, y, and dy/dx, we have, 
dy 
dx 

em yf/ *= and coa$> 


i = x- 


[«+( 2)7 


*+( 2 / 


#y 




^dr ' 


Examples : 

(i) Find tfc radius of curvature and the coordinates of the centre of curvature 
at the point (3 f 4) of the rectangular hyperbola xy ■» 12. 

12 dy 12 d’y 24 


Here 


V - 


dr 


at the given point (3, 5), 


dy __ 4 
di~ 3* 


dr 3 a?* * 
d*y 8 ^ 
dr* ** 9 

p- (l+v^'-s-w* 

8+4(1 + V)/f-¥; T-4+d+wi-y. 

The centre of curvature is the point and the radius of curvature 

is Hence the equation of the circle of curvature is 

(*-¥) a +(y-V)'-( W)*. 

(ii) .Find radius of curvature at any point of the ellipse x*/a* + y */b* 


1. 


Here y -■ - y^a 3 —^), 


dy b x 
dx "" a V(a 2 —a*) 9 


d*y b \/(a* — g 8 ) -f x x xj (a 8 — x 3 ) _ b a 1 t 

dx* "" a a 3 -a: 3 a (a* — a;*)*/*' 

-afc 1 

-**)•/« 1 


•••«■- ( I + S • r=»T / QrSr* - - 

- - ~ -«>(•• -***•)•/» [since a'-b' - o»«* (p. 19)]- -i(a‘-«V)V». 

The result is negative, since we have taken the positive value of y, and for 
such values the curve at any point is below the tangent at the point. 


(iii) Find the radius of curvature at the point (2, 1) of the curve 
x(x + y) * X s — 2 y* 

The evaluation of dy/dx and d*y/dx* should be specially noticed in this 
example. 

The given equation is x* + xy ■» x 8 - 2 y*. 

Differentiating with respect to x> 2 x + x ~ + y «• 8 x* - 6 y* ; (i) 

•\ at the point (2, 1), 4 + 2 ~~ + 1 — 12 — 6 , whence ^ J . 
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Differentiating equation (i) again with reapeot to 
Substituting the values of x, y, and dy/dx, we have 

2 + 2 S + i+I-l 2-eg-12.H. Whence 2 “ -iVj- 

P - (1 +«)*■/(-*« - -20 nearly. 


(iv) Find the radius of curvature at any point of a cycloid. 

It has been shown (Art. 50) that, in the cycloid, t«4aoos}d, and 
} $ - IPTG - 90-^, if ^ be the inclination of the tangent to ON ; there- 
fore* # — 4asin^. 

From this equation the radius of curvature is obtained at onoe, for 
p ■ dsjd if? — 4 a cos ^ ■ 4a sin PTG ■ 2 PG (see Fig. 152), 
i. e. the radius of curvature at any point of a cycloid is double the length ot 
the normal at that point. 

If the equation of a curve is given by expressing x and y in 
terms of a third variable d, we may proceed as in the following 
example : 


(v) The equation of an ellipse is given in the form x 
find the radius of curvature at any point in terms of 0. 


We have 


ds ds d& 
p “ “ dS d\jr' 


a cosB, y 


b sin 6; 


.• differentiating with respect to 


a 1 sin*d + 5* cos 1 6 — a 1 — (a 1 — h % ) cos* d 

■■ O 1 ( 1 — S 1 COB*d). 

dx 5 cob B b A 

— — : — - — — cot 6 ; 

dd — asmd a 

seo 1 *-- cosec 2 


whence | sin’d *ecV - | + £i cot **) 

— (o’ gin* 0 + b* cog* 6)/ab 

— (o/6) (1 -«* cos'd), as before ; 

... p- cos'd) x (o/h) (1 - s» cos’ d) - ± (o'/b) (1 - s' cos'd)'/', 

which agrees with the result of Example (ii). 

The *ign depends upon the sign of dt/dB, i.e. upon the direction in 
which e is measured* 


* The equation whioh connects # and ^ in any curve is called the intrinsic 
tquato* ot the ourve. 
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Examples LIIXI, 

Find the radios of curvature in the following coses, 1-21 : 

1. At (l v 1) on the curve y ar*. Find also the equation of the circle of 
ourvature. 

2. At (2, 4) on the curve y* — 2 ar 3 . Find also the equation of the circle 
of curvature. 

3. At (In-, J) on the curve y — sin a?. 

. 4. At (3,4) on the curve ar 9 + y* — 25. 

5. At any point (x, y) on the rectangular hyperbola zy-e 1 , 

0. At an end of a lotus rectum of the ellipse aj a + 4y* =» 4 a*. 

7. At an end of the latus rectum of the parabola y 9 «= 4 ax. Find also the 
equation of the circle of curvature. Find where this circle cuts the 
curve again. 

8. At the vertex of the catenary y c cosh ( x/c ). 

9. At any point ( x , y) on the rectangular hyperbola x* - y* ■= a*. 

10. At the point on the curve a*y « a^ whose abscissa is (a. 

11. At any point (x, y) of the astroid x Z / 1 + y 1 / 5 -■ o*/>. 

12. At the point (-4, 0) on the curve ary 1 — 16(x + 4). 

13. At the origin on the curve y 9 «= ar(ar — 3) 1 . Find also the equation of 
the circle of curvature. 

14. At the point (2, 2) on the curve a^ + y 8 — 4 ary. 

15. At any point of the cycloid, in terms of 6. 

16. At the point (0, a) on the curve y (ar* + y 9 ) « a (y*-ar®). 

17. At the origin on the curve :r 3 + y 3 + 2:r*-4y + 3;r — 0. 

18. At any point of the curve y *■ a log sin ( x/a ). 

19. At any point of the curve x — a cos 3 0, y — a sin s d. 

20. At any point of the catenary s = c tan fa in terms of fa 

Prove tnat the radius of curvature is equal to the length of the normal 
between the curve and the axis of x. 

21. At any point of the catenary y -■ a cosh (x/a). Where is it a mini- 
mum? 

22. Show that in the curve in which s -■ a log sin ^ (this curve is called 
the tractrix) the radius of curvature varies inversely as the normal. 

23. If x and y are given as functions of a variable t, prove that 

P -(x'*+y'')*/'/(S ! f-x Y), 

where the accents denote differential coefficients with respect to t . 

24. Prove that the radius of curvature at an end of the major axis of an 
ellipse is equal to the semi-latus rectum. 

25. Find the condition that the centre of curvature at one end of the minor 
axis of an ellipse may coincide with the other end. 

26. Prove that the radius of curvature of a conic varies as the cube of the 
normal. 

27. Find the radius of curvature of the curve given by the equations 

x -■ a sin 2 6 (1 +cos 2 8) } y ■« a cos 2 6 (1 — cos 2 B), 

28. Prove that the curvature 

mm <be\d»J dy\dt) &**) + \ <*•*/ I 

UN D d 
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29 * Where is the curvature a maximum or minimum in the following 
curvei ? (i) y — **, (ii) y ■» a®, (iii) y®— a®. 

30. Prove that the radius of curvature at any point (a cos 8, b ain 0) of an 
ellipse is equal to CIP/db, where CD is the »emi*diameter conjugate 
to CP. 

[N.B. D is the point (a sin 0, —6 cos £).] 

81. Prove that in the equiangular spiral r — o**°° ta (Art. 163), the radius 
of curvature is equal to r oosec a, and hence show that it subtends a right 
angle at the origin. 

82. Find the radius of curvature at any point of the curve 

x — <*(logcotld-cosd) # y — otin 6. 


BENDING OF BEAMS 


200. Approximate value for the radius of curvature. Appli- 
cation to beams. 


If at a point P on a curve the tangent is nearly parallel to the axis 
of a, dy/dx is small, and if dy/dx be regarded as a small quantity of 
the first order, (i dy/dx )* will be of the second order (Art. 24) ; hence, 
neglecting it in the expression for p, we have approximately 


-i/*' 


d?‘ 


The same result may also be obtained directly from the definition 
of the radius of curvature as follows : 


l d± 

P ds 


d iff dx d\lr 

H"ds~dx™* 




When \ft is very small, tan^ is approximately equal to and 
cos \fr to unity. 

••• approximately. \ - 2" i (tan = £ © = £r’ “ before - 

This approximation is important in questions dealing with the 
deflection of beams. It is shown in the theory of bending of beams 
that, if p be the radius of curvature at any point of a deflected beam, 
the bending moment at that point is equal to EI/p, where E is 
Young's modulus, and I the moment of inertia of the section through 
the point about a line through its C. G. perpendicular to the plane of 
bending. Generally the deflection is so small that the approlima- 
tion just mentioned for p is sufficient, and in this case we have 
El d?y/da? = the bending moment at the point (x, y), 
where y is the vertical deflection of the point, and the axis of £ is 
the horizontal straight line through a fixed point of the beam. 
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Example* : 

(i) A uniform beam of length 1 rests with it* ends on two support* in the 
same horizontal line and has a weight W suspended from its middle point „ 
Find the maximum deflection 

Suppose the weight of the beam negligible compared with W. Then 
the upward pressure at each end will be $ W (Fig. 158), and therefore the 
bending moment at a point distant x (<$/) from one end is $ Wx. 

Eld'yldx' 1 --\Wx. 

The negative sign is taken, since at the point P the curve is above the 
tangent, and the positive direction of y is downwards ; therefore dPy/<fcr* ia * 
[of. Art. 59]. 

Integrating, El dy/dx — - } Wx* + C. 



The tangent to the beam is, from symmetry, horizontal at the middle 
point, i.e. dy/dx — 0 when x — \l. 

.% 0«-i W.\P + C, and C = ^ WP; 
i.e. El dy/dx - -\Wx' + &WP. 

Integrating again, Ely — Wx 3 -f WPx + D. 

Since y «= 0 when x «** 0, it follows that D — 0, and 

y "" *"■$**) 

The maximum deflection is at the centre where x = \l, and is therefore 
equal to WPj EI. 

(ii) Let the beam be fixed at one end and uniformly loaded . 

Let the load be w per unit length. (This includes the case of a heavy 
beam bending under its own weight.) 

If P(Fig. 159) be a point distant x from the fixed end, the weight of the 
portion between P and the free end is w (l-x), and therefore the bending 
moment is w (l — x) x $ (l — x). 

Hence in this case, EI d 2 y/dx * — + $ w (l - x) % — J w (P - 2 lx + a? 1 ). 

Integrating, EI dy/dx — \w (Px - lx % + 4 *•) 4- C. 

At the fixed end, where x — 0, the beam has no slope, i. e. dy/dx — 0 ; 

C — 0 9 and El dy/dx — | w(Px-lx* + Jx*). 

D d 2 
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Integrating again, Ely » { w(]?ap , -J/aj* + 1 ^x 4 ) + D, 
and y — 0 when a? — 0; .■. D-0, and 

The greatest deflection is at the free end where x — l, and is equal to 
iiWl - oj, if ^ »>• the total weight wl. 



sj(1-x) 

Fig. 150. 


if 

If a beam be either supported at both ends or clamped at one end 
or both ends, and subject only to a load and the reactions at the ends, 
the result of differentiating the fundamental equation (El d-y/dur 
= the bending moment) twice with respect to x is always 

Eld'y/drf = w, 

where to is the load per unit length. 

For the only term in the bending moment which contains g* is 
(as in the preceding example) £ wx 2 ; this, when differentiated twice, 
gives t o y and the other terms of the bending moment disappear after 
two differentiations. 

From this equation, the form assumed by the beam and the 
deflection at any point of the beam under given conditions can be 
found. This is a very good illustration of the part played by the 
constants of integration. In all the various cases the equation we 
start with is the same, but the different initial conditions in the 
several cases give us different constants and, of course, quite different 
final results. 

We here work out two cases. 

(iii) A uniformly loaded beam rests upon supports at its extremities; to find 
the equation of the cuive assumed by the beam and the maximum deflection . 

Let the line joining the ends of the beam and its perpendicular bisector 
be taken as axes of x and y respectively, and let l be the length of the beam. 

The initial conditions are 

(i) y — 0 at each end, i. e. when x — + J l ; 

(ii) since the ends are free, there is no curvature there, i.e. cPy/da? ■* 0 

when x mm +\l. 
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Integrating the equation El cpy/dx* — w, 

we have El d*y/dx* - tcx+A; 

and integrating again f El <Py/dz* - \ wx % + Ax + B. 

Substituting initial values (ii), 0 « $ u> . } P + £ l A + B, 

0- \w.\P-\lA+B' % 

whence, subtracting, A — 0, and adding, B — - $u>P; 

-E7 cPy/ dx 1 * $ mjx* — | %oP «■ J u? (x* — J P). 

Integrating twice again, El dy/dx - $ to ( J ** - J Z»ar) + C, 

My- Jw(A^-|iV) + Or + D. 
Substituting initial values (i), 0 - J ** (A • iV - A J 1 ) + <7 • 1 * + A 

whence, subtracting, C — 0, and adding, Z) — - J «> Z 4 ) — yfj t?Z 4 ; 

Ely — \ u>(& x*-lPx i )+' 5 btrt i - ^ m» ( 1 6 or 4 — 24 x 2 Z* + 5 Z 4 ). 

This gives the deflection at any point, and is the equation of the curve 
taken by the beam. The maximum deflection is at the centre where x — 0» 
therefore El y — *fx«oZ 4 , i.e. the maximum deflection is wP/EI. 

(iv) Let the beam be clamped at both ends; to find the form it takes and the 
maximum deflection . 

The initial conditions are in this case 

(i) y mm 0 at both ends, i.e. when a?— +JZ; 

(ii) since the beam is now horizontal at both ends, dy/dx — 0 when 

x — ill- 

integrating the general equation three times, we have 
El d'y/dx* — %ox + A, 

El cPy/daP — } wx 1 + Ax + B, 

El dy/dx — \u>a? + \Ax? + Bx+C, 

Substituting dy/dx — 0 when x— ±\l y we have 
0 - A«rZ»+i^+i^Z+C, 

0« -&«* + iAP-i2K+C,' 

whence, on subtracting, 0 «= J* u>P + Bl t and B — - J* wP % 
and adding, 0 — l At* + 2 C\ C — AP. 

Integrating again (after substituting the values of B and C ), 

El y - J* kw 4 + \AsP - A . \ x* - J ^Z *; % + D. 

Substituting y — 0 when x — l, 

Q-4t"-4**+\A.iP-&u,p.iP-&PA+D, 
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Subtracting, 0 — AP -JAP, whence A — 0 ; 
and therefore 0*-y| i.e. D «* 8 u>l\ 

Substituting in the integrated equation, we hare 

This gives the deflection at any point, and is the equation of the curve 
assumed by the beam. The maximum deflection is at the centre, where 
therefore Ely -» i.e. the maximum deflection ■■ \\%v>P/EL 

Comparing this result with that of the preceding example, it follows that 
the maximum deflection when the beam is free at the ends is five times as 
great as when it is fixed at the ends. 

Examples LXXXIL 

1. A uniform beam of length l and negligible weight is fixed at one end 
and has a weight W suspended from the other end. Find the equation 
of the ourve assumed by the beam and its maximum deflection. 

2. Obtain the result for a beam uniformly loaded and supported at both 
ends from the equation El d}y/dx % the bending moment. 

3. Obtain the result for a beam uniformly loaded, fixed at one end and free 
at the other, from the equation El d*y/dx 4 = w. 

4. A uniform heavy beam is fixed at one end and free at the other ; a weight 
equal to the total weight of the beam is suspended from the free end. 
Find the deflection at any point, and the maximum deflection. 

6. Compare the deflections of two beams of the same material and length 
and similarly loaded, one with a square section of side a, the other with 
a circular section of diameter a. 

6. In the case of a light beam with a weight at the end or at the middle 
point, prove that if the length of the beam be doubled, the maximum 
deflection is increased eightfold. 

7 . In the case of a heavy beam under the action of its own weight, prove 
that if the length be doubled, the maximum deflection is increased 
sixteen fold. 

8. Find the deflection at a point distant one quarter of the length from one 
end in the case of a heavy beam supported at the ends. 

0. Find the deflection at the same point if the beam is clamped horizontally 
at the ends. 

10. Find the deflection at any point in the case of a heavy beam clamped 
horizontally at one end and supported at the other. Where is the 
deflection greatest ? 

11. Find the deflection at the centre of a light beam with a weight W 
suspended at the middle point, the beam being supported at one end and 
at a point distant one quarter of the length from tne other end. 

[Find expressions for y on both sides of the centre, and notice that both 
must give the same values of y and dy/dx at the centre.] 

12. A bar 1 yard long and cross-section 1 inch square is fixed at one end and 
loaded at the other with 2 cwt. ; find the deflection of the free end, 
neglecting the weight of the bar, and taking Young’s modulus as 
8 x IQ 7 lb. weight per square inch. 
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201. Intersection of consecutive normals. 

The centre of curvature is the limiting position of the point of 
intersection of the normals at two points when one point approaches 
indefinitely near to the other. 

Let the normals at P and Q meet at ( 7 . The angle PCQ is equal to 
the angle 6tfr between the tangents at P and Q (Pig. ICO). Join PQ. 

CP _ sin CQP 
PQ ~~ Bin PCQ 1 

sin CQP PQ t>s _ l\b . 

» 7~ “T" X r-x x 'T X sm CQP 
Bin o\fr os Ci \f sin 6^ x 

= 1 xds/dij/X lxl, when fcsandfii/r- >0 [since CQP— 

= /?, the radius of curvature. 

C is the centre of curvature at P. 


Then 


CP=PQx 



Fig. ICO. 



Also the circle of curvature at P is the limiting position of the 
circle which passes through three points Q, P, Q' on the curve when 
Q and Q f approach indefinitely near to P f or, as it is often expressed, 
the circle of curvature is the circle which passes through three 
consecutive points on the curve. 

Let Q and Q' be two points on the curve near P (Fig. 161), one on 
either side of it, and let the perpendioular bisectors of PQ, PQ' meet 
in C, so that C is the centre of the circle through QPQ'. Let Q 
and Q' move indefinitely near to P; then PQ and PQ' become 
ultimately two consecutive tangents to the curve, and their perpen* 
dicular bisectors become two consecutive normals ; hence their point 
of intersection C is ultimately the centre of curvature, and the circle 
becomes the circle of curvature. 
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The circle which passes through three consecutive points on 
a curve is called the osculating circle ; Bince it cuts the curve in three 
points, it follows that in general it will cross the curve at the point 
of contact. 

202. Radius of curvature in tangential-polar coordinates. 

If the equation of a curve be given in tangential-polar coordinates 
(Art. 165), a very simple expression can be found for the radius of 
curvature, viz. : 

dr 

pssr * 

For, let two consecutive normals PC \ P'C meet in C (Fig. 162). 



Ultimately, as P f approaches P, C is the centre of curvature at P, 
and PC, P'C are each of length p. 

From the triangle OCP we have 

OC 2 = p % + r 2 — 2pr cos OPC 
= + — 2prsin4> 

= f? + r z —2pp. 

Similarly, if r+8r be the radius vector of P', and j p + $jp the 
perpendicular from 0 to the tangent at P\ we have 

OC 2 = ?* + (r + S r) 2 - 2 /> ( J> + bp). 


Subtracting, we get 0 = 2r5r+(6r) 2 — 2pbp ; 

••• 

Hence, in the limit when P' is indefinitely near P, 

p = r dr /dp. 
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Exatnplet : 

In the e&rdioid, r* *■ 2ap* (Art. 165); 

differentiating with respect top, 8r* dr/dp — 4 ap. 

••• 

In the lemniscate, r 9 ■■ a'p ; 

.*. differentiating, 3 r* dr/ dp « a 1 . 

•\ p ■■ r dr/dp ■» a f /3 r. 


A formula can be found also for the radius of curvature in polar 
coordinates (see Ex. LXXXIII. 10), but it is not very often used. 
If the equation of a curve is given in polar coordinates, it is often 
advisable to obtain the tangential-polar equation as in Art. 165, and 
then use the simple expression obtained above. 



203. Application to mechanics. 

If a point is moving in a plane curve, it is often convenient to 
resolve its velocity and acceleration along the tangent and normal to 
the curve. 

Let v be the velocity when the moving point is at P, where the 
tangent makes an angle \ff with a given line, and let s be the 
length of the aro measured from a fixed point of the curve to P; 
let v+dv be the velocity at Q, where the inclination of the tangent 
and the length of the arc are ^ + dy// and s + 8j (Fig. 168). 
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The Telocity v is the rate at which the point is describing the arc s, 
and therefore is equal to ds/dt or &, The components of the velocity 
at Q in the directions of the tangent and normal at Pare (v + 8v) cos S^r 
and (t? + &t?)sin ty. 

Hence the acceleration in the direction of the tangent at P 
= rate of change of velocity along the tangent at P 


L, “ wh.o «(-0 


= Lt since costif/ differs from 1 by a small quantity of 
the second order, as 
= dv/dt f he. v or s or vdv/ds . 


The acceleration in the direction of the normal at P 


L . . . sin oil/ bs 

t( e+8e » x ir x i7 x ii 

== v X 1 X (1/V) X V 

= v*/p, where p is the radius of curvature at R 

Of course, in the case of the circle, p is equal to the radius r, and 
we have the well-known result that the acceleration towards the 
centre in circular motion is t r*/r (Art. 68). 



204. Motion in an orbit. 

An important application of this result is to the motion of 
a particle which describes an orbit about a fixed point under the 
action of a force to that point which is a function of the distance. 

Let m be the mass of the particle, and mf the force towards 0 
under the influence of which the particle is moving (Fig. 164). 
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Then, resolving along the tangent and normal, 

mvdv/da = —mf cob 4> = —tnfdr/ds, 
tnip/p = m/ain4> = mf. p/r. 

The first equation gives f — (i) 

The second gives t> a = /. £ p = /. j? . r ^ , from Art. 202, 


. dr 


(i0 


eliminating/ ^ = - v l - .p = -vp , 


i.e. 


dv dr 

’dr-lTp 

dv 

r+ y ^=0. 


dv 

dp 


Th© left-hand side is the d.c. of pt? with respect top. Therefore, 
integrating, pv = h, a constant. 


Substituting this value for v in equation (ii), we have 

f— v l ~ 

p dr “p § dr 

From this equation, we can, if the tangential-polar equation of 
a curve be given, find the value of f i.e. the equation gives the 
‘law of force' under the influence of which the particle would 
describe the given curve. 

If the law of force be given, Le. the expression for /in terms of r, 
then by integration we obtain the tangential-polar equation of the 
path in which the particle travels under the influence of the force. 

It should be noticed that, by integrating equation (i), we get an 
expression for the velocity of the particle in any position when under 
the action of a given force, viz. : 

//dr = -£v» + £C, o*=C7-2//dr. 

When / is given in terms of r, this can be integrated, and the 
constant C will be determined from the initial conditions. 

If A be the area swept out in time t by the radius vector starting 
from some fixed position, and if Q be a point on the path very 
near P, 

8j4 = A OFQ = £ TQ xp, ultimately = £p&$. 

• = £j>|~ ; and when Si— ►(), ^ = £p ^ = \pv = \ li . 

Hence A = J ht f since h is constant, and A =s 0 when t = 0. 
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Hence the constant h is twice the area described by the radius 
vector in unit time, and we have the important law : the radius vector 
describes equal areas in equal times. 


Examples: 

(i) Let the force vary inversely as the square of the distance, 
la this case, /*/r* f and the above equation gives p ■■ “s 
Integrating, - n/r — - \h'/p' + C. 

This is the tangential-polar equation of a conic referred to its focus as 
pole, and represents an ellipse, parabola, or hyperbola according as C is 
negative, aero, or positive. [Cf. this equation, \ h % /p* — p/r+ C, with the 
tangential-polar equations of the conics obtained in Art. 165.] 

Since this is the law of gravitation obeyed by the heavenly bodies, it follows 
that the orbit of the earth relative to the sun is a conic (it is an ellipse) with 
the sun at a focus. 

The velocity at any point of the orbit is obtained from the equation 


+ - c - 

If the particle have velocity v 0 when at distance r 0> v t * 


,C+ !?. 
r 


e*-V-2^(l/r-l/r 0 ). 


C+2p/r 0 . 


(ii) Find the law of force to the pole under which a particle will describe an 
equiangular spiral. 

In the equiangular spiral (Art. 163, Ex. ii), p — rein or. 

^ h' dp h* . h* 

p* dr "" r*sin # Or "r^si^ac 


Hence the force varies inversely as the cube of the distance from the pole. 


205. Differential equation of the orbit in polar coordinates. 
This equation can be deduced from the tangential-polar equation 
by aid of the Theorem of Art. 165, viz. : 

1 /p 2 = tt* + (dtt/d0) 2 , where u = 1/r. 

For, differentiating this equation with respect to r, we get 


i.o 


_ d r _d r /Mdu 

p>dr dr'c^^dd)] dul ^dO> \dr 


To , n d« d*W ~ dtf "I 1 
~L 2 '* + 2 d6'd6 i * duj* r* 

—**(«+£>• 

K * dp 


/-?*- «*(• + £)■ 
/ 


<Pu __ 


which is the equation required 
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Substituting the value of /in terms of u and integrating, the polar 
equation of the orbit ia obtained. 


Examples LXXXIII. 

[See Art. 165 for Tangential-Polar Equations]. 

1. Find the radius of curvature at any point of the parabola p* — or. 

а. Find the radius of curvature in the lemniscate (i) at the vertex, (ii) at 
a point where $ — 30°. 

3. Find the radius of curvature in the cardioid (i) at the vertex, (ii) at the 
point furthest from the axis, (iii) at a point of contact of the double 
tangent perpendicular to the axis. 

4. Find the radius of curvature at any point of an ellipse in terms of the 
distance of the point from a focus. 

3. Prove that the radius of curvature at any point of the rectangular 
hyperbola r 1 cos 2 6 -» o* varies as the cube of the radius vector. What 
is its value at the end of the latus rectum ? 

Find the radius of curvature at any point of the four curves : 

б. r mm a6. 7. r » a/6. 

8. — a 1 * cob fid. 9. r-»asin s £d. 

10. Deduce the formula for radius of curvature in polar coordinates from 

1 djr_ dB dB/ d$\ 

p "" ds "" ds + ds ds\ + dB/' 

together with (&)'-*“ + (£)'• and tan * - r / ^ 

11. Prove that p tPpfd'V*. 

12. In Art. 204, prove that t*B — k. 

13. Taking the tangential-polar equation of an ellipse, prove that the force 
to a focus under the influence of which a particle describes the curve 
varies inversely as the Bquore of the distance. 

14. Find the law of force to a point on the circumference of a circle under 
which the particle describes that circle. 

15. Find the velocity at any point of a particle which is describing an 
equiangular spiral under the action of a force to the pole. 

16. Find the law of force to the pole under which a particle describes 
a cardioid. 

17. Find the law of force to the pole under which a particle describes 
a lemniscate. 

18. A particle is moving in a curve under the action of a force to a fixed 
point which produces an acceleration p/ (distance) 7 ; initially, p — r mm a 
and p — 3 a 4 /* 3 . Find the curve which the particle is describing. 

19. In the case of an ellipse described under the action of a force to the 
focus, prove that h* — p (semi -latus rectum), and that the velocity at any 
point is given by the equation v* — p (2/r- l/o). 

20. Find the corresponding results in the case of a hyperbola described 
under the action of a repulsive force varying inversely as the square 
of the distance from a focus. 
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206. Envelope!. 

Let f(Xy y, a) = 0 be the equation of a curve, where sc and y are 
rectangular coordinates of a point and <x a constant, depending it 
may be on the size or position of the curve. If we take different 
values for a, we shall get different curves of the same kind ; the 
equation /(a?, y, a) = 0, when different values are assigned to the 
constant a, is said to represent a system or family of curves . 

For instance, the equation y* «■ 4 cu?, for different values of a, represents 
a family of parabolas with a common vertex and axis : a variation in the 
value of a alters the length of the latus rectum. 

The equation (# — fc) a + y® «* r 1 , for different values of h , r remaining 
constant, represents a family of equal circles (radius r) with their centres at 
points on the axis of x ; if h is fixed and r varied, the equation represents 
a family of concentric circles, centre ( h , 0), with different radii. If only 
one of the two constants h and r be varied, we get a singly-infinite system 
of curves; if both h and r be varied, we get a doubly-inflnite system, 
consisting of all circles which have their centres on the axis of x. 

If, in /(a?, y, a) = 0, we take the curves corresponding to two 
values of a which only differ by a small amount, these curves will 
in general intersect. 41 If one of these two values of <x be made to 
approach indefinitely near the other, the points of intersection will 
generally tend to limiting positions ; and the locus of these limiting 
positions of the points of intersection is called the envelope of the 
family of curves. 



For instance, in the case of the circles mentioned above, when r is constant 
and h varies, the points of intersection of consecutive circles tend to coincide 
with the ends of diameters perpendicular to the axis of x , and the envelope 
consists of two straight lines parallel to the axis of x and distant r from it 
(Fig. 165). 

Again, if the equation of a straight line be written in the form 
a?co80 + ysind ■■ o, 

it is easily seen geometrically that, whatever the value of 6, the perpen- 
dicular distance of the straight line from the origin is a, therefore all the 

* It does not always happen that such curves intersect, e.g. in the system of 
ooneentrio circles obtained above, by keeping h constant and varying r, two 
consecutive curves do not intersect. 
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straight lines of the family are tangents to a circle whose centre is the 
origin and radius a; hence, any two consecutive lines being consecutive 
tangents to this oircle, their point of intersection tends to coincide with 
a point on the oirde, and the circle is therefore the envelope of the lines 



Fig. 166 . 


(Fig. 166). If the lines are drawn for values of 6 which differ by only small 
amounts, it will be seen that the points of intersection and the parts of 
the tangents between them are almost indistinguishable to the eye from 
a circle of radius a. 

The property which is seen to be true in these cases is true 
generally, viz. the envelope qf a system of curves touches at each of its 
points the corresponding curve of the system. 

For, of three consecutive curves of the family, let the first and 
Becond meet in and the second and third in P 2 (Fig. 167). Then 
ultimately P x and P z are consecutive points on the envelope, and 

(3) 



they are also on the second curve ; therefore, when they move up 
indefinitely near together, P x P 2 becomes a tangent both to the 
envelope and to the second curve. Hence, since they have a common 
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tangent at a common point, the envelope touches the second curve, 
and similarly it touches each other curve of the system. 

107. Analytical method of finding envelopes. 

Let /(a?, y, Of) and /(s, y, Of + Jt) be two curves of the system for 
which the values of Of differ by a small amount ft. 

The second equation may, from the mean-value theorem of 
Art. 117, be written in the form 

/(*, Of) + ft/(r, y, at + 0 ft) = 0, 

where 1 0\ < 1, and/" denotes the differential coefficient with respect 
to Of, # and y being regarded as constants. 

At a point of intersection both equations are satisfied, therefore 
by subtraction 

ft/ Or, y , Of + 0/0 = 0. 

Therefore, since ft is not 0 (it is very small, but not zero, otherwise 
the two curves would coincide altogether), it follows that 

/' Or, y, Of + 0ft) = 0. 

Therefore in the limit, at the points of ultimate intersection, 
when ft— *0, 

f(x,y, a) = 0. 

Hence, to find the locus of these points for different values of Of, 
we have to eliminate a from the two equations 

/(*, y, o) = 0, f{x, y, <x) = O, 



Examples : 

(i) Find the envelope of the straight lines j — mx + a/m, for different volute 
of m. 

Differentiate with respect to m (regarding x and y as constants). 

0 — a/m\ whence m ■■ ± </{a/x). 
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Substituting this value of m in the given equation, 

y " ±x*/(a/x) + ay/(x/a) — ^2^ (ax), 
y 9 — 4 ojf, a parabola. 

Hence the given family of straight lines consists of the tangents to the 
parabola y 9 — 4 ax (Fig. 168). 

(ii) Find the envelope of the concentric ellipeee i which have their axes coinr 
cidcnt in direction t and the eum of the axes constant. 

Taking the axes of the ellipses as axes of coordinates, and the sum of the 
semi-axes as e, the lengths of the semi-axes may be written a and c—a, a 
being the variable parameter. 




Fig. 169. 


The equation of the ellipses is 

a 9 

a 9 + (c 

“p-l fr 19]- 

Differentiating with respect to a, 

2 a? 9 

‘ a 8 ' + 

_V _ 0 . 
(«-<*)• * 

a* 

a* 9 

a a; 9 / 8 

. . ; 7 , *= “a > 

(t-af y 

c-a^y 9 / 8 1 

, a x 9 / 8 

and — 

y» * 

whence <j “ **/»+ yV* * 

c 

"s*/»+yV»’ 


Substituting these values of a and c — a in the equation of the ellipse, it 
becomes a + y 9 / 9 ) 9 , (a? 1 /* + y 9 / 8 ) 9 t 

* "jx'T* c 9 yV» J 

x*/* (»■/• + y 9 / 8 ) 9 + y 9 / 8 (a ^ 9 + yV*; # - c* f 
i.e. (* 9 / 8 + yV 8 ) 8 — c*, 

a l / 8 +yV 8 -c 1 / > . 

Hence the envelope is the curve called the astroid (Fig. 169). 
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208 . Evolute of a ourve. 

The loous of the centres of curvature of a ourve is called the evolute 
of the curve. The coordinates (£, 17 ) of the centre of curvature have 
been obtained in Art. 199. If £ and ij can be expressed in terms of 
a single variable, then, by eliminating this variable, the equation 
of the evolute will be obtained, as in the example below. 

The normals to a curve are tangents to its evolute 9 for, if 22, P, <2 
(Fig. 170) be three points very near together on a curve, and if the 

normals at 22, P meet in C' and 
the normals at P, Q in (7, then 
in the limit when 22 and Q move 
indefinitely near P, C and G f 
become two consecutive centres 
of curvature, Le.two consecutive 
points on the evolute, and both 
are on the normal at P; hence the normal at P goes through two 
consecutive points on the evolute, and therefore touches the evolute. 

Therefore the evolute of a curve is the envelope of the normals to the 
curve. It is generally easier to deduce the equation of the evolute 
as the envelope of the normals rather than as the locus of the 
centres of curvature. The following example illustrates both 
methods in the case of the parabola. 

Example : 

Find the equations of the circle of curvature and the evolute of a parabola. 

The coordinates of any point on the parabola y 9 — 4 ax may be written 
in the form (am 1 , 2 am) (Art. 50). 



Fig. 170, 


Hence 


d*y 

dx 2 


dy dy / dx ^ 2 a 1 * 
dx dm/ dm 2 am m 

dx\m/ m 2 dx m 2 2 am 


2 am 1 


The radius of curvature p «- j 1 + 

~( f * m') 1 23(1 + ™’)'/* 

©■-‘♦a/— 

Since, if s be measured from the vertex, de/dx and ds/dy are both + , we 
hare ds/dx - + »»*)/*» ; ds/dy - ■*/(! + m»). 


* Sinoe dy/dx - tan \f> 9 where f is the inclination of the tangent to the axis 
of x, it follows from this result that m - cot \p f i.e. m is the tangent of the angle 
which the tangent to the carve makes with the axis ef th 
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Th* coordinate* of the centre of carrature are (Art. 190) 

(* - /> dy/ds, y + (i dx/dt), 

i*e. {«IH» 1 -»-2a(l+m*); 2flm-2#»(l + m , )} > 

i.«. {a (3 m* + 2) ; -2 aw*}. 

Hence the equation of the circle of curvature at any point if 
(*-3aw 9 -2a) 9 + (y + 2am 8 )* — 4a , (l + m 2 )*. 

To find the evolute as the locus of the centres of curvature, we have to 
eliminate m from x — 3 am 1 + 2 a ; y — —2 am 3 , 
which gives (# - 2 a) 1 « 27 a s m* — 27 a 3 . y*/4 a* ■» * 4 7 ay*. 



To find the evolute as the envelope of the normals, the equation of the 
normal at (am 9 , 2 am) is (Art. 47), since iy/dx — 1/m, 

x - am 1 + (y-2 am)/m «■ 0, 
i.e. y + mar — 2am — am* ■■ 0. 

Differentiating this with respect to m, * - 2 a - 3 aw* — 0, 


Eliminating m, we have from the last equation, m 


/a?— 2 a \ l / # 
l 3a j 1 


.\ y — am*~m(jr“2a) — am*-m.8am* ■■ ~2am* — -2a ^ J » 
whence, squaring, y 9 ■■ ^ (* - 2 a)*/a, 

which is the same equation as before. 

The parabola and its evolute are shown in Fig. 171 ; PA is the parabola, 
DEC the evolute, PQ the circle of curvature at P t PC the normal at P 

l e 2 
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touching the evolute at C, which is the oentre of ourvature for the point P; 

the length of PC is the radius of curvature. 

Examples LXXXIV. 

Find and draw the envelope of the following, 1-36: 

1. Chords of a cirole of constant length. 

2. A system of equal circles with their centres on the circumference of 
a given circle. 

S. A straight line which moves so that the sum of its perpendicular distances 
from two fixed points is constant. 

4. A straight line which moves so that the product of its intercepts on the 
coordinate axes is constant. 

0. A straight line which moves so that the sum of the intercepts on the 
axes is constant. 

0. A straight line which moves so that the part intercepted between the 
axes is of constant length. 

7. A system of concentric ellipses, with their axes along the coordinate 
axes, and of constant area. 

3. The circles on double ordinates of a fixed parabola as diameters. 

9. The parabolas y*«4w(x- m). 

1 0. The parabolas y* -■ m 1 (x - m). 

11. The straight lines m s a:-my — a, for different values of m. 

12. The straight lines y — mx + a */(l 4 m*). 

13. The straight lines x + y sin 6 ■■ a cos 6, for different values of 6. 

14. The straight lines y — m*£ + am, for different valueB of m. 

16. The straight lines op sin 6 + y cos 6 — \ e sin 2 0, for different values of 6. 

16. The parabolas + 2 my + 1 ■» 0. 

17. The conics x % sin (X + y 9 cos ol — o\ for different values of OL 

18. The circles whose diameters are chords of a fixed circle through a fixed 
point on its circumference. 

10. The circles on central radii of a rectangular hyperbola as diameters. 

20. The circles described with double ordinates of an ellipse as diameters. 

21. A straight line which rotates with uniform angular velocity about one 
of its points which moves uniformly along a fixed straight line. 

22. The paths, for different angles of elevation, of particles projected from 
a fixed point with given velocity. 

[If 6 (— tan -1 m) be the elevation and y/(2gh) the velocity, the equation 
of the path, referred to horizontal and vertical axes through the fixed 
point, is y ~ mx — } x % (1 + #»*)/&•] 

23. Ellipses with their axes along two fixed straight lines and the sum of 
squares of the axes constant 

24. Circles which have their centres on a fixed circle and which pass through 
a fixed point 
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S5. Circles which touch the axis of m and have their oentres on the parabola 

y ■ s* 

20. Circles through the origin which have their centres on ey ~ 1. 

27. Parallel rajs of light fall on the inner surface of a cylindrical mirror 
in a plane perpendicular to its axis ; find the envelope of the reflected 
rays (which make the same angle with the normal as the incident rays). 
This envelope is called the caustic by reflexion at a circle. 

28. Rays of light proceed from a point on the inner surface of a bright 
circular ring, and are reflected from the surface ; find the envelope of 
the reflected rays. 

Find the evolute of the following curves, 28-34 : 

20. The cycloid. 

80. The ellipse. 

31, The astroid x ■» a cos*#, y — a sin 1 #. 

82. The rectangular hyperbola aysc®. 

S3. The hyperbola x cosh ti, y — b sinh u. 

34. The curve x — a (cos & + B sin B), y — a (Bin B — B cos B). 

85. & is a fixed point and P any point on a fixed straight line ; find the 
envelope of lines drawn from P perpendicular to SP. 

86. Find the envelope of a straight line which moves so that the product of 
its perpendicular distances from two fixed points is constant. 
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ELEMENTARY DIFFERENTIAL EQUATIONS 


200. Definition!. 


A relation between two variables x, y, and differential coefficient! 
of y with respect to x is called an ordinary differential equation. 

The order of the differential equation is that of the highest differential 
coefficient which occurs in the equation. 

The degree of the differential equation is the degree of the highest 
power of the highest differential coefficient in the equation when 
rationalized and cleared of fractions. 

E.g. x~ + y ” a ii of the fint order and of the first degree, 

CLX 


<Py 

* dr* + ^ ™ lifcr/ k of the second order and of the first degree, 
*(<&) “ “ i* the first order and of the second degree, 

(rfS ) +y ^ ® i® of the second order and of the second degree, 

~ n \ +any function of x, y, and lower d. c.’s than the n th is 


of the n 4 * 1 order and of the r 4h degree. 


210. Formation of differential equations. 

Let us consider one of the ways in which differential equations can 
be formed. 

Exampltt: 

(i) If y — mx+e, we hare, by differentiating, dy/dx — m, 
and, by differentiating again, tPy/dx* <■ 0. 

The first differentiation eliminates e, and therefore gives a result which is 
true for all values of e. The second differentiation eliminates m, and gives 
a result true for all values of m and e. 

The geometrical interpretation of this should be carefully noticed* 
y tm mx + e is the equation of any straight line. The first equation 
dyfdx « m expresses a property common to all the straight lines obtained 



ELEMENTARY DIFFERENTIAL EQUATIONS 423 

by talcing different mines of c, m. that their inclination to the axis of x 
is tan" 4 m. The second equation &y/da& — 0 expresses a property true for 
ail ralues of m and c, i.e. a property common to all straight lines, via. (Art, 
199) that the curvature is tfero. 

The equation &y/d& — 0 is said to be the differential equation of all 
straight lines. 

(ii) If sr 1 — 4<ur+c, we have, by differentiating, 

2 y dy/dx — 4 a, 

and, by differentiating again, 

„ _ o 

^ (ic* dx ' dx 

The given equation represents a system of parabolas with their axes along 
the axis of x. The first equation y dy/dx — 2 a states that all these para- 
bolas have their subnormal equal to 2 a, whatever be the value of a The 
second equation states that the differential coefficient of this subnormal is 
zero, i.e. that, for any individual parabola of the family y 1 — 4ax + c, the 
portion of the axis of x intercepted between the normal and the ordinate 
at any point is constant. 

The second equation is called the differential equation of all parabolas 
which have their axes along the axis of *. 


(ii!) If (ar — a) , + (y-6)* — r*, then, differentiating and dividing by 2, we 

have 

x-a + (y-b) dy/dx — 0. (!) 

This eliminates r. Differentiating again, 

«+6m,2 + 2.*-. 

This eliminates 0 , and gives 


'-*-K£/]/a- 


If this be now differentiated again, we get a differential equation of the 
third order, from which all the three constants a, 6, r which occurred in 
the original equation have disappeared. 

If the result of (ii) be substituted in (i), we have 

©•]/§• 

If these results be now substituted in the original equation, it becomes 




If this be differentiated again, we shall again get the differential equation 
of the third order which contains none of the three constants a t 6, r. 
Geometrically, the original equation represents any circle. 



424 ELEMENTARY DIFFERENTIAL EQUATIONS 

Equation (i), which does not contain r, expresses a property common to all 
circles with oentre (a, fr), whatever the radios, via. that 
dy/dx- - (a?-s)/(y-&) * 

i.e. if P be any point (*, y ) on a circle, centre A (a, 5), the inclination of 
the tangent at P to the axis of x exceeds by 90° the inclination of AP to the 
axis of x. This is obvious geometrically, since (Fig. 172) 

dy/dx - tan -cot MPT - - cot MAP - - AM IMP - - (at- «)/(y - fc). 



Equation (ii), which does not contain a or r, expresses a property common 
to all circles, whatever the radius and the abscissa of the oentre. Comparing 
it with the expression for rj in Art. 199 v it gives q — b, which is obviously 
true for all such circles since the centre of curvature is the centre of the 
circle. 

Equation (iii), which does not contain a or b , expresses a property common 
to all circles of radius r, viz. that the radius of curvature [the left-hand side 
of (iii) is the square of the value obtained for p in Art. 199] is at all points 
on such circles equal to r, which again is obvious geometrically. 

The result of differentiating (iii), which reduces to 

Mi/IS-i©)' 

and which contains neither «, 2>, nor r, expresses a property common to all 
circles, viz. that the d. c. of the radius of curvature is zero, and hence is 
equivalent to the statement that for any individual oircle the radius of 
curvature, and therefore also the curvature, is constant 

These examples show that differential equations may be formed 
by eliminating the constants from a given equation. The given 
equation, by taking different values for the constants, represents 
a family of curves. The successive differential equations express 
geometrical properties common to certain sets of these curves, and 
the fin*! differential equation from which all the constants are 
eliminated expresses some property common to all curves of the 
family. 

It will be noticed that, in these examples, the order of the 
differential equation when all the constants are eliminated is equal 
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to the original number of constants. This is always the case, for if 
the original equation contains n constants, then by differentiating it 
n times a differential equation of the w th order is finally obtained ; 
the results of these ft successive differentiations together with the 
given equation form a system of n + 1 equations, and it is proved in 
works on Algebra that, in general, from ft + 1 equations, n of the 
quantities they contain can be eliminated. Hence the ft constants 
can be eliminated, and the result is a differential equation of the n th 
order. 

211. Solution of a differential equation. 

Conversely, in finding the integral of a differential equation of the 
n th order, we should expect the most general solution to be a relation 
between the variables containing n arbitrary constants, and it can be 
proved that, in general, this is the case. Reversing the above process, 
and finding the most general relation between the variables x and y, 
which leads to s given differential equation, is called ‘integrating* 
or ‘ solving the equation \ The result, which must contain a number 
of arbitrary constants equal to the order of the differential equation, 
is called the complete or the general integral or the complete primitive. 
Any simpler solution which satisfies the equation is called a particular 
solution , e. g. the general integral of the equation d 2 y/dx* = 0 is 
y = Ax+B, containing the arbitrary constants A and B; y = 2x , 
y = — 8, y = 4#— 6, &c., are particular solutions (obtained by giving 
definite numerical values to A and B). 

Geometrically, the process of solving a differential equation 
consists in finding a system of curves which possess a specified 
property. Since the general solution contains n arbitrary constants, 
a curve of the system can be made to satisfy f» conditions. 

If the differential equation be of the first order, the solution will 
contain one arbitrary constant c, and will be of the form f{x , y, c) = 0, 
which for different values of c represents a family of curves. If in 
this equation we substitute for x and y the coordinates of some definite 
point, we have an equation to find c, which determines the curves of 
the family that pass through the given point. If the differential 
equation be F{x, y, dy/ix) = 0, then, on substituting in this equation 
the coordinates of the same point as before, we have an equation for 
dy/dx, which gives the directions at the point of those curves of the 
family that pass through the given point. Hence the differential 
equation specifies the curves of the system which pass through 
a given point by means of their slope : the integral equation specifies 
the same curves by means of the parameter e. 
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Example * : 

(i) Find the equation of the straight line which goes through (8, 2) and makes 
an angle tour 1 } with the axis of x. 

The differential equation of all straight lines is &yfdo? 0 (since this 
expresses that the curvature is zero). 

The first integration gives dy/dx -> A. Since dyjdx is given to be f , we 

have A — J ; 

•\ 5 dyjdx «■ 3. 

Integrating again, 5 y — 3 x + C. 

Since the line is to go through (3, 2), it follows that 10 -» 9 + C, and 1. 

the equation is 5 y — 3 x+ 1. 

This is a ‘ particular solution ' of the equation d 2 yjdx 2 — 0. 

(ii) Find the equation of the parabola which has its axis along the axis of x, 
passes through the point (4, 2), and has the slope } at that point. 

The subnormal of such a parabola is constant, y dy/dx — a. 

Integrating, y 2 — 2 ax + b. 

Substituting the given values of y and dyjdx in the first equation, we 
have 2 x J — a ; substituting the coordinates of the given point in the second 
equation, we have 4 — 8 a + 6 — V + whence h — - 

the required equation is y 2 — Jar-J, i.e. 3y*»-4;r-4. 

Before proceeding to the various methods of solving differential 
equations, the student should work some examples in the formation 
of differential equations by eliminating constants* 

Examples LXMV, 

1. Eliminate e from the equation xy — c*. 

Give the geometrical meaning of the result (see p. 103, Ex. v), 

2. Eliminate m from the equation y — mx + a/m. 

Explain the result geometrically, [y — z dy/dx is the intercept on the 
axis of y.] 

8. Eliminate (i) p alone, (ii) a alone, (iii) both p and a from the equation 
x cos Of + y sin oc — p. [This aquation represents a straight line such that 
the perpendicular to it from the origin iB of length p and inclined to the 
axis of x at an angle Of.] 

Explain each result geometrically. 

4. Eliminate (i) A, (ii) both A and b from the equation y ** Ae bB , 

What is the geometrical meaning of the first result? 

6. If y ** ccosh ix/c) + A, prove that dyjdx** */{y 2 —&)jc. 

What is the geometrical meaning of this result ? [See Art. 197.] 

6. Eliminate m from the equation y ** mar + av^l + w 1 ). 

Explain the result geometrically. 

7. Eliminate the constants from y ** Ax? + Bx+ C. 

6. Prove that if y — A cos tnx + B sin war, or if y «■ A sin (mje+ Of), then 
#y/dx* + m 2 y - 0. [See Art. 192.] 

9. Eliminate A and B from y**Ae mw + Be~ m * t and from y**A cosh(m* -f-Of), 
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10. Eliminate the oomtanta from the equation Ax' + By 1 «• 1, 

11. Prove that, if y ■» 14 (A cos n* + B sin tit), then 

+ + — 0 . 

12. Eliminate A and B from the equation y -» *-1**^**+ Be"**)* 

18. Eliminate A and B from the equation Ax + B «* xy. 

14. Verify that y — A log* + B is the solution of the differential equation 
* . d*y/dx? + dyjdx — 0. 

15. Verify that y -■ (A + Bt) e ** is the solution of ij - 2 ny + »■ y ■* 0. 

16. Show that the differential equation of all parabolas which have their 
axes parallel to the axis of y is <Pyjd& — 0. 

17. If y — A sin _1 a? + B 9 prove that ( 1 - x*) — [ - x “ 0. 


18. If y — (sin“ , s?) i + Asin^x + B, prove that (1 — x % ) 2. 

tt2T (ZX 

10. If y — (.4 + 2?#) sin ma? + ( C 4- />x) cos tn x t prove that 

S + *" , S+«" , r-o. 


20. Find the differential equation of all conics which have their axes along 
the axes of coordinates. 

21. Find the differential equation of all circles which touch both coordinate 
axes. 

22. Find the differential equation of all circles which have their centres on 
the axis of y. 

as. If y- (At m *+Be- m *)/x, prove that ^ ® -m*y - 0. 

oar x dx 

24. Eliminate A and B from the equation y — A cos (logo?) + B sin (log x). 


212. Differential equations of the first order. 

We have several times in the preceding chapters, especially in 
Chapter XIX, met with differential equations, and have solved them. 
We now proceed to collect together and consider the more common 
methods of solving such equations, and commence with equations of 
the first order and of the first degree. Such equations involve dy/dx 
and one or both of the quantities x and y, and the solution will 
involve one arbitrary constant. There is no method which will solve 
the equation in its most general form, but various particular oases 
will be considered. 

I. Let y be absent. 

We have then dy/dx = f(x) 9 . y = ff(x) dx+A. 

This is merely the evaluation of an ordinary indefinite integral, 
which, as already pointed out (Art. 72), involves an arbitrary 
constant. 

Example. . dy/dx - 1+r. 

Here dy/dx mm 1/ac* + l/x ; \/m + log x + A. 
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II. Let x be absent. In this case dy/dx =/(y), 

which may be written -r^-. ^ = 1. 

J f(y)dx 

Integrating with respect to x, and remembering that 

/F(y) = fF(y)dy [Art. 181], we have 

Example. Find a function of x which has the values 10 and 20 when 
x « 0 and 1 respectively , and such that its rate of change is proportional 
to the square of its value . 


Her * v. 


I j. 
y’d* ** 


Integrating, - 1/y - hx + C, 

Substituting the given values, 

C— k — +A? 

and the equation is -l/V" A*"A" A(*“2). 
whence y ■■ 20/(2 -a:), which is the required function. 


III. Let the variables be separable. This is the case if dy/dx 
is equal to an expression which can be resolved into factors containing 
x only or y only. It includes the two preceding forms as particular 
cases. 

The factors which involve y only can be put on one side of the 
equation with the dy/dx , and those that contain x only on the other 
side, so that the equation takes the form 

Integrating with respect to x f ff(y) dy = /F (x)dx + A> 


Examples : 

(i) x . dy/dx + y* ■■ 1. 

i. e. x ~~ — 1 -y*» which may be written ™ — - • 

dx 9 9 J 1 -y l dx x 

Integrating, ~ log — log x + log A. (i) 


It should be noticed that, if all or most of the terms of the integral are 
logarithms, it is best to take the constant in the form log A instead of A 
(since the logarithm admits of all values from — oo to + oo, this is just 
as general as A). A simpler result is then obtained if we pass to the 
equation which yields the preceding equation on taking logarithms, vis. in 


this case, 



[If logarithms of both sides be taken, equation (i) is obtained.] 
Therefore (1 4 y)/(l -y) — iV, which is the required solution. 
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(ii) In what curve* doe* the subtangent bear a constant ratio to the abscissa f 


The subtangent 


Integrating, 

whence 


-ycot* -*/*• 

. „ L* ndy 

*• * / dx Le * yTx 

n log y — logo? + log C, 


y n — Cx. 


1 

x * 


These are the curves which possess the property mentioned. 

If » -■ 2, we have the parabolas y 9 — Cx, showing that such parabolas ore 
the only curves which possess the property proved in Art. 46, Ex. iv. 


Many equations which are not of this type can be reduced to it by 
making a simple substitution. 


For example, in the equation dy/dx — x + y, the variables are not separ- 
able, but, if we put x + y z, the variables in the resulting equation for z 
are separable ; for since y — z — x, we have dy/dx ■■ dz/dx - 1, and the 

equation becomes ^ - 1 — » ; i. e. —— — — 1. 

dx 1 + z dx 

Therefore log (1 + z) — x + log A, 

whenoe 1 + z — Ae* t or, returning toy, l + x + y — Ae m . 

Most of the equations we have hitherto met with have belonged to one or 
other of these three types. 


Examples LXXXVI. 

1. Find the curves in which the subnormal is constant, and equal to a . 

2 . Find the curves in which the subtangent is oonstant, and equal to a. 

8. Find the function of x whose rate of change with respect to x is always 
proportional to its own value. 

4. In what ourves is the subtangent double the abscissa ? 

5. In what curves is the subnormal three times the abscissa ? 

6. In what curves is the portion of the tangent between the axes bisected 
at the point of contact ? 

7. In what curves is the portion of the tangent between the axes divided 
in a given ratio m ; n at the point of contact ? 

8 . In what curves are the lengths of the normal and of the radius vector 
always numerically equal ? 

0. Find the curves in which (i) the polar Bub tan gent, (ii) the polar 
subnormal, is constant 

10. Find the general equation of all curves in which the tangent makes 
a constant angle a with the radius vector. 

8olve the equations : 

11. (*+o) + 12. x*^ — 2sf + 3. 

18. xy ^ =■ I + y\ 14. ^ + a V + & *■ 0. 
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18. ^+0*4 6-0, 

i0 - ^ - 2*fy + i). 

17 -Z -«* + **• 

18. x(]f + 2)+y(* + 2)j| — 0. 

1®. *y(l + **)^ -if - 1. 

dy 

aa x dx~ y ~**- 

31. . + yg-,> + y. 

dy 

22. «* tan y cot x. 

S3. ~£ — cos (*+,). 

a4 -2 +1 -*y+*-y- 


25* Find a function which is equal to 1 when x ■■ 0, and to 2 when tr^l, 
and whoso rate of change is proportional to the cube of its value. 

20. Find a function which is equal to 0 when x — 1, and to 1 when x — 4, 
and whose rate of change is inversely proportional to its value. 


213. IV. Homogeneous equations. 

The equation P^ = Q iB said to be homogeneous if P and Q are 

homogeneous functions of x and y of the same degree. 

The equation may be reduced to the preceding form by substituting 

y as ex, and therefore ^ = e + z*^ • 

dx dx 

It will be found that, after dividing out by where n is the 
degree of P and Q, the variables are separable. 


Example. (x* - xy) dyf dx mm xy + y*. 

Making the substitution just mentioned, the equation becomes 
(x a — zx*) {z + x . dzjdx ) — zx* + z* x % . 
Therefore, after removing the factor x % from both sides. 


dz z4 2 ? 

e + xj~ — , 

ax \~ z 
dz z + z 1 
' dx "" 1 — * 


2 c* 

l-V 


which may be written 
Integrating, 

i.e. 


1-zdz 2 
z l dx"* x 

-l/z-\ogz — 21ogx + log^.. 
« ’V+*-Ax*, 

Ax % x y/x Axy. 


dy 

The equation (as + by + c) ~ = a' x + Vy + c' is not homogeneous, 

but it can be reduced to one or other of the preceding forms in the 
following manner : 
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(i) Let a' /a = V/b = 4, so that a' = 4a, &' = 4b. 
Then the equation can be written 

(ax + by + c) dy/dx = k[ax + by) + <f. 

Let oj?+ by = $ ; therefore a + b dy/dx = dz/dx % 

and the equation becomes (s + c) ^ ^ — a) = tr + c', 

+ C , which is of the form II. 


i.e. 


dz 

a = b. 

dx 


z + c 


(ii) Let a'/a # b'/b. 

d« a / ® + 4* c' 

The equation may be written ^ ■» — - • 

Let a'ar + b'y + c'^ X and aa?+by + c = Y, so that the equation 
becomes dy/dx = X/ r. 

dr dr / dX a + b dy/dx a + bX/Y aY+bX 
A “ en dX “ d® / <i» *V+6' " a'+Fl/T “ o' X+ &'X ; 

and this equation is homogeneous in X and Y and therefore can be 
Bolved as above. 


Example. Solve (2x + y - 1) dy/dx ■* 2x-2y-f 1. 


Let 2* + y-l— X and 2x-2y + 1 — F. Then the given equation takes 
the form dy/dx — Y/X. 


dY dr ,dX 
dX~ dx / dx 


2-2dy/dx 2-2 Y/X . . . 

- 2TW ' Whl0h " h0m °* ene0Ui - 


Let r » Xs, 


dY 
“ dX 


*+X 


dz 

dX 


The preceding equation now becomes 

dz 2-2*. 
** X dX " 2 + * ’ 


w 1*4 

^ dX" 


i.e. 


2 - 2 * 
2+s ' 
2 + * 


dz 

2^'4i -*• dX * 


2-4*-** 
2 + * * 
1 

"X* 


Since 2 + s ■■ — $ (d.c. of 2-4z — z 3 ), this equation gives on integration 
iog(2 — 4z— *•) ■■ —2 log X+ log C; 

2-4*-* a ~C/X a 
2X a — 4*X a — z a X* *■ C, 

B . 2x s -4xr-r a -c, 


i.e. 2(2« + y — l) a — 4(2x+y — l)(2ap-2y + l) — (2# — 2y + l) a » C. 

This reduces to 2;r a -4*?y-y , + 2a?+2y — A t 
[after multiplying out, dividing by —6, and writing A instead of £ (5 — C)]. 

It should be noticed that in this particular case the solution can be 
obtained more readily as follows ; 
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If all tho termf are collected on the left-hand tide, the given equation 
becomes 




0 . 


The first two terms together are the d.c. of 2 ay, and all the other terms 
can be integrated at once. Hence, on integration, we get 
2 xy + \y*-y-a?-x — C, 

i. e., changing the signs, 

2x*-4xy-y 9 + 2x + 2y « -2 C t 

as before. 

The integral can be obtained in this simple manner whenever b' «■ —a in 
the general equation. [See also Art. 216.] 


+ P = 0. 


214. V. Linear equation of the first order. 

A differential equation is said to be linear when it is of the first 
degree in y and the differential coefficients of y with respect to x. 

Hence the general linear equation of the first order can be written 
in the form 

where P and Q are functions of x only, since the coefficient of dy/dx 
can always be made unity by division. 

First take the particular case when <3 = 0. The variables are 
then separable, and the equation may be put in the form 

1 dy 
y dx 

Integrating, \ogy+fPdx = log C, i.e. ye* Pdx = O. 

If we test this by differentiation, we get the original differential 
equation with the addition of the factor ef /to , for we have, on 
differentiating with respect to x * 

yxjI fJ *xP+eI»x| = 0, 
i. e. e l pdx (dy/dx + Jty) = 0. 

This gives the clue to the solution in the general case when Q ^ 0. 
The left-hand Bide, when multiplied by the ‘integrating factor* e * ***, 
becomes the differential coefficient of ye! pd *, and the right-hand side 
becomes Qe* 1 ***. 

Hence, on integration, we have 

y e lPdx rr J* Qc 1 Pdx dX 4" C> 


• Tbe d.c. with respect to x of gl Pdx - the d. c. of e n , where u m/Pt ta 

■■ S* X du/dX m t^ P * X X jP* 
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which is the required solution. The equation is now to be regarded 
as solved, whether we are able to perforin the actual integrations 
or not. 

In particular cases, the results should not be written down by 
substituting in this general solution, but by finding in each case the 
integrating factor t$ Pdx ; this often turns out to be a simple algebraical 
or trigonometrical function, which in many cases can be seen by 
inspection. The following examples illustrate the process. 


Examples: 

(i) sin x . dy/dx + y co§ x — #*. 

In this case it is evident that the left-hand side is, as it stands, the d. c. 
of y sin*; 

we have y sin x «• dx -* Jar 8 + C, 

(ii) x * . dy/dx + 3xy — 1 . 

Since 3;r* is the d.c. of it is evident that the left-hand side, if multiplied 
by x, will become the d. c. of x?y. 

Then x l . dy/dx + 3je*y ■■ x , 

•\ spy — fxdx C. 


(iii) (l+a; 1 )^ 4*y-x, 


dy x 

16 ‘ Ar + m* 


X 


Here P — x/(l -+ x 3 ) ; therefore 

/Pdx - dx - $ J dx - 1 log (1 + *>) - log ^(1 + **) ; 

eSPdx-.J( l+*‘). 

Hance, multiplying (i) by </(l+x' t ), the equation becomes 


(i) 


v / (i+* , )2 + 

Integrating, y</( 1 4- **) 

e. (y-1 )-/(! + *•)- 


X X 

S(l+x*) V “ V(1 +**)'' 
or + C*S 


(iv) A particle moves horizontally in a medium whose resistance varies as the 
velocity , and is also subject to another retarding fores which is proportional 
to the time ; find the velocity at the end of time t. 

If v be the velocity at time t , the equation of motion is dv/dt -■ — kv — hf, 
where h and b are constants [i. e. dv/dt + kv mm — to]. 

To integrate, multiply by et kdt , i.e. e u . Then 
e** . dv/dt + v . he w — — bit * 1 ; 
ve kt mm — bfte! ti dt + C. 


* The variables are separable in the given differential equation, and this 
result can be obtained more readily by the method of Art. 812. 

IMS I f 
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Integrating by parts, ft&dt - — ~ •**- e u ; 

*\ (t/k-llk') + C. 

Initially, when t ■■ 0, r ■» u, the Telocity of projection ; 

*\ u— + and C**u—b/k % . 

•% dividing by x w and inserting the value of C t 

,-t «-*>+(.- ‘)^H 

The example from Electricity given in Art. 182 is also an example of this 
type of equation. 

The more general equation 

£+*»=<y. 

where P and Q are functions of r y can be reduced to the preceding 
form by dividing by y n and putting 1/y 71 ’ 1 = g; the resulting equation 
is linear in g. 


Example , Solve the equation x . dy/dx 4 y — xy\ 
Dividing by y**, A 8 + A - 1. 


Let 


y* dx xy* 

_ 2 dy dz 
y* dx*" dx 

and the equation becomes - ! r + ‘ 2 “ l i. e. f*- — * x ■» — 2. 

2 dx * dx x 

This is linear in x. In this case P — — 2/x, 


/Pda: 




Slog* -log-,; 


$!?**- 


1 


Multiplying by the integrating factor 


Integrating, 


2 


1 1 dx 2 2 

x 1 ’ x* dx a?* x 7 


1 

which, since x ■» 1/s*, gives 1 — 2xy* + Cx 7 y 7 . 


+ (7, i.e. x — 2x + Cr 1 , 


210* Another method of solution* 

In both of the eases considered in the preceding article, the solution 
can also be obtained by substituting y = and choosing if so that 
the coefficient of v in the resulting equation may be zero ; we shall 
then have for v an equation in which the variables are separable. 
As an illustration, let us solve the last equation of the preceding 
article by this method : 
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ExampU. Solve x . dy/dx 4 y — xy % . 

Let y — up ; therefore, since ~~ — u ~ + e ~ , 

dx dx dx 

the equation becomes (*£ + ^ w 

The function u may be owy function, and is quite at our disposal ; hence 
we are at liberty to choose u so that the coefficient of e may be aero, 

i.e. so that xp +« - 0, .% - + - - 0. 

dx u dx x 

Integrating, log u + log x — 0, .\ ux — 1 , and u ■■ 1/®. 

[We are not finding the general solution of the equation at this stage, but 
we want the simplest form of u which will satisfy our object of making the 
coefficient of v sero, hence we take the constant of integration as 0 instead 
of in the arbitrary form C.] 

Now substituting u — — in (i), we get ~ i t? 1 , 
x dx x 

1 dv 1 1 1 _ 

v* dx "" x * 9 1 0 ’ "" x + 

Since v — y/u — yx, we have 

+ Le - 

This is the same solution as before, except that the arbitrary constant 
occurs as — 2 C instead of + C, which is immaterial. 


Examples LXXXVII. 


Solve the following equations : 

lm **dx* a^ + y* — 0. 

5. x-^+y + x r— 0. 

6. *“ + v'(j>*+y’) «y. 

7 1? _ y(y~ 2j; ) 

‘ tfx — *(*-2/)* 

0. (» + y + l)^ — *-y + l. 

11. (*+y)“-*+y-2. 

13. *g + y-*». 

(ft/ 

xa. ^ + y cot* — cosec *. 


2 * 

dy 2*-f y 
dx ** 2y— a? 

8. (**-y*)g»2*y. 

3. (y*-8*y') ^ 

10. (3»+y— 5) ^ — 2«+2y — 2. 
ax 

12. (Sa?-5y) ~ « x — Sy-f 2. 

1*. x d £+4y-x. 
dy 

16. -y tan* — cos a 
dx 9 


wf2 
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18. *£-*-*/. 

dy 

1®. — y tan x -y 9 sec x. 

2°. 

■i- « +jr — *V. 

dy 

22. ~ + ay — cos fcx. 


23. In what curves ii the mbnormal at any point equal to half the sum of 
the coordinates of the point ? 

24. The current t in an electric circuit of resistance P, self-induction L, and 
E. M. F. E satisfies the equation Ldi/dt + Ri — K Find t in terms of 
t when L — ‘05, 12 — 10, E — 100 sin 500 1. 

25. A particle of mass 1 lb. moving horizontally in a medium whose resis- 
tance is *1 rib. weight is subject to an accelerating force which at time t 
is equal to 4* lb. weight. Find its velocity after 1 second, if it starts 
from rest. 

210. VI. Exact equations. 

The equation 

p?! ,p = o 

dx v 

is said to be an exact equation if the left-hand side is the differential 
coefficient of some function f(x , y) with respect to x. When this is 
the case, the integral is obviously /(a?, y) = C '• 

The condition which must be satisfied by P and Q in ord^r that 
the equation may be exact will be investigated in Chapter XXIII, 
where we deal with partial differentiation. In the meantime, it can 
often be seen by inspection whether the equation is exact or not. 
In some cases, too, an integrating factor which will render the 
equation exact can be seen by inspection. Such a factor always 
exists, and there are various rules for finding it, but it is frequently 
very difficult to find. 

Examples : 

(i) (M? + % + y + (Ar + fcy+/)^ — 0. 

This equation may be written ax + h ^y + x + 9 “ 0* 

Integrating, \ ax 1 + hxy + $ by* + yx +fy — C, 

i. e. ax 2 + 2 hxy + by 2 + 2 gx + 2 /y — 2 C, 

(ii) 2 y + x dy/dx — x 9 . 

This becomes exact if multiplied by x, for then 2 xy + x f dy/dx — x*. 
The left-hand side is now the d. c. of yx 9 ; .*. integrating, yx 9 — J x 4 -t <\ 

(iii) 1 + x*y + x* dy/dx — 0. 

This becomes exact if multiplied by l/x\ for then 1/x* + y + x dy/dx — 0, 
whence, on integration, — 1/x + xy — C. 
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(iy) *%-*- 2**yg. 

This becomes exact if multiplied by Jj; for then x% "" 2 y ~ * 

The left-hand side is the d. c. of y/x with respect to x ; 
integrating, y/x - y* + C, i. e. y - ay* + Cx. 

217. VII. Equations of the first order, but not of the first 
degree. 

If the equation is of the second degree in dy/dx , it ean be solved 
as a quadratic for dy/dx 9 and the resulting simpler equations may 
be integrable by one of the preceding methods. 

Example a : 

(i) Solve the equation x (dy/dx) 9 ■* y -f a. 

Taking the Bquare root, */x . dy/dx « ± </{y + a), 

... \ ft ~ JL. 

^/{y + a)dx “■ y'a: 

Integrating, 2 -y/(y + o) - + 2 V* + 2 C, 

y+a— (C + y'a?) 1 . 

Since C is arbitrary, and may be + or — , there is no need to retain the 
double sign in this case. This also follows from the fact that (C±*/x) % 
is the same as {^x+ C) % 9 from which it is obvious that the double sign is 
unnecessary. ~ 

Hence the solution is y + a — (C+ y'x)*. 

(ii) Sol.. |(s + ')-> , <>’ + *>’ 

On factorizing, either ^ — y — 0 or ^ + y — — a?. 

CUE OJ 

The first of these equations when solved gives y — Ce x ; the second gives 
1 4 x + y wm Ae m [see the last example of Art. 212]. 

These two equations constitute the complete solution ; whatever value be 
assigned to C or A in either of these two equations, the resulting function 
eatisfies the differential equation. 

Geometrically, if we assign values to x and y 9 the differential 
equation, being a quadratic in dy/dx 9 gives two values of dy/dx, Le. at 
any point (z, y) there are two directions for the tangent ; in other 
words, two curves or two branches of one curve out of the system of 
curves given by the complete solution pass through any specified 
point in the plane (provided the values of dy/dx are real at that 
point). 
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In the example just worked out, one curve of the system y — Ce* and one 
curve of the system 1 -f * + y « Ae* will pass through any given point (x, y) ; 
the values of dy/dx are always real in this case. For example, if we take 
the point (0, 1), we find, on substituting these values in the solutions, 1 C 
and 2 -■ A ; hence the curves y e* and l+x + y-«2s* pass through the 
point (0, 1). The values of dy/dx at this point are (i) dy/dx «■ 1, 
(ii) dy/dx + 1 — 0 ; hence the tangents to the two curves are inclined to the 
axis of x at angles 45° and 135° respectively. The two curves therefore cut 
at right angles at the point (0, 1). 


(iii) Find the equation of the curve which goes through the point (a, 0) and 
has a normal of constant length c. 

The normal «* y sec ^ y </[l + (dy/dx) 1 ] [Art. 48], 

y 1 [1 4 (dy/dx ) a ] — c*. 


Hence 


[£)' 


„-l, and 


y *y . , i 

V^?~y 8 ) dx ” 


Integrating, — y^fe* — y 1 ) + (x + A ) ; 

c*-y* - (x + ^4)*, ie. (x + A)U y 1 c\ 
which represents a family of circles with their centres on the axis of x, and 
of radius c . 

The fact that the curve is to go through (a, 0) enables the value of A to 
be found, for substituting x ■- a, y 0, we have a + A — ±c and A — + c - a. 

Hence there are too circles satisfying the given conditions, vis. : 
(x±c— o^ + y* — c 1 , agreeing with what was stated in the preceding 
example, since the differential equation is of the second degree in dy/dx. 
In this case, the result is obvious geometrically. 


218. VIII. Clairaut's form. 

This is the name given to the equation which takes the form 

where / (dy/dx) denotes any function of dy/dx only, i.e. a function 
not containing x or y explicitly. 

It is usual, in differential equations, to denote dy/dx by p, so that 
the equation may be written y = xp +/(jp). 

If the equation be differentiated with respect to x t we have 

t-’t+f+n pis- 
te. %l*+f(P)] = 0- 

Therefore either dp/dx = 0 or %+f (p) = 0. (ii) 

In the first case, p = a constant c, and therefore, substituting in 
the given equation, we get y = cx +/(c). 
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In the second case, another solution is obtained by eliminating p 
between equations (i) and (ii). Since the jp is to be eliminated, it is 
immaterial what value it has, and therefore the result of the 
elimination is the same as the result of eliminating e between the 
equations y = ex+/(c) and x+f(c) = 0. But this result gives 
the envelope of the system y — cx+f(c) [Art 207] (since the second 
of the two equations is obtained by differentiating the first with 
respect to c). 

Hence, the first solution represents a family of straight lines 
y = cx+f(c), obtained by varying the arbitrary parameter c; the 
second solution represents their envelope. The latter is called a 
singular solution ; it contains no arbitrary constant, neither can it be 
obtained from the general solution by assigning a particular value 
to the arbitrary constant c. 

Geometrically, it is easily seen from Fig. 173 that y-xdy/dx is 
the intercept made by the tangent on the axis of y. For 

0T'= NP-KP = y-T'KtAnPTK 
= y- x tan ^ = y—xdy/dx. 

Hence the given differential 
equation may be interpreted geo- 
metrically as expressing the length 
of this intercept in terms of the 
slope. It is obvious that the given 
property is, at any point P, equally 
true for the curve itself and for 
the tangent to it at P (since the 
tangent and the curve have the 
same slope at P), Le. it is true for 
the family of straight lines formed 
by the tangents and for the curve, their envelope. 

Example. Solve the equation y ^ « x + a t 

i.c. v~*% + a /%-* p+«/p- 

Differentiating with respect to p, we have » — + t> — A ~ ; 

ax ax r p* dx 

wW * 2-° ° r *-p> 

ha. p - e or ■/(•/*). 
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Eliminating p f in the first ease we have y «■ cx + a/c, and in the second 
case y — ±x^/[a/x) ±a*/(x/a) — ±2 */{ax\ i.e. y* — 4 ax. 

This is the singular solution ; it is a parabola which is touched by ail the 
straight lines of the family y — cx + a/c, which constitutes the general 
solution (Art 211). The equation being of the second degree, two curves of 
the family pass through a given point, viz. the two tangents to the parabola 
from that point 


Examples LXXXVIII. 


Solve the equations : 



dy dy 

S. (x’ + y*)^ + 2xy — 0 . 
ax 

dy 

4 . x + ny — x. 

dx 

6 - y,+ 2 ay S“*' 

e. 

^- r dx * X ‘ 

8 - *£-*+*'■ 

0. x^-z^+y. 
dx dx 

10 . 3 x 1 — 2 xy + y + (x — x* — 2 y’) — 

ax 

U. (*+2 y 2 )^“v- 

l 2 .y-x^-*»y + xy«g- 


0 . 


18 . In Ex. (i) of Art. 217, find the equations of the two curves of the system 
which go through the point (4 a, 8 a), and find their slopes. 


Solve the equations: 



i# - (£)*- ay - 




10 . ia*+«)(g) , -i. 

20. Solve the equation xy f - 

(** + y*) ^ xy - 0. [Factorize.] 


Give the geometrical meaning of the answer. Find the equations of the 
curves which go through (3, 5), and find their slopes at that point 
Prove that the tangent to the curve and the straight line of the system 
which go through any point make complementary angles with the axis. 

21. Solve the equation ~ +y j — x (a? 4 y). 

Find the equations of the two curves of the system which pass through the 
origin, and their slopes at the origin. 

22. Solve the equation xy - (*•— y*) ~ -xy — 0. 

Give the geometrical meaning of the answer, and find the curves which 
go through the point (3, 2). Prove that the two curves which go through 
any point cut at right angles. 



S3. 


24. 


25. 


80 . 


27. 


28. 


20 . 


81. 


82. 


83. 


84. 


85. 


80. 
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and explain the geometrical meaning of 

the result; at what angle do the two curves of the system intersect 
which pass through the point (2, 5) ? 

Find the curve in which the tangent cuts off from the coordinate axes 
a triangle of constant area A. 

Find the curves in which the perpendicular from the foot of the ordinate 
to the tangent is constant and equal to a . 

Find the curve in which the perpendicular from the origin to a tangent 
is constant and equal to a. 


*©* +y 


Find the curve, which goes through the origin, in which the square of 
the subnormal is equal to the rectangle contained by the abscissa and 
a line of given length a. 


Solve the equation 


y ’*l +a V[ 1+ (£)T’ 


Explain the result geometrically. 

*-*£-(2/* 80. Solve (*-*£)’- 

SolTe * d £ +a -*(£)*• 


4 


dy. 

dx 


Find the curve in which the rectangle contained by the intercepts made 
on the axes by a tangent is constant (a 1 ). 

Find the curve in which the sum of the squares of these intercepts is 
constant (a 1 ). 

Find the curve in which the sum of these intercepts is constant (a). 

Find the curve in which the intercept made by the tangent on the axis 
of y varies inversely as the slope. 

Find the curve in which the intercept made by the tangent on the axis 
of x varies as the slope. 


218. Equations of the second order. 

We will now consider some of simpler types of equations of the 
second order. 

I. = f(x) t a function of x only. 

In this case two direct integrations give the solution. 

The first gives dy/dx = ff(x) dx + A = F{x)+A, say. 

The second gives y = fF(x) dx+Ax+B. 

This is the general solution containing two arbitrary constants 
A and JB. 

Example . If d*y/d& ■* sins?, 
then dy/dx ■- — cos x + A, and y » — sin x + Ax + B • 
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II. =/(y), ® function of y only. 

Simple equations of this type have already been solved in 
Chapter XIX. 

Denoting dy/dx by p, fry /da? will be dp/dx, which may be written 

dp v dp . „ dp 

dy dx' ’ * dy 

Hence the equation may be written p dp/dy = fiy), which, on being 
integrated with respect to y, gives $p* == J'fiy) dy+A. 

. dy/dx = p = [2//(y) dy + 2 A]» = F(y), say, 

ie. = 1 

F(y) dx 

Integrating again with respect to x t this gives 

* 

This is the complete solution, containing two arbitrary constants, 
the A involved in the .F(y), and B . 

The first stage of the solution may be put in the following form : 

Since the d. c. of (^~) =2~ x d. c. of ^ = 2 ^ ^ » 

v dx' dx dx ax dx* 

multiply the given equation by 2 dy/dx ; this gives 

dp d*y dy 

Therefore, integrating with reBpect to x, 

(dy/dx) % = 2ff{y)dp + A, as before. 


Example* d*y/dx* + a t y~Q. [See Arts. 187, 192.] 

Multiply by 2g ; then 2^0 +a*.2yg - 0. 

Integrating, (dy/dx) 1 + a 1 y 1 ■- C — a* c*, say. 

This is a more convenient form, e being now the arbitrary constant; 
dy/dx - + ayV - y») , 

1 dy 

Integrating again sin- 1 (y/c) — ± ax + a, 
y ■■ csin(±ox + a). 

This is the general solution containing the two arbitrary constants c and Of. 
The solution may be written in the form 

y ■> + c sin ax cos <x + e cos ax sin Ot, 
i. e. y — A sin oaf + B cos ax f 

replacing the two arbitrary constants ± c cos Of and c sin a by A and B. 
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IIL A differential equation containing dy/dx, and one 

only of the variables x and y can be reduced to one of the first order 
(which may then admit of being integrated by one of the methods of 
Arts. 212-218) by making use of the substitution mentioned above, 
jp for dy/dx, as shown in the following examples : 


Examples: 

(i) Let y be absent. 
Solve 




Putting “ — p, the equation becomes x ^ +p + 1 — 0, aa 

uation between p a 
It may be written 


equation between p and x of the firBt order with the variables separable* 

_1_ dp _ _ 1 b 
p + 1 dx x * 

log(jP+l) “ -log* + logC, or p + l — C/*. 


and integrating again, 

(ii) Let x be abiont. 
Solve 


dy c t 

■ di- p -x- h 
y — C log* — * + X 


»s? + 


(I)’- 


Patting =~p, and “ <1* “ cjy ’ «fcr “-l* 5y* the equation becomes 


dp 


yp +p* + a # — 0, in which the variables are separable* 


It may be written 


2 p dp 


p 1 4 o* dy 


\ log (p* + a*) ■- log C - 2 log y, or p* + a 1 — C/y f . 


i. e. 


dy 


- + 1. 


V / (C-o*y a ) dx “ ' 

1 ntegrating again, (I*y a )/a , » +or+i; 

*•* C-aV — a 4 (ar + ^) , > the £ sign being unnecessary; 
or, if the first constant be written as Co* instead of C, 

C-y>+a*(*+^)». 

(iii) Find the curve* in which the radiu* of curvature is double the normal 
and on the same side of the curve. 

The length of the normal — y £l + (^) J ^ • the r *dius of 

ourrature, + / &' “ d is positive when the curve is 
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above the tangent. Since the radius of curvature and the normal are on 
the same aide of the curve, the curve must be concave towards the axis of x. 
If the curve is on the positive side of the axis of a?, y and the length of the 
normal will be positive (taking the positive root), and p 9 being below the 
tangent, will be negative ; if the curve be on the negative side of the axis 
of x f y and the length of the normal will be negative, and the radius of 
curvature will be above the tangent and positive. Hence in both cases the 
signs of the lengths of the normal and the radius of curvature are different, 
and we have 

[‘♦(»T7S— *M2)T- 


KZ)7/3--*[**G9r- 

Dividing by [l + (^)7 / * > and putting — p, g-^g.we get 


, n */>. .2 p dp 1 

1 4-p* » — &yp — , — — 2 - — 

dy l+p a dy y 

Integrating, log (1 +p 2 ) — log y + log a, whence 1 + 

£-W(r'W( *?)■ 

To rationalize this, put y — a sin 2 0 ; — 2 a sin 0 c 

ax 

and the equation becomes 

0 . A d0 I /a cos 2 0\ cop0 

2 a sin 0 cos 0 — — — ± ) — + - — - 

dx >\aBin 2 <9/ “* sin 6 




dy . A A d0 

~ -■ 2 a sin 0 cos 0 , 


2a 8in 2 ^ ^ + 1, 


or a (1 — cos 20) 1 


~ ~ ' dx - 

Integrating again, a (0 - J sin 20) — + a? + ^4 ; 
therefore + A ■- \a (2d — sin 2d) ; 

also y a sin 2 d — \a (1 — cos 20). 

These two equations give the coordinates of any point on a cycloid 
[Art. 50]. Hence the curves which possess the given property are cycloids. 
[See Art. 199, Ex. (iv).] 

The 6 in these equations is half the angle turned through by the radius 
through the tracing-point on the rolling circle. A change in the value of 
a, the first arbitrary constant, alters the radius of this circle and therefore 
the size of the cycloid and, with it, the actual lengths of the normal and 
radins of curvature. A change in the value of the other arbitrary constant A 
slides the cycloid along the axis of x t an operation which obviously would 
not affect the lengths of the normal and the radius of curvature. 


Examples LXXXIX. 
Solve the following equations : 


dx* 

eg-.. 


a - 1 

*■ dx* 1 ' 


dx* 


■■ a* ain a x. 


* dx* *• 
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7 

* <2aj* dsfi 



*«s*i-*« 

”■’3 ♦(*)’-* 


“•♦(SJ-oJ-S- 


in 

<t** dx 



“•*3+2+>-- 

»*SE-3-* 



21. Find the curves in which the radius of curvature is constant. 

23 . Find the curves in which the radius of curvature is equal to the normal, 
but on the opposite side of the curve. 

23 . Find the curves in which the radius of curvature varies as the cube of 
the normal. 

24 . Find the curves in which the radius of curvature is double the normal, 
and on the opposite side of the curve. 


220. Linear equation of the second order, with constant 
coefficients. 


This equation is 


d *y 




dy 


+cy = P, 


where a, ft, c are constants, and P is a function of x . 

We shall commence by proving one or two general theorems about 
the solutions of such equations. These theorems express properties 
which are true for linear equations of any order, and which are also 
true when the coefficients are functions of x. It will be obvious 
that the following proofs will hold when a, b, c are functions of x 
just as when they are constants ; no assumption is made as to their 
nature in the working except that they do not contain y . The 
method of proof is also exactly the same for equations of higher 
order, but in that case the equations will contain more terms. 


L If t* + v be substituted for y in the equation, it becomes 


d*u _ du 
a da? + b dx 


<Pv ,dv 

+m+a dZ +b & 


H- cv P. 
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If v be any solution of the given equation (not the general solution, 
but any particular solution, the simpler the better), so that 

< 2*0 , . do . _ 

°d * +b di +ev = F ’ 


then we have, by subtraction, 

<Pu 


du 


°^ +& di +cu=0: 


L e. u satisfies the original equation with the right-hand side P 
replaced by zero. The general solution of this equation will contain 
two arbitrary constants. If then this general solution u can be 
found, and also the particular solution v of the original equation 
just mentioned, y = u + v will give the general solution of the 
original equation. 

Of these two functions, v is called the particular integral , and u the 
complementary f miction. 

The problem is now reduced to finding any solution whatever of 
the given equation, and the general solution of this equation with its 
right-hand side replaced by zero. 


II. Next, if Ux and u 2 be any two independent particular solutions 
d?y dy 

of the equation = 0, then f/ = ^Lw 1 +Bw a , where 


A and B are arbitrary constants, will also be a solution. For, 
substituting Au x + Bu 2 for y in the left-hand side of the equation, 
it becomes 




Le. 


^(°S +6 S +w 0 +B ( a S +6 S + ctt »)- 


cPu 2 dut 




dx 


dx 


Since u x and u 2 are both particular solutions, the contents of each 
bracket are equal to zero, and therefore the equation is satisfied ; 

y = Aux+But 

is a solution. This will be the complementary function. 

Hence, summing up the results of these two theorem^ it follows 
that, if v be a particular solution of the given equation, and , u % 
particular independent solutions of the equation when the right-hand 
side F is replaced by zero, the complete solution is y = Au x + Bu % + v, 
where A and B are arbitrary constants. 

Similarly, in the linear equation of the order, if v be a particular 
Solution of the given equation, and if u lt u, A ... u n be n independent 
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particular solutions of the equation with the right-hand aide aero, 
the complete solution will be 

y = Au 1 +I?tt } + ... +JT« n +o. 

The methods of finding the complementary function and the 
particular integral will now be considered. 


221 . Method of finding the complementary funotion [O. F.J. 
The equation to be solved is 

•3+»2+*-a 

Two particular solutions are needed. Try y = e™. 


[This substitution is suggested by noticing that each term of the equation 
will then become a multiple of * msB , and by suitably choosing m, the sum of 
the coefficients of e™* after the substitution may be made to vanish, and the 
equation will then be satisfied. 

Moreover, in the corresponding equation of the first degree, 


a 2 +6y “ 0 ’ 


, 1 dy b 

we have - -£■ + * 

y ax a 


0 . 


log y + bx/a log C, whence « C, and y — 

a solution of the above type.] 


The equation becomes (amP + hm + c)#"* = 0 , which is satisfied if 
am 2 + bm+c = 0. 

This equation for m is often referred to as the auxiliary equation* 
In this, and in the general case of an equation of the order, it 
can be written down at once by substituting 1 , m, m 3 , ... m n for 

y, ... ~ respectively in the given differential equation. 

In this case we have a quadratic which gives two values of m for 
which is a solution. There are three cases which may arise. 


(i) Let the roots he real and different* m* and m %} say. 

Then e mi x and c * 4 x are particular solutions of the equation ; hence 
the C. P. is y = Ae m * x + Be™**. 

(ii) Let the roots he real and equal , each m^ 

The preceding result becomes y = Ae m x + Be m * = (A+B)#* 1 x f 
which is no longer the general solution, because A -f - 3 is equivalent 
merely to a single arbitrary constant 0 ; but it suggests that C* 4 * 
may be a factor of the solution. Therefore try the substitution 
y 5 s e” 4 **, where § of oourse is a function of a. 
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The quadratic whose roots are both w, is m l — 2m 1 m+m 1 ® s= 0 ; 
hence the corresponding differential equation is 

dx* 

Substitute y = 1 e ; 


+ = 0 . 
dy _ _ ds 


(P y <p£ de ds 

The differential equation becomes 

<TO ‘*[S + 2mi S + ” h * *“ 2mi ^-2V-+»»i^] = 0, 


1.6w 


.tf 2 * 


d 2 * 


— 0, whence -=-= = 0. 
dx* 9 dP 


Therefore, integrating twice, e = Ax + B ; 
and the O.F. is y = e m * x * = e m * x ( Ax + B). 

Similarly, if, in solving a differential equation of higher order, 
the auxiliary equation has three equal roots, three of the particular 
solutions will coalesce, and it follows, by exactly similar reasoning, 
that the corresponding part of the C.F. is 

e m > x (Ax* + Bz+C)- 

Similarly for any number of equal roots, 

(iii) Let the roots he imaginary , m 1 ±m % i (where i = V — 1), say. 

Then the C. F. takes the form 

y =. Ae mi x + m » 1 x + Be m i x “ ma 1 x . 

This expression, involving imaginaries, is an inconvenient form, 
especially in practical applications, and the result can be expressed 
otherwise as follows : 

It is clear that e m * x is a factor of this solution, therefore, as in the 
preceding case, put y = e Wl x s ; t will be a function of x. 

The quadratic whose roots are m 1 ±m 2 i is 

m 2 — 2m 1 w + »M 1 2 -f m 2 2 = 0 ; 
hence the corresponding differential equation is 

§ ~ 2w i % + + ”***) y = °- 

Substituting y — e miX e, and the values of dy/dx and d*y/dse*, as 
in tiie preceding case, we get 
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io. *»*[?£ +tn,'*] = 0, 

ffie , 

•• +«*** * t =0. 

The general solution of this equation is (Art. 219 II) 

m s= C sin (m % x + or), or § = A sinm a a? + 2?cosm a a? ; 

and therefore the C.F. is 

y = c mi x * = C^ m » x sin (ro a s+a). 

Hence, summing up these results : 

(i) If the roots of the auxiliary equation are real and different, 
and ro 2 , the C.F. is y = 

(ii) If the roots of the auxiliary equation are equal, each m x , the 

C.F. is y = e miX (Ax + B ) ; 

(iii) If the roots of the auxiliary equation are imaginary, 
the C. F. is y = e** 1 x (A sin tn % z + B cos m 2 x) 

= Ce m x BM(m 2 x + a) or C'c WjX cos (m a a?— oO* 


Examples: 

(i) 

The auxiliary equation is tn * — 7 m -t- 12 — 0, whence m • 3 or 4, and the 
solution is y — Ae?* + Be A \ 


g-,£ +iay ... 


The auxiliary equation is m' + 4w + 4- 0, which has two roots, each — 2. 
Hence the solution is y -* e~ tm (A + Bx ). 


(iii) 


dPy 

dx* 


+ 2^ + 5y-0. 


The auxiliary equation is m % + 2 m + 5 — 0, whence m «■» —1+2 4. 
Henoe the solution is y -■ e“* (A sin 2 x + 21 cos 2 *) — Cs“* cos (2 x - a). 


<"> 2 3- 8 £ +4 *-°- 

The auxiliary equation is 2 m % — 3 m + 4 **■ 0, which has the roots 
5±lV'-23, i.e. J±i«V23; 
hence (he aolution ia y “ * co» (J -y/23 x—a) 


w 


<**y , «£y 

da* *r* 



o. 


The auxiliary equation is w* + 2 m* + w 0, which hat roots 0, — 1, — 1 « 

hence the solution is y * Ae 0x +*~ x (B+ Cx ) ■» A + (B + Ca?). 

isss G g 
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The auxiliary equation ii m 4 i4m l - 0, whioh has roots 0, 0, +2 i . 
Hence, combining the results of (ii) and (iii), the solution is 
y — **®(.4 + 2fa?) + * M (Csin 2 a?+D cos 2#) 

•* A + Bx + E oos (2x-a), 


Examples XC. 

Solve, by aid of the summary given above, the equations : 






*• s‘ + *^ + I0 * , " a 



•• -•*-* 


10 - 4 S +1! a +,,, - ft 

d*y dy 
da* dx 

12. ?? + - 0. 
dx* dx 

S- i6 »- 

“S-l- 




22a. Method of finding the particular integral [F. I.]. 
We have to find any particular solution of the equation 


Frequently a solution can be found by trial, as shown in the 
following examples, which include some of the simplest and most 
useful cases. 


(i) Let P be a constant, C, 

Then a particular solution is obviously y = C/c, since all the d.c.'s 
of this are zero. 

(ii) Let P be a rational integral function of x, ie. let P be of the 
form p+qx+rx 2 + where p y q y r ... are constants. 

The only functions of x whose differential coefficients are positive 
integral powers of x are themselves positive integral powers of x. 
Hence assume 

y = A + 2& + Cx 2 + .... 
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Clearly, the degree of the expression assumed for y must (if e # 0) 
be equal to the degree of P, since dy/dx, dPy/dafl, ... are of lower degree 
than y, and hence the highest power of x in y cannot be cancelled 
out, and therefore must occur in P. Substituting this value of y in the 
differential equation and comparing the coefficients of the different 
powers of x f equations are obtained from which the values of the 
coefficients A, B 7 ... can be found. If c = 0, dy/dx must be of the 
same degree as P, and so on. 

Example. Solve the equation ^ — 8 ~ + 2y — S - 2x\ 

ax* dx 

Since the right-hand side ii of the second degree in x f take 
y — A + Bx + C&. 

Substituting in the differential equation, we get 

2C-8(P+2C*) + 2 (A + Bx+ Or 1 ) - 8-2* # . 

Comparing (i) coefficients of x* : 2C——2, /. 

(ii) coefficients of x : -6C + 2H — 0, £ — -3; 

(iii) constant terms : 2 C— SB + 2 A -= 8, .*. A — — 2. 

Hence y — -2 -3x-x* 

satisfies the equation, and this is the particular integral. The C. F. is, by 
Art. 221, Ae* + Be tm , and therefore the complete solution of the given 
equation is 

y — Ae* + Be* 9 — 2-8*-**. 

(iii) Let P be of the form Cfe" 1 *. 

Since all the d. c/s of e mx are multiples of e* 1 ®, we assume y = Jte” 4 *. 

Substituting in the differential equation, it becomes 
(avnP + bm + c)!#** = CeP*, m 
whence ft = C/(am 2 + bw + c). 

This fails if be a term of the C.F., for then the coefficient of & 
in the preceding equation becomes zero. In this case, substitute 
y = kxe 1 ** ; this fails in a similar manner if xe*** be a term of the 
C.F. If this be so, substitute y = for 3 c” 1 *, and so on. 

Examples: 

(i) Solve ^-3^+2y-2«- , ». 

The C.F. i» y — .de* + and the right-hand ride of the given equation 
i* not a term of thii expression ; therefore put y — kr tm . 

This gives, on substitution in the differential equation, 

8 ( — 2i) — 2«-*»; 

12* -2, and i-J. 

Hence the P. 1. is Jr 1 ’, and the complete solution is 
y — Ae** £«*• + 
a g 2 
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(ii) Let the right-hand side of the preceding equation be 2***, 

Since this ia a term of the C. F., we put y — jkre*® ; 

+ ••*); d*y/dxt -k (4xf + 2e*‘ + 2e**). 

Substituting these in the differential equation, it becomes 
fcr** [4x + 4 — 6a? — 3 + 2x] 2e* m f 

whence k — 2, and the P. I. is 2xe 9x . 

The complete solution of the equation is 

y **Ae K + Be 1 * + 2xt* x . 

(iii) Solve the equation - 2 — -f y ■» e®. 

ax our 

The G. F. is y -■ e x (A + Bx). 

Since #* and xe * are both terms of the C.F., to find the P.I. we must 
substitute y -■ bV; therefore 

dy/dx =* & (xV* + 2 ar« K ), and dPy/dx* — A; (xV + 2a: e x + 2xe* + 2e x ). 

The equation becomes 

ke x [a? + 4x-{ 2“2a^-4ar + a?*J ■» c* whence & — 

The P.I. is 4xV, and the complete solution is 

y ■» « x (J. + Z?x) + JarV ■■ e x {A + Bx ^ 4 a?*). 

(iv) Let P be of the form C sin nx + 1) cos nx [either C or I) may 
be zero]. 

Since all the differential coefficients of sinnz and cosnx are 
multiples of either sin nx or cos nx, we assume y = k sin nx + l cos nx. 
Substituting in the differential equation and comparing coefficients 
of sin nx and cos nx on both sides, we get two equations to determine 
k and L As in the preceding case, if the C.F. contains terms of the 
form A sin wx + 2?cosm:, the substitution fails and, as before, we 
then put y = kx sin nx +• lx cos nx. 

Examples : 

(i) Solve ^ - 8 ~ + 2y — 5 sin 2x. 

<*ar (lx 

The C.F. is + 

To find the P. I., put y — k sin 2x 4- l cos 2x. The equation becomes 
— 4&sin2x — 41 cos2x-3 [2k cob 2a?-2f sin 2x] + 2 [k sin2x + Z cos 2x] 

— 5 sin 2x f 

i.e. sin2x[-4fc f 61 + 2A?] + cos 2x [-4Z-6fc + 2Z] — 5 sin 2x. 

Comparing coefficients of sin2x and cos 2x, 

— 2fc + 6Z — 5, -2J-6& -» 0 ; whence fc — — J and l — 

The P. 1. is — J «in2x + J cos 2x, and the complete solution is 
■■ + J sin 2x + J cos2x. 
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(ii) Solve &y/dx*+Ay cos 2 x. 

The C. F. ii A cos2;r*f B sin2x. 

Since cos 2 a? is a term of the C. F., put y — for sin 2* + lwcos2x. 

•\ dy/dx — 2 fa cob 2a? + k sin 2a? - 2Za? ein 2x + 1 cos 2 a?, 
and dV/dx* — -4fcx sin2x + 4&coB2x-4Zxcos2x-4Zsin2x. 

Substituting in the differential equation, it becomes 
~4A:xsin2x + 4A: cos2x-4Zxcos2x-4Zsin2x+4£x sin 2a? + 4 tocos 2® 

■o cos 2 a:. 

Comparing coefficients of sin 2a? and cos2x, 4£«*0, 4&— 1 ; Z—0 and &-►$. 
Hence the P. I* is }x sin 2x f and the complete solution is 
y — A cos 2a? + B sin 2 a? + J a? sin 2a?, 

(y) Let P be the sum of several terms of the preceding types. 

To find the P. I. in this case, find the part of it corresponding to 
each term separately, and add the results together. 


223. Applications of the preceding results. Damped harmonio 
motion. 

The equation 

d* a* dx 

d? + k + f 1 * " a cos (fit + <*) 

is of considerable importance in dynamics and electricity. It is a linear 
equation of the second order with constant coefficients. 

If the right-hand side is zero, it is the equation of motion of a simple 
pendulum making small oscillations under gravity in a medium of which 
the resistance varies as the velocity. For if, in Art. 194, the motion be 
supposed to take place in such a medium, and if the resistance to a particle 
of masB m be written in the form kmv, i.e. kmldd/dt , the equation there 
given becomes 

7 tPd , 7 dd . A 
ml 3 tt "■ - km* 3 - — mg Bind, 
at* at 


. d*d . dd o • * a 

i.e. - 5? +fe^ + f.»n*-0; 

which, when $ is so small that (sin 6)/6 may be taken as unity, becomes 

*l +lc d A + l 6mm o 

dt* +k dt + l 8 

It is convenient to write n % for g/l, so that the equation may be written 


The same equation also represents the motion of the needle of a 
galvanometer, the resistance of the air being supposed proportional to the 
velocity, which is approximately true when the velocity is not very large. 
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Since the right-hand side is iero, there is no P.-I. To find the G.F., the 
auxiliary equation is 

+ — 0, of which the roots are m — -/(i* 1- **)* 

The nature of the motion depends upon the value of 

(I) If £>&* > w\ the roots are real and different ; denoting them by fWi 
and m f , the solution of the equation is 

0 mm Af n i t + Bt m * t . 

Since k is -f and Jfc 1 , and therefore it follows 

that W4 and m, are both — . 

e" 1 ! 1 and both -► 0 as t increases, and therefore d -+■ 0 as t 
increases. The particle does not oscillate but gradually approaches the 
position of equilibrium.* 

Suppose the particle starts from rest with 0 initially equal to Of. 

Then, since 0 — OL when t — 0, a — A 4 -B. 

Now dB/dt — Am 1 + Um a ; 

and d6/dt mm 0 when t ■■ 0. 0 -■ Am, + JBm t . 

From these two equations, A — tt - and 5 

* m, — m, m, -m, 

fft| ~ m, 



If we denote + y'Cifc’-n 1 ) by p, m, — -\k+p, wt, — and 

- 2 J>- 

OL W 

Since p and k are -f, it follows that \k+p>\k— p and e w >e~ w ; 
therefore the first term in the bracket is greater than the second, so that 0 is 
always + , and -> 0. In this case the particle never passes through the 
position of equilibrium given by 6 » 0. It gradually approaches it but never 
quite reaches it. 

* It may first pass through it once, since, under some initial conditions, there 

may be one value of t for which $ — 0. 
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If we draw the displacement-time graph of the motion, the curve starts at 
the point (0, XX) and constantly descends towards the axis of f, which is an 
asymptote (Fig. 174). 

The motion is of this nature if k* > 4 n 1 , i. e. if k > 2 » ; i. e. f in the case 
of the pendulnm mentioned above, if k > 2*/{g/l\ This is also the character 
of the motion in the case of a dead-beat galvanometer. 

(ii) If Jfc* - i »\ the roots are real and equal ; each is 

(A+Bt). 

If the particle starts from rest with B ■■ OL } then substituting (X for B and 
0 for f in this equation, we have OL ■- A. 

Also * - e-i - } he" l *U + Bt) ** A kBt J. 

Since ^-Owhenf-O, 0 -B-\kA\ B-\k(X. 

Therefore B ■» e-l w (a4}&af) — 4 \ kt\ 

Hence, in this case too, 6 tends to the value 0, but never reaches it, since 
and 1 + \kt are always 4 . 

The graph of the motion is similar to that in the preceding case. 

(iii) If Jfc-Cn 1 , the rootB are imaginary. Denoting »*— }&* by p f , 

they may be written in the form — i*©* ^i^+Pb where 

1 . 

in this case the solution of the equation is (Art. 221) 

<* cos (pf-*). (i) 

The particle passes through the position of equilibrium, 0 — 0, when 
cos (pf-c) — 0 , i. e. when pf -* is equal to any odd multiple of 

When pt— * — J 7 T, the position of equilibrium is reached for the first time ; 
when pt — « — 1 7T, for the second time, moving in the opposite direction ; 
when pt — « ■■ £rr, for the third time, moving in the original direction, 
and so on. Hence, after passing through the position of equilibrium, 
the particle reaches the position of equilibrium again, moving in the 
same direction, when pt - * increases by 2 rr, i. e. when t increases by 2 ir/p . 
Therefore it makes oscillations about the position of equilibrium in the 
periodic time 2 ar/p, and, owing to the presence of the continually decreasing 
factor «“!**, the amplitudes of the successive oscillations continually 
diminish. In order to find their values, we have B a maximum or minimum 
when B is zero, i. e. when the velocity is zero. 

Now 6 «■ Ce~i ** { — p sin (pt — *) } — J kCe~t w cos (pf — *) 

» — Ce~i kt [p sin (pf — f ) 4 $ k cos (pf — c)]. 

This is zero when p sin (pf —«)■■ — J k cos (pf — * ), 

Le. when tan (pf-«) — -1 k/p — tan 0 , say, 

1 , 6 . when pf-« — njr + p, where » is any integer, 

. , ^ nit € + 0 nir , • - . . *40 

i. e. when — 4 — - — — 4y, if y denote 

P P P P 
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Since the right-hand side if sero, there ia no P. I. To find the C. F., the 
auxiliary equation is 

« f 4fcm4n 4 ■■ 0, of which the roots are m -■ -\k± 

The nature of the motion depends upon the value of Jh*— n 9 . 

(I) If !&*>**, the roots are real and different; denoting them by m* 
and m,, the solution of the equation is 

0 — "4 £**>", 

Since & is 4 and Jfc 1 , and therefore it follows 

that m j and m, are both — . 

a** 1 and e"** 1 both -► 0 as t increases, and therefore 0-*O as t 
increases. The particle does not oscillate but gradually approaches the 
position of equilibrium.* 

Suppose the particle starts from rest with 0 initially equal to or. 

Then, since 0 — a when t — 0, a — A + B. 

Now dO/dt - 

and dB/dt — 0 when t — 0. 0 — Am y +Bm % . 

From these two equations, A — and B — — • 

m, — fWj w a — etj 

0— — — — ifiiS’M). 

Wg — Wj 



If we denote + ■/(***-»*) by p, m, J/k+p, m, |ft-p, and 

trij-m! — 2^). 

d - ^ [( - j fc +p) «-* «-w - ( _ j ft _ j,).-* «+«j 
or w 

Since p and Je are 4 , it follows that \k+p>\1c-p and 
therefore the first term in the bracket is greater than the second, bo that 0 is 
always 4, and —> 0. In this case the partiole never passes through the 
position of equilibrium given by 0 - 0. It gradually approaches it but never 
quite reaches it 

• It may first pans through it once, since, under some initial conditions, there 

may be one value of t for which S — 0. 
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If we draw the displacement-time graph of the motion, the curve starts at 
the point (0, Of) and constantly descends towards the axis of t, which is an 
asymptote (Fig. 174). 

The motion is of this nature if k % > 4 n\ i. e. if k > 2 n ; i. e. t in the case 
of the pendulum mentioned above, if k > 2 This is also the character 

of the motion in the case of a dead-beat galvanometer. 

(ii) If J h % — n\ the roots are real and equal ; each is -}&. 

If the particle starts from rest with B -■ a, then substituting Of for $ and 
0 for t in this equation, we have Of «■ A, 

Also 6 - *B- \ fcr * ** (A + Bt) « s* « [B - $ JeA - * kBt]. 

Since — 0 when f — 0, 0 ~B-\JeA; .\ B-\k(X. 

Therefore d - e~l w (Of + $ fca 0 - Of s' I * ( 1 + j W). 

Hence, in this case too, B tends to the value 0, but never reaches it, since 
and 1 + \Jct are always + . 

The graph of the motion is similar to that in the preceding case. 

(iii) If the roots are imaginary. Denoting »•— }&* by p # , 

they may be written in the form — \k±^ — P*» i*e. +-\k +pi, where 

• — V— l- 

in this case the solution of the equation is (Art. 221) 

B m, CW kt cos (pt — t). (i) 

The particle passes through the position of equilibrium, d — 0, when 
cos (pt-*) —0, i. e. when pt — * is equal to any odd multiple of |ir. 

When pt— * mm J 7 r, the position of equilibrium is reached for the first time ; 
when pt— * — > j 7 r, for the second time, moving in the opposite direction ; 
when pt-* — 4tt, for the third time, moving in the original direction, 
and so on. Hence, after passing through the position of equilibrium, 
the particle reaches the position of equilibrium again, moving in the 
same direction, when pt — * increases by 2n, i.e. when t increases by 2ir/p. 
Therefore it makes oscillations about the position of equilibrium in the 
periodic time 2 t r/p, and, owing to the presence of the continually decreasing 
factor «~i u , the amplitudes of the successive oscillations continually 
diminish. In order to find their values, we have B a maximum or minimum 
when 6 is zero, i. e. when the velocity is zero. 

Now 6 mm Ce “i ** { —p sin (pt - 1 ) } — j kCe“l « cos (pt - 1 ) 

rnm — Jet [p gin + COS (pt — f)]. 

This is zero when p sin (pt — *)■■ — 1 1c cos (pt — *\ 

Le. when tan (pt-*) — - 1 k/p — tan/3, say, 

i,e. when pt-* — »tt + /3, where n is any integer, 

t mm + £: _ + y, if y denote • 

P 9 9 9 


i. a. when 
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Taking first n 0, L e. t ■■ y, we have 6 — Ce~i b v cos p — Of, say. (iii) 

Next, when « ■» 1, i e. t — ir/p 4 y, 

0 — Gr Mfr +*/*). cos (tt+/ 3) — - Ctrl *y . #-*»r/2p cos p m 
when »■» 2, ie. f — 2ir/p+>'» 

0 — Ce-i*(r42ir/j>) . cos (2 /r + j3) ■» Gr***? . «“*«/Pcos/5 « 
when » ■■ 3, i. e. * -* 3 n/p 4 y, B becomes — — a *-**«/&*>, and so on. 

Hence the successive amplitudes form a descending geometrical progression 
whose common ratio is — 

If the particle starts from rest * with B ■■ d£, then substituting in (i) we get 
a — Ceos (-f), whence C~asecc. 

Also since 0 ■» 0 when t 0, we have, on substituting in (ii), 

0- -C[ — p Bin e 4 1 k cos «], whence tan • «= $ k/p. 
d — (X sec c . e~i l< cos (p* - f), where • — tan~ 1 (\k/p). 



In this case, the diBplacement-time graph consists of an undulating curve 
like a sine-curve with constantly decreasing maximum and minimum 
ordinates (Fig. 175). It meets the curve y ■= Ce~\ u at points where 
cos(pf — «) — 1, i.e. pf — #«- 2 n 7 r; and it meets y — C«"l w where 
pf-c ■■ (2«4l)ir. It can easily be proved that at their common points, 
which do not coincide with the maxima and minima, the curves have the 
same slope, and therefore touch each other. (Gf. Art. 105, Ex. iii.) 

If there be no damping, i.e. if k be sero, the equation of motion is 
#4n'd«"0, and the period is 2?r/n. It has just been proved that in the 

• In this ease, the ‘y ? of the preceding investigation, since it denotes the time 

when the particle is first at rest, is zero, so that 0 m — «, and equation (iii) beoomes 

C cos (—•) — a. 
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present case the period is 2ir/p- Sinoe p < » [p 1 — it follows that 

the effect of the damping is to increase the time of oscillation* 

If h be small. 


2rr 

P 


-Srqfip-T ('-w)' -¥(< + s?) 

hence the time of oscillation is increased by a small quantity of the second 
order. 

If the oscillations be forced, i. e. if the pendulum be subject to a force 
which prevents the oscillations from dying away, there will be an additional 
term on the right-hand side of the equation. For instance, the general 
equation at the beginning of this article is the equation of motion of 
a pendulum in a medium whose resistance varies as the velocity, and acted 
upon by a force which is a periodic function of the time. In this case, the 
C. F. is as before, and it remains to find the P.I. This is obtained by the 
method of Art. 222 (iv), as in the example which follows. 


224. An example from Electricity. 


If an electromotive force E is applied to a circuit of resistance R and 
coefficient of self-induction L, containing a condenser of capacity K, then 
it is proved in books on Electricity that the charge q in the condenser at 
time t satisfies the equation 


L 


*1 


dt' 




E. 


This is a linear equation of the second order with constant coefficients. 

First, taking a numerical example, let the condenser be initially uncharged, 
and let R — 100 ohms, L — *005 henry, K — 1 microfarad — 10“* farad, and 
A - 1000 volts. 

The equation becomes ‘005 + 100 $ + 10* q ■* 1000. 

at at 

By Art. 222 (i\ the P. I. - 1000/10* - *001. 


To find the C. F., we have the auxiliary equation 


whence m 


*005m» + 100m + 10 fl -0, 

— 100±'V / (10 < — 4x -005x10 *) -100 ± y/-iy 10<( 1 ^ 


Therefore the C. F. is q — At' 1 ** ‘ cos (10 *t - »), and the complete-eolation is 
5 - -001 + Atr'** cos (10* t-,). 


To find the constants A and e, we hare q «= 0 and $ — 0 when t » 0, 
since the charge and the current are both initially zero. 

4 - At- 1 *' • [ - IV sin( 10* f - «}] - A . IV s-’* 4 ‘ cos (10« t - 1 ). 
Substituting the initial conditions, 0 •— *001 + A cos t ; 


0-A.10 4 sinc-A.WcoBv, 

whence tan e — 1 ; t ■■ \ ir t and A — —*001 sec r — -*001414. 
Hence q - *001- 00l414«- l,>< ‘co#(lV«-f»r). 



458 ELEMENTARY DIFFERENTIAL EQUATIONS 


This givei the charge in coulombs at the end of time t. 

Next, returning to the general equation, let E *■ 0, and let us find the 
condition that the discharge may be oscillatory. 

The auxiliary equation is Lm % *f Rm + l/K — 0, the roots of which are 
_ _ L/K) 

r 2 l 


As in the preceding article, the discharge will be oscillatory if the roots 
are imaginary, i.e. if 4 L/K > IP, i.e. if 4 L>KR*. In this case, if we 
denote (J2 1 — 4L/K)/4L* by — p*, the roots take the form —\R/L + p'/— 1, 
and the C. F. is 

q — cos (/it — *), 

as in Case (iii) of the last article. The time of a oomplete oscillation is 

2tt ? , </(AL/K-R*) 4 t tL 

M * 2 L ~ L/K^W) m 

If the initial charge in the condenser be g 0 , the constants A and • are 
found from the conditions that when t — 0, q — q % and the ourrent q 0. 

If the right-hand side of the general equation be E%mpt, i.e. if the 
E. M. F. be a periodic function of the time, then we have in addition to find 
the P. I. 

Assuming q — A sinpf + i? cospf [Art. 222 (ir)], and substituting in the 
differential equation, we get 


L [ — Ap* sin pt—Bp* cos pt\ + R [p A cos pt — pB sin pi] 

+ [A sin pt + B cos pt]/K — E sin pt ; 

whence, comparing coefficients of sin pt and cospt, we have 

-A{Lp'-l/K)-B.Rp-E\ 

A . Rp — B (Lp* — l/K) «■ 0 J ’ 


Multiplying by Lp* — \/K and Rp respectively and subtracting, we get 
~ -d l(Lp' - l/K? + ffp']-E (Lp' - 1/2T) ; 

~E (Lp*—1/K) D Rp j -E.Rp 

’ * (Lp a -VAT)» + f?p* ,ana “"Lp'-l/K A ~ (Lp'-l/Kj*TlFp m 

Hence the particular integral is 

(Lp'-l/Kf + Wp* l {Lp ' ~ l/K) *' n pt + Bp C0B ^- 


Putting LjP-l/K — rsin^ and 2?p — rcos<£ [as in Art. 182], this 
becomes 

— 

(5?-i/jr)>TBV [sin ♦ *** + 008 * C08 ^- 
which, since r 1 — (LpP-l/Ky + R* pt, may be written 

-E 

VUV-i/*)*+-»V] co * <pt ~ 
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Hence, adding the C. F. and the P. I., the charge q in the condenser at 
the end of time t is given b y the equation 

*- At ~ mLao ' §;>)*-•]- r+Wl 5 

Ltfl — 1 /IT 

where j> — tan* 1 » and the constants <4 and c are found from the 

initial conditions. 

The first term rapidly decreases as t increases on account of the factor 
9l t unless L be very great compared with R, and therefore q approaches 
the Talue given by the P. I. Hence the current t, which is equal to q f 

appro ache* the talue ■jrrf^^jpfr^TFl » wtich b « writte* 


Examples XOI. 



8 -S- 5 2 +6 '-- 8,in * 




*-S 

a § ” 4 » “ •“*> 

1. _ Ji 

i** ** 

io -S -4y “*‘' 

“•S + ‘2 +6 '-‘ 

ia - S +4 2 +5j, ” Sa: ~ 2 - 

18. +4^ + 5y — 2co>2*. 

<£r* dr 

i4 - S +4 2 +5y “ i,i,,<t+1 ' 

»3-S-‘2-» 

da* da? dx 


d?v du 
“■» + 


~ S-*g 




“•3-»3 

**• 3 + “ S +*'•-<>• 

i« S +2 ‘S *(* , +«’)»-o. 

*7. ~£+2*g+(**+» ,) *-OM l rf. 

38. -gp + o* « — fc sin (pf + Of)* 
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29. A particle moves in a straight line so that its distance x from the origin 
at the end of time t satisfies the equation &+sk+x—Q; if it starts from 
the origin with velocity 60 foot-seconds, what will its distance from the 
origin be after WS seconds, and what will its velocity and acceleration 
then be ? When will it first come to rest ? 

80. A particle moves in a straight line under the action of a force to a fixed 

f )int 0 in the line, which varies as the distance from 0 and is equal to 
of the weight of the particle at distance 10 feet from 0 ; it starts from 
rest at distance of 20 feet from 0, and moves against a resistance, which 
varies as the velocity, and » equal to J of the weight when the velocity 
is 50 foot'seconds. Find the distance from 0 at the end of time f. 
Find the time taken to reach 0 for the first time, and the velocity at 
that instant Find also the distance to which the particle first goes on 
the other side of 0. 

81. In the case of a pendulum making damped oscillations as in Art. 223, 
and starting from rest at an inclination a to the vertical, prove that 

6 ■* u [cospJ + (| k/p) sinpf], 

32. In the preceding example, find tlie successive angular velocities when 
the particle is passing through its equilibrium position. 

83. A pendulum starts from rest at an inclination 20° to the vertical, and 
first comes to rest at an inclination 15° on the other side of the vertical 
after the lapse of one second. Assuming that its displacement follows 
the law 0 *= Ce~i u cos (pf — «), find the values of the constants p, &, 
and C. Find the ratio of the successive maximum displacements and of 
successive angular velocities when passing through the position 6 — 0. 
Find its inclination to the vertical after 10 seconds, and its angular 
velocity when passing through the equilibrium position for the tenth 
time. Draw the displacement-time graph of the motion. 

84. A point moves in a straight line according to the law 
x — Ce~i u cos ( pt — «). 

It starts at a point 6 inches to the right of a certain point A , moves to 
a point 5 inches to the left of A and then back to & point 4 inches to the 
right of A. Find the distance from A of the position of equilibrium 
(the point from which x is measured). If an interval of 3 seconds was 
observed to elapse between the first and third of the positions mentioned 
above, find the values of the constants p, k, *, and C. Find the 
distance of the point from its equilibrium position and also from A at 
the end of 15 seconds. 

Draw the displacement-time graph of the motion. 

85. A particle rests on a rough horizontal table (/i — j) and is attached to 
a fixed point on the table by an elastic string of natural length 20 inches, 
and modulus equal to the weight of the particle. If the particle is drawn 
out to a distance of 30 inches from the fixed point and then let go, where 
will it finally come to rest ? 

80. The motion of a ballistic galvanometer needle is given by the equation 

where I is the moment of inertia of the needle, h the twisting moment 
per unit angular displacement due to the torsion of the fibre and the 
magnetic field, and K the retarding moment (per unit angular velocity) 
of tne bath used to damp the motion. 

If initially 0 — and — 0, find the value of B in terms of t when 
h ■» *2, / — ‘5, K «■ *6. Draw a graph of the motion. 
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37. Answer the preoeding question, if h — *4, I — ’5, *9. Draw a irraph 

of the motion. 

88. A constant EM. F. of 2000 volts is applied to a circuit of resistance 
500 ohms and self-induction ’01 henry, containing a condenser of 
capacity 2 x 10** € farads ; find the value of the current q in terms of the 
time. 

Represent the result graphically, 

89. Answer the preceding question when the resistance is 200 ohms, the 
self-induction *02 henry, and the capacity 10~* farad. 

40. A mass m is supported by a vertical spring which stretches a distance 
h when supporting 1 lb. ; if the resistance of the air be proportional to 
the velocity, the equation of motion is 

miJ + k&+gx/h «* 0. 

Find x ip terms oft, if m — $ lb., ft — 1 foot, and k « *05 lb. wt. 

41. If in the preceding question m *• £ oz., h » 3 inches, and lc — *25 lb. wt. y 
find x in terms of t. 

42. A simple unresisted pendulum is acted upon by a force which iB a simple 
harmonic function of the time represented by k cos pt. Find an 
expression for 0 in terms of t r if the length of the pendulum is 8 feet 
and its mass unity, (i) when p — 3, (ii) when p « 2. 


225. Solution of linear equation of the seoond order when 
n particular solution of the equation with the right-hand aide 
replaced by zero is known. 


Taking the equation in the form 

%+*%+< 

dx 2 dx 




where P, Q, R are functions of x, let u be any solution of the 
equation 

dii 

© 




In some cases such a solution can be found by inspection. 
Substitute y = ua in the given equation ; 

du dz du 

■— = U -p + Z -r- > 

dx dx dx 


tPy _ " d 2 jff , 0 d« de <Pu 
dx 2 dx* dx' dx^ dx * ’ 


The equation becomes, on substitution, 
cPr . n du dz _ « / dz 


d*s t n du dz d*u ( „/ da , du\ . - ^ 

u dx * +2 dx'dx + * dx* dx +e dx) + ^ ue ~ JR ' 


d*n . de /_ du 


t _ du 
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Sine# v is a solution of the equation (i), the coefficient of f is 0 ; 
hence we have 


(P* ds / n au t _ \ _ 

U dx* +dx ( 2 dx + “ Pm ) “ 


_ dt* 

d&^dx ^dx' 

If d*/<fcr be replaced by 2> this becomes, on dividing by u, 

35+«(*£+')-S- 

This is a linear equation of the first order for 2, and can be solved 
by the method of Art. 214. 

Having found q, a further integration with respect to x gives *, 
and then y = us will be the solution of the given equation. 

**S + *S 

A particular solution of **^-3 + ai^~ — y ■■ 0 is obviously y -> ® . 

Therefore substitute y — zz in the given equation. 

dfr <Py _~<Pz _^ 0 dz 

dx "* do; + ' dac 9 dir 9 dx 

Hence, on substitution, ** ^ 4 2x s ~ + or* ^ + o?z -o» <■» « f 
dor 3 do; do; * 


Le. 


r*~ 4 8a: 9 ^ — at. 
dar dac 


The left-hand side is the d. c. of x* dsjdx , 
dx 


••• ™te8»ting, ** ^ - } ** + ^, i •• g + 


Integrating again, s — ) log x - ^ A/ac* + B } 
and therefore the solution of the given equation is 

y mm xz «* J at log ac — J A/x + Bx. 

If u is not a particular solution of (i), the substitution y = us will 
still in some cases solve the given equation. For u may be chosen 
so that the coefficient of de/dx in equation (ii) shall be zero fie. 
so that 2du/dx+Pu = 0, an equation for u which is at once soluble], 
and the resulting equation may then admit of solution. 


Example: As an illustration of this method, let us take an equation which 
occurs in various branches of Physics : 

** + ?** +*.*„<>. 

dr* r dr 

Substitute <f> — «* ; the values of dfy/dr and ePQ/dt 3 are given above 
(with y and x replacing # and r respectively). 

The equation becomes 

d*e , n du dz d % u 2 dz 2 du , A 

*dr* +2 ~tlr' dr + * dt* + r^dr + r" dr + * 




Examples XCIL 


Solve the equations : 


Ml + »lg- 2 .ft+ 2 ,- 0 . 

a - (1_x,) S -ir 2 4y “ a 

‘-s-i*-* 


•' * S ■*' 2 E -*■*» " <’• 

<, -* 1 s- 4a ’2 +6y “ a 

. 3 - 2 ,£ 

*■ * , 3' 3 *£ +8y “*’* 



CHAPTER XXII 

TAYLOR’S THEOREM 

226. Form of the series. 

It is impossible in a work like the present to give a full account 
and a rigorous investigation of this famous and important theorem. 
It will, however, not be out of place to indicate one way in which 
the theorem may be arrived at, especially as this method is but an 
extension of the mean value theorems of Arts. 117 and 119. It 
was there shown that, provided f{x) and its first and second 
differential coefficients are continuous throughout the range of the 
independent variable from x as a to x = b, then for any value of x 
Within that range, 

(i) /(x) =f(a)+(x-a)f'(x l ), 

(ii) f(x) = /(a)+(x-a)/'(a)+* (x-a)*/"^ 
where x 1 and x a are between a and x. 

By adopting a method of proof similar to that used in obtaining 
these results, the expression on the right-hand side may be developed 
to any number of terms. 

In the first place, assuming that f(x) can be expanded in an infinite 
series of ascending powers of x— a, and that the successive differential 
coefficients of f(x) are obtained by differentiating this series term by 
term,* it is easy to find the form which the series must take. For 

suppose 

f(x) = At+A l {x-a)+A i {x-a) % +A a (x-af+A i [x-a ) i + .... 
Differentiating, 

f (x) = Aj + 2 A 2 (x - o) + 3 A 3 (x - a )* + 4 A t (x- a) 3 + . . . ; 
differentiating again, 

/" (a?) = 2 A % + 3 . 2 . A z {x- a) + i . 8 . A 4 {x - «)* + ... ; 
differentiating again, 

/"'(x) = 8. 2 . - 8 . 2. (x— o)+ .... 

* We have proved that this is the oase for a series with a finite number of 
terms, but it must not be assumed from this that it ia also the caae for an 
infinite series. For a proof in the case of infinite series, the student should 
consult Lamb’s Infinitesimal Calculus, Chapter XIIL 
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Substituting x = a in these results, we have 
/(a) = A 0 ; f (a) = A, ; f" (a) = 2 A t ; /'" (a) = 8 . 2 . A 8 . Ac., 
Le. A 0 = /(a); =/'(«); A* = */"(«); A, = £/'"(«); ... 

and generally A„ = ^ /(») ( 0 ), 

where (a) stands for the number obtained by differentiating 
f(x) n times, and substituting a for x in the result. 

Hence 

/(*) =/(») + (x—a) /' (o) + f"(a) + ( ±^fr'(a)+ .... 

This of course is no proof that the expansion is possible, and takes 
no account of the conditions under which the series is convergent ; 
it is only of value in showing what form the expansion takes if and 
when it does exist, and it gives the clue to the construction of the 
series (i) and the function F (* ) which occur in the next article. 


227. Proof of Taylor's Theorem. 

Let f(x) and all its differential coefficients up to the ft ib be 
continuous throughout the range extending from x = a to z = b, 
and consider any value of x within the range. 

Let the expression 

m -/(a) - (x- a)f (a)- /" (a) - ... - / { ““ ,) («) 

he denoted by — — 22. (i) 

nl 

This expression is the difference between the function f(x) and the 
sum of the first n terms of the series obtained in the preceding 
article. We want to find the form of R. 

Consider the function 

=f(T)-f{z)-(x-Z)r W- -g-j- /" «- - 


<x-e)^ t) (x-*r R 

(»- 1)! J w nl 

where g is between a and x. z, and therefore R , as defined above, are 
independent of *. 

When iso, F{g) = 0, since the first n + 1 terms on the right- 
hand side then cancel out the last term, from equation (i). 

When g = x, F(g ) = 0, since the first two terms on the right 
cancel out, and all the others vanish owing to the factor x—g. 

Also, F(g) and F'(g) are continuous within the given range, since 
every term in the value of F (r) is continuous. 


Hence, since F(g) vanishes when g = a and when e 

H h 


: X. it folloWS 
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(Art. 118) that its differential coefficient F* (*) must vanish for soma 
value of » between a and x. 

Now, by differentiation with respect to a (and remembering that 
x and R are independent of a), we have 
y M * 0-/' (4- [( - 1)/' (a) + (a- a)/" (a)] 

,, 'w+ (£ ^/ w w]- ... 


— (*""* )* /■«/ / 




In this expression, successive terms cancel in pairs with the 
exception of the last two ; 

■>« + is=St ,s - 0 


f(l)s _(* *)"' 


(m— 1) ! 

for some value of a between a and x . 

Any value of a between a and x may be written a+0(x— a\ 
where 0 < 0 < 1. 

Therefore, since x—& =£ 0, we have 

— fW(z) + Ii = 0 when * = a + 0(x— a\ 
i.e. R =/< n >[a+0(a;— a)]. 

Hence, substituting in (i), and transferring all the terms except 
f(x) to the right-hand side, we have 


/(*) =/(«) + (*-«)/'(<*) + 


(*— a ) 8 


/"(<*) + 


21 

This result is known as Taylor’s Theorem. 

The last term on the right-hand side is known as Lagrange’s form 
of the remainder after n terms. This ‘ remainder after n terms ’ can 
be put into various other forms. One of the most useful of them is 
obtained by taking the remainder in (i) in the form (x—a)IL 
F' (a) will then be equal to 

for some value of e between a and x. Taking this value in the form 
a+6(x— a) as before, x—t — x—a—6(x—a) = (x—a)(l—0), and 


R = 




(»-!)! 


/<»> {«+<»(*-«)}, 


so that the remainder after n terms takes the form 

(:r-a)”(l-0) n-1 
(«-!)! 

This is known as Cauchy’s form of the remainder. 


•/ (n) {a+d (*-«)}. 
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228. Other forms of the theorem. 

A very important particular case is obtained by putting a = 0. 
The theorem then becomes 

/(*) =/(0)+*/'(0)+ ^ /"(OR ... + ^ 1 /(»-D(0)+ £ /«(**), 

where /(0), /'(()), /"(0), ... are obtained by substituting 0 for x in 
the suoeessive differential coefficients of f(x). 

This form of the theorem is known as Maclaurin’s Theorem. 

If, in Taylor's Theorem, we substitute a? + A and x for x and a 
respectively, the theorem takes the following form, which is often 
convenient, 

At + h)= f(x) + hf' (x) + £ /" (x) + ... +( -^ /(»-!>(*) 

+% l fW(T+6h). 

These theorems have been obtained on the supposition that f(x) 
and all its differential coefficients up to the n tk are continuous 
throughout the range from a to b within which x lies. If in Taylor's 
Theorem we put n = 1 and n = 2, we get the mean-value theorem 
and its extension [Arts. 117 and 119]. 

If » be increased indefinitely, the series becomes an infinite series 
and the theorem remains true in general, provided this series be 

convergent. If the remainder after n terms — /(*> {a -f 0 (« - a)} 

tends to the limit zero as n— oo, the series converges to the 
value f(t r). 

There are cases in which Taylor's series converges to a value other 
than f(x). It may happen that the series converges and that' the 
remainder does not tend to zero ; in this case the value to which 
the series converges will not be f(x ) * Such cases do not occur in 

* This is a f&ot which the elementary student usually finds difficult to under- 
stand. The following example, due to Fringsheixn, is a case in point : 

If Taylor’s Theorem be used for the function 

^ (-!)"«» 

1(1 

it gives the series 

and both series are convergent for real values of x if a >■ 1. Nevertheless, they 
are not equal (exoept when % — 0), e. g. if we take * * ® * 2, it is easy to see, 
by taking a few terms of each series (the terms of each decrease and are 
alternately + and -), that the sum of the first series < *1086, whereas the sum 
of the second series > *1849. 


h h 2 
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ordinary work, and it is beyond the scope of this book to oonsider 
them. 

By Taylor’s Theorem as first given, i. e. as an expansion of f(x) in 
ascending powers of x— a, if we know the value of the function and 
its derivatives for any value a of x, we can calculate the value of the 
function for any other value of x within the range throughout which 
the function and its derivatives are continuous. If this value of x is 
near a so that x— a is small, a few terms will generally suffice to 
give an approximate value of the function. For instance, if y =/(x), 
and if x be increased to x+h, by will be /(x + A)— /(x) ; expanding 
the first term by Taylor’s Theorem, we have 

«y = *n*)+ ^ /"(*)+ .... 

If we neglect squares and higher powers of A, this gives 
ly = hf'{x) = lx. d £. [Cf. Art. 24.] 

In calculating numerical values of a function, Maclaurin’s Theorem 
is often extremely useful. If a function of x admits of expansion by 
Maolaurin’s Theorem, it is obtained as a series of positive integral 
powers of x with constant coefficients, and, by taking a sufficient 
number of terms, the value of the function for any given value of the 
variable can be obtained to any required degree of accuracy. It must 
be remembered, however, that the general form of the n th differential 
coefficient of a function cannot be obtained as a rule, and therefore, 
in order that this method of calculating a function may be of value, 
it is necessary that the series should converge rapidly, and that 
a sufficient number of the successive differential coefficients of the 
function should admit of being worked out without excessive 
labour. 

229. Particular oases and examples of Taylor’s and Maolaurin’s 
Theorems. 

We now proceed to consider a number of important particular 
cases of these theorems. 

It will be seen that many of the expansions with which the 
Btudent is already familiar are included among them. 

To expand a function of x + A in a series of powers of x or of A, 
and to expand a function of x in powers of x— a, Taylor’s Theorem is 
used ; to expand a function of x in powers of x, the form known as 
Maclaurin’s Theorem is used. In each case, the remainder after n 
terms, and the conditions under which it tends to zero as 
should be examined. 

Examples : 

(i) Expand e x in powers of nor of x— a. 

All the differential coefficients of f(x) in this case are equal to tF ; 
therefore /(0), /'(0) .../("^(O) are all equal to unity. 
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Hence, by Maclaurin’s Theorem, e 1 = 1 +x+ 57 + 5 -;+ 

gf\ rfl 

The remainder after n terms, — /<»> (0z) f is equal to ^ e 69 . 

Whatever be the (finite) value of x , this — ► 0 as n — ► oo, since the 
first factor then — > 0 (Art. 13 (6)) and the second is finite. Hence 
the Beries is convergent, the remainder tends to zero, and the 
expansion holds for all values of x * 


Again, to expand in a series of powers of a?-o, we have /(a), f(a)> 
W (a) all equal to e*; therefore, substituting in Taylor’s Theorem, 


we get 

I i (*“<*)* o . (a: — o) a 

« — e +(*-»;• + —~2] — e + — + ~ n ~ | ~ • + .. 
& result which can also be obtained by writing 

• m - «“ X - *• [l + (* - a) + + ...] 


as before. 


(ii) Expand log(l + x) in a series of ascending powers of x. 


If /(*) = log (1 +*), /' (x) = j-^, /" (*) = - 


1 

(T+i) 4 ’ 


/'"(*) = 


l.: 


(1+*)* J W ~ (!+*)» * 


whence /( 0) = log 1 = 0, /' (0) = 1, f" (0) = - 1, 

/'" (0) = 1 . 2, .../<»> (0) = {—!)»-> (it— 1) !. 

Hence log(l + a) = x— — + j - ... +(-l) n_1 .... 

The remainder after n terms, 

n\ J y ) n! * ' (!+«*)» n '■i + 0»' 


If x be positive and < or = 1, a?/(l + 0:r) < 1, and 1/w— *0 as 
n — ► oo ; hence the remainder tends to zero, and therefore the 
expansion holds for values of x from x = 0 to x = 1, both inclusive. 


If a? be negative, x/(l + 0x) is not necessarily <1 (numerically), and 
the preceding argument does not hold good. 

In this case, taking Cauchy's form of the remainder, we get it in the form 


1 ' (» — 1)! 


J-- * i? i e (-l) n ~ ! -£— • 

\ + 6x 


(h±) n -\ 

\i+ex) 


(l + 6x)* 

If | x | < 1, 1 — $ < 1 + 0x, therefore the last factor -*■ 0, as also does x* 
when n oo ; the other factor, 1 + Ox , is finite, henoe the remainder -♦ 0, 


* It should be notioed that this is not a proof of the exponential theorem, if 
wv have used this theorem in obtaining the differential coefficient of «*, as in 
Art. 97. 
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and the expansion holds if | x | < 1. If x -> — 1, the series is divergent 
and the expansion does not hold. 

The function log* cannot be expanded in a series of powers of x, since all 
its differential coefficients become infinite for x — 0, but, by using Taylor's 
Heorem in the form first obtained, it can be expanded in a series of powers 
of # — a. For instance, to expand it in powers of a? — 1, we have 

/(*) - log*, /"(*)- -A /<•)(*)- 

XX x 

putting * - 1, /(l) - 0, /( 1) - 1, f'( 1) - -1. /"'(I) -1-2 

Hence logx - (x-l)-J (x-l)»+J ... +.... 

n 

This result can alBO be deduced from the preceding expansion for 
log (1-tar); for 

log x •* log [1 + (x - 1)] — (ar - 1) - } (x - 1)* + J (x - 1) 1 - ... , 
by substituting ar — 1 for x in the former expansion, and since that result is 
true when x is between —1 and + 1 or equal to *f 1, the latter will be true 
when ar— 1 is between — 1 and +1 or equal to + 1, i.e. when x is between 
0 and 2 or equal to 2. 

(iii) Expand sin x in a series of powers of x. 

f(x) = sin#, /'(#) — cos x, /"(#) = —sin a?, /"'Or) = —cos #, 

f""(x) = sin#, Ac. 

/(0) = 0, /'(0) = 1, /"(0) = 0, /"' (0) = — 1, /"" (0) = 0, Ac. 

All the coefficients of even powers of x are zero [as follows from 
the fact that sin x is an odd function of x (Art. 6)], and the 
coefficients of the odd powers of x are alternately + 1 and — I. 

Hence, by Maclaurin’s Theorem, 

ajn #* 

The remainder after n terms, — ,/w (Ox) = + -7 X a factor which 

is either sin Ox or 00 s Ox . This factor cannot be numerically greater 
than 1, and the first factor — * 0 as n — * ao [Art. 13 (6)]. Therefore the 
series is convergent, the remainder — ► 0, and the expansion holds 
for all values of x. 

sin x x^ x^ 

This result may be written ■“ 1- o". + F 7 -•••> from which it is 

X 0*01 

obvious that as a?-*0, (sin x)/x-+ 1, since the right-hand side is equal to 
l-#*x[& convergent series]. This is the limit obtained geometrically in 
Art. 13 (10), and in a number of cases in the preceding chapters we have 
taken sin x as approximately equal to x. We can now form some idea as 
to the amount of error involved in this approximation. 
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In tb« first place vre notice that, since the terms of the series 

x — £-j + g-j — — are continually diminishing (provided x > g-j , i.e. si? < 6) 

and are alternately 4- and — , the error involved in terminating the series 
at any term is numerically less than the next term, for if u n - « n+1 + u n + 9 - ... 
represent the rest of the series, this may be written 

U n ( M »»+l ~ *•+») ““ ( m »4 8 *“ w n+4) “ — » 

and this is less than u mt since the contents of the brackets are all +. 

Hence the error involved in taking sin x equal to a; is numerically < J x 9 . 
Suppose that the angle is 5° ; then x tt/ 36, and the amount of error 
< jr*/(6 x 36 s ), i. e. < *00011. The proportional error is 


*00011 *00011 
■in 5 a " *0872 


*00126, or about $ per cent. 


Jf we want to find for what values of x the substitution of x for sin x will 
be correct to 8 places of decimals [i. e. so that the error may be <*001 ], we 
put J <*001 numerically. 

This gives \ x\< ^'006, i.e. < *1817, which is the circular measure of 10*4°. 

Hence, if this degree of approximation » required, it is sufficient to sub- 
stitute x for sinx, provided the angle is between —10° and +10°. If the 
angle is larger than this, or if a higher degree of accuracy be required, we 
caa take x— Jx 1 instead of sinx. The error involved in this case is 
numerically less than x°/5 ! , i.e. x“. Therefore this will give the result 
correct to 3 decimal places if yfa x® is numerically <*001, i. e. if | x |< v^‘12 y 
i.e. if |x|<*6548, which is true for angles between -37|° and +37£°. 
It will give the result correct to 4 decimal places if *0001, i.e. if 

i x | < *4129, which is true for angles between -23J° and +23£ p . 


(iv) Expand coax in a series of powers of x. 
f(x) = cos Xf /' (x) = —ain /" (x) = — cos x, /'" (x) = sin x f 

(x) = cos x, &c. 

- /( 0 ) - 1 , /'( 0 ) = 0 , /" ( 0 ) = - 1 , /"' ( 0 ) = 0 , /""( 0 ) = 1 


All the coefficients of odd powers of x are 0 [as is evident from 
the fact that cos# is an even function of x\ and the coefficients of 
the even powers of x are alternately + 1 and —1. 


Hence 


C03*= 1-^ + 5-^ + 


Exactly as in the last case the series is convergent, and the 
expansion holds for all values of x. 


Prom this also it follows that as x -*> 0, cos x -*■ 1, and if a moae accurate 
Approximation be required, 1 -$x* may be substituted for cos x [Art. 13 (10)]. 
The range of values for which these substitutions agree with the value of 
cob x to any given degree of accuracy may be found as in the similar cases 
for sin x* 
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(v) Expand (l+x) m in ascending powers ofz. 

/(*) = ( 1+*)"*, f'(x) = m( 1+*)”*" 1 , /"(*) = »»(m— 1)(1 +*)*“» ... 

... /W (x) = ♦»(*»— 1) ... (m— n+l)(l + x) m 
Hence /(0) = 1, /'(0) = m, f"(0) = m(m-l), ... 

.../W (0) = m(m— 1) ... (»— »+l). 

.*. (1 +*)"• = 1 +mx+ p^x 2 + ... 

, w(m-l) ... (m— «+ 1)_„ , 

• •• T ^ j ** T > 


the well-known binomial series. This series is convergent if 
| a? | < 1 [Ex. XXXI. 9j. 

The remainder after n terms is, using Cauchy’s form, 


of 1 


(*-!)! 


1) ... (tn-~« + l)(l + 0£) w n (l— fff 1 ' 


i-i 


= mxx 


(m— 1) (m— 2 ) ... (m-n-fl) ^ _ x 


xa +«*)’-*(^r 


(«- i)i 

Of these factors the lirst and third are finite, the second — ► 0, 
being the n tl1 term of a series, viz. (1 + ar) m ~~\ known to be convergent 
if | x | < 1, and the fourth cannot be more than 1 since 1—0 cannot 
be > l + Ox. 

Hence, if | x | < 1, the remainder tends to 0, and the expansion 
holds. 


By the use of Taylor’s Theorem we can obtain the expansion of (x + y) TO 
when m is a positive integer. 

This being /(a? + y), f(x) - x m , f(x) — mar"' 1 , /*(«) « m ... 

/("*) ( x ) ■■ m !, and all higher differential coefficients are zero, so that the 
series terminates at this stage. Hence, using the form of the theorem given 
in Art. 228, and replacing ft by y, 

(ar + y)”* — + y m (m- 1) ... + 

4 1 ml 


— x w + *na? m “ , y+ ^~|-^S" , " , y , + ... +y Wi . 

(vi) Expand cos (x 4- h) in a series of ascending powers o/h. 

Here f(z + ft) = cos (x + A), f(x) = cos x t /' (a) = - sin x , 

/" (r) = — cos x, /'" ( 3 ) = sin a? ... 
Therefore, by Taylor’s Theorem, 

jp 

cos(#+A) = cosa?— Asm*— g-j cos* + g-j sin*+ .... 


If we transfer the cos# to the left-hand side and divide by A, we get 


cos(a?4 ft)— coso? 


* . ft* . , 

— - Bin a?- ^cosa?+ g-jsm&+. 


Hence, if ft is very small, CQ8 ( x J:ty~ C0BX ig approximately equal to 
-sin * and tends to the limit -sin x as ft 0, as in the differentiation of 
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000 x from first principles. Hence taking the (small) increase in cos# equal 
to —sin# x the increase in #, as in Art. 43, Ex. (ii), is equivalent to ex- 
panding by Taylor's Theorem and retaining only the first two terms. We 
have, in Art 43, evaluated cos 135* r in this way. 

We can now find approximately the increase in the function due to a 
larger increase in the variable. E. g. to find cos 136°. If in the preceding 
result we put x 135°, h — the radian measure of 1° ■« T |g rr, and retain 
the first three terms, we get 

cob 136* “ cos 135*— STSiooCO. 1 # 5 ' 

- —*707107 —"012841 + ’000108 
— ■ -*719840, which is correct to 6 decimal places. 

(vii) To expand tan"" 1 x in a series qf powers of x. 

This example is rather more difficult than those hitherto considered. 

1 —2# 

We have f{x) ■ tan -1 x, f (x) = f" (*) = whence 

/(0) = 0, /' (0) = 1, f" (0) = 0. The successive differential coefficients 
calculated in this manner soon become very complicated ; but their 
values for x = 0 can be obtained by making use of Leibnitz's 
Theorem (Art. 111). 

We first obtain a differential equation connecting any throe 
consecutive diffex*ential coefficients. 

We have (1 + x 2 ) f (a?) = 1 ; 

differentiating this n times, the result, by Art. Ill, is 

(1 + x *)/(»+ 1) (*)+». 2x. /(») (x) + . 2 ./(»-» (*) = 0, 

which is the differential equation. 

Putting x =b 0 in this, we get = 0* 

he. /<*+ *>(<)) = — n (n— l)/( n-l l(0). 

Putting « — 2, 8, 4, 6,’... in turn, this gives 
(0)= — 2 . 1/' (0) = — 2 ! ; /(*) (0)=— 3. 2/" (0)-0; 

/(«) (0)= — 4 . 8/ W (0) = 4 ! ; fW (0) = — 5 . 4/< 4 ) (0)=0 ; 

/(7)(0)=-6.6/W(0) = -0! ; and so on. 

All the even coefficients are zero ; hence tan' 1 # consists only of 
odd powers of #, as is evident also from the fact that it is an odd 
function of z. Therefore, substituting in Maclaurin’s Theorem, we get 

tan^apss#— 21^ + 41 ^ — ... = x— $x* + jx 5 — $x 7 +.... 
o! o ! 

The expansion holds if x is between — 1 and + 1, and for tan" 1 x 
we must take that value which lies between — its and + iir, since 
we have taken tan" 1 x as 0 when x = 0. 
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{This important series can be otherwise obtained as follows : 
tan' 1 ^— J — J (l+* f )“ , dar*- J (1 -x' + a? 4 -...) da? [if ac 1 < 1] 

— x - J a* -f \ x* - } x* + .... 

assuming that the conditions nnder which an infinite series can be 
integrated term bj term are here satisfied.] 

We omit the investigation of the remainder after n terms. 

As a numerical example, let us find, to 4 places of decimals, the value of 
tan” 1 (*3). Substituting in the series just obtained, we have 

tan- 1 (-3) - -3 - \ x '027 + } x *00243 -* x *0002187 

- *3 - *009 + *000486 - *00003 
*2915 radians. 

This is about 16* 42'. 

A few further examples of less important kind, illustrating uses of Taylor’s 
Theorem, will now be given. 


(viii) Find the first four terms in the expansion of log (1 + e*) in ascending 
powers ofT. 

In this case 


/(*) - log (l+O; 

/(0) - log 2. 

e x 1 

f(x) — = i , which may be written 1 - — £ ; 

1 “r e lft 

/'(<>)-*. 

s to- (i+,y xe * 

A /"( 0)-i. 

(1 + .')*«*-«' 2(1 +«•)«• 
f (X) - (1 +**)* “ (1 + O* ’ 

(1 +ey(e*-2e>*)-(e‘-e'*)d(l+*ye m 

S to- (1 +o* 

/'"(0) - 0. 

n +«•) («*— 2«**) — S«* («'-«**) 

" (1 + 0* 


Hence, using Maclaurin’s Theorem, 


log(l + « x ) — log 2 + {ar + $ar , — yJ s ar 4 + .... 

(ix) Expand sin (m sin" 1 x) in a series of powers of x. 
In this case, f(x) — sin (m sin -1 x ) ; 

/(0)-a 


f (#) ■■ cos (m sin~ ! x) x f(0 ) -cos Ox m-m. 

Again, f(x) is an odd function of x t and therefore consists of odd potvers 
of x only. The » th differential coefficient cannot be obtained, but, as in 
Ex. (vii), a relation between successive differential coefficients can be 
obtained by Leibnitz's Theorem, from which their values when x — 0 can 
easily be calculated. 

We have */( 1 -«*) • f («) •“ m cos (m sin" 1 *). 
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Differentiating again, 

-/(I -**)•/* (*) +/' (*) • 7(rrjT) («•“•’*) • 7(TI^j 5 

.*. (l-**)/'(*)-«*) - -»*/(*). 

If this be differentiated » times by Leibnitz’s Theorem, we get 

[(1 -*>)/(•+*) (*) + »(-2ar)/(" +l) (*) + • ( -2)/<*> (*)] 

- [*/<* +1 > (*)+». /<•> (*)]-- »*/ (,) (*)• 


Putting x 0, tbis becomes 

^.+j) (0) - » (» - 1) /<“> (0) - (0) - -*”V tm) (0)' 

e . /<•+*> (0) - - (m* - »*)/<"> (0). 

If » - 1, then f" (0) - - (m 1 - 1*) f (0) - - m (*»’ - 1*). 

If » - 3, then /W(0) - -(»»’- S’)/"' (0) - + m(m*-l*) (i»*-3»). 
If n -5, then /<’>(0) - ( 0)- -» 


Hence we have 
sin (m sin” 1 !;) 


mfm’-l*) . m (m a — 1*) (m 1 — 3 2 ) , 

*** 3-j + 51 * •- 


Taylor 1 * Theorem is often very useful in tabulating the values of a func- 
tion for a series of values of the variable which are close together. For 
instance, 

(x) Calculate the values of the function j — ** (16 — x*) from x ■» 17 to 
x ■= 2*3 at intervals of *1. 

Here /(*) - lba?-x*, /'(a:) - 82*-4**, /"(*)- 32-12**, 

(x) — —24*, /"''(a;) — -24, and all higher d. o/s are zero. 


Now, by Taylor’s Theorem, 

/(2 + ft) -/(2) + V'(2)+ f/'( 2 )+ 

— 48 + A.32+ g(-16) + ^ (-48)+ jj|(-*24) 

-48 + 32fc-8V-8fc , -V. 

If h — -*3, /(1*7) — 48 - 9 ' 6 — 72 + ’218— ‘0081 — S7'8879. 
If h — - ‘2, /( 1*8) — 48- 6*4 - ’32 + ‘064 - '0016 - 41'3424 
If A — - 1, /(1-9) - 48 - 3*2 - *08 + *008 - ‘0001 - 44 7279. 
If h - 0, /(2) - 48. 

If h — +*1, /(2‘1) - 48 + 3'2 — ‘08 - ’008 — *0001 - 51*1119. 
If h - +% /(2'2) - 48 + 6'4 — '32 - '064 — ‘0016 - 54’0144. 
If h — + *8, /( 2*8) — 48 + 9'6-'72~ , 216- ’0081 — M'6559. 
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230. Failure of Taylor’s Theorem. 

The theorem was proved on the supposition that f{x) and all its 
differential coefficients up to the n th axe continuous throughout the 
range of the variable considered, and the expansion cannot be effected if 
any one of the differential coefficients becomes discontinuous for a value 
within this range. If the n th differential coefficient becomes infinite 
for a value of x within the range, the function cannot be expanded 
in an infinite series, but the theorems of Arts. 227 and 228 still hold 
provided the series be terminated at the (n+ l) th term. 

For instance, neither lo gap nor coseoo; can be expanded in a series of 
positive integral powers of x } for both are discontinuous when x — 0 ; 
/t 0) — oo, and the series fails at the first term. But, as in Ex. (ii) of the 
preceding article, logo? can be expanded in a series of powers of x — a. 
Also it can easily be proved that the function cosec a?— l/x and its differential 
coefficients are continuous when x ■» 0, and therefore oosec x- \/x can be 
expanded in a series of positive integral powers of x . 

Again, if we expand (aj + y)* by Taylor's Theorem, we have 

/<*)-*!, /•(*)- 4»*. /“(*)-¥• j •••• 

(.+,)»— + t -Jy, 


But this ceases to hold if x — 0, because then the third differential 
coefficient f " (x), and therefore the fourth term of the expansion, become 
infinite. 

In this case the function expanded becomes y^, and this, being a frac- 
tional power of y, cannot be expressed as a series of positive integral powers 
of y. But the result of Article 228 still holds if we terminate the series at 
the fourth term, for then 

(W- **+!**, + v*V+J! • 

If we put x -= 0 in this, we get 

0 + 04 0+i 

L e. • A . which is true when 5 — 16<$, i.«. when 6 “ 


y a 

(h)* ' 


Examples XC1II. 

Expand the following functions in serieB of ascending powers of x t giving 

the first 4 terms, and state for what values of x they are convergent : 

1. #*•. 2. einuttp. 8. cost nx. 4. log (a + a:). 0. log (a -a?). 

6. 2*. 7. a mx . 8. sin 2 x. 0. sinha. 

Verify the following expansions : 

at* a ? 

10. sin (a? + a) ■■ sin a + x cos ft - ^ sin a - 0 , cos ft + 

ft\ ol 


see i 
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11. tan (*+0f) — tan OE + * seo’a +**.eo , ,tt tan 0t+ .... 
13. «•*»*„ i * 4 + .... 
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IS. sin - ’* < 


1 ** 1.8 *® 1 . 3.5 ** 
2* 3 + 2.4" 5 "**2.4.6 
14. log (l+.in*)- 


15. .in* -*+** + 


7 
2 a *' 


7 ! + *— 


IS. «*CO.C — 1 + X — 


2 ** 2 J x* 2 *** 2 3 * T 


31 


~ '4 1 k'i + 7 1 


51 


71 


17. tan* “ * + J ** + ’ft**+ s 1 1 * I * , + .... 

18. seo*- 14 l* , +/ I *‘ + 1 ^ i r* , + .... 

19. *cot*- l-l**-* 1 ,* 4 -^, *•-.... 

30. *ooaec*- l+i* , + 3 J 0 *‘+ .... 

21. */(«" — 1) «■ 1 — $* + ^$ *’ — tJo* 4 + .... 

82. */(«* + l) - ix-la^ + ^x 4 -.... 

». £ + ‘-fiJilS*. .... 

S«. 1 - |! X. + -«•> .. . ^ + 

25. log(l+x+x f ) — x + Jx’-Jx 8 ^Jx 4 * .... 

20. sinxcoshx — x + jx*- B y x 6 - .... 

27. cosxsinhx — x-Jx^^x** .... 

28. log sec x «* $ x 1 + ^ x 4 + ^ x® + ... . 

20. tan (J7r-f x) l + 2x + 2x*-f§x s +y i x 4 +.... 

80. log(l + cosx) — log2-}x , - 1 ^x 4 - .... 

1 . 1 - * 4 . ** V 

* „ • • i ”*■ i .... 


8^* — — ^ 1 — - — — r 

x + h x ar x s x 4 

82. tan" 1 (1 +x) *■ i7r+«Jx — Jx* + X s — .... 

88. sink” 1 x ■■ log {x + 7(1 + x’)} -x- \ j ^ . 


x*. 
5 * 

x® + . 


1.8.5 x T 
2.4.6* 7 


34. |(«n-**)>. 1** + £*• + ?j£* + 2^5 

SB. tan-‘(* + k) - ton->*+ j-*-, - + ■••• 

80. tf , *ain8x — 3x + 6x* + 5x s -5x 4 + .... 

87. e a *co s&x-* 1 +ax + | (a 1 — ^) x* + .... 

8a Show that •** cos bx may be expanded in the form 


x , r l cos2d> , 
l+xrcos<£ + g-j — — + . 


, x"r" cos n <f> J 

* T ——————— "T*.... 

n 1 


where $ — tan* 1 (5/a) — cos -1 (a/r). 

89. For what values of x (in degrees) will the substitution of 1 for cosx be 
oorrect to 2 decimal places ? 

40. For what values will the substitution of i-i** for coax be correct to 
8 decimal places ? 

43- For what valueB will the substitution of x for tan~*x be correct to 
2 decimal places ? 
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41 . For what values will the substitution of x-Jx 3 for tan”'x be correct 
to (i) 2 decimal places, (ii) 8 decimal places ? 

43 . Given cos 60° — ‘5, sin 60° ■» *86608, find to 5 places of decimals the 
values of cos 61°, sin 61°, cos 62°, sin 62°. 

44 . Calculate from Maclaurin’s Theorem the value to 4 places of decimals of 
sin80° f sin60°, cos 80°, cos 60°. 

45 . Find to 4 places of decimals the values of tan 15° and tan 55° (see 
Ex. 17 and 29). 

46 . Calculate, by aid of Art. 229 (ix) and Ex. 24 above, the value of 
sin (8 sin~* and cos (2 sin” 1 ]). 

47 . Prove that the d. c. of «* co, ®cos(xsin a) ^ e* c0> ® cos (x sin 0t + Of). 
Hence find the 91 th differential coefficient. 


Deduce the expansion of e * 00i ® cos (x sin tt) in a series of ascending 
powers of x. 

X s x 8 x° 

46. Draw on the same diagram the graphs of x, x - 5- , x - — + — , and 

o! 0 ! 51 

compare with the graph of sin x. 

49 . Draw on the same diagram the graphs of x, x-]x, x-Jx**^, from 
x — — 1 to +1, and compare with the graph of tanx. 

50. Deduce, by expanding /(a + fc) and f{a-h) in powers of h , the con- 
ditions obtained for a maximum and minimum in Art. 58, that f(x) is 
a maximum if f (a) — 0 and /" (a) is and a minimum if f (a) -» 0 
and /"(a) is +. 

51. Prove, generally, that if the first of the quantities/' (a),/" (<*),/"' (a), 
which does not vanish is of odd order, f(a) is neither a maximum nor 
a minimum value of/(x) ; and that if the first that does not vanish is of 
even order, f[a) is a maximum or minimum according as the first non* 
vanishing function is — or + . 

52. By putting n = ](l/x-l) [whence x «= 1/(2 n + 1)], and using Art. 
229 (ii), deduce an expansion for log(l + l/n) in a series of negative 
powers of 2 n + 1. 

Hence calculate to 4 places of decimals the logarithms to base * of all 
integers from 1 to 20. 

53. An arc of a circle subtends an angle of 2x radians at the centre. If a 
and b be the lengths of the chords of the whole aro and half the are 
respectively, a *= 2 r sin x and b — 2 r sin ] x. By expanding the sines 
by Maclaurin's Theorem, find the difference between 4 (8 b -a) and the 
length of the arc. 

This is known as Huyghen’s approximation to the length of a circular arc. 
Show that, if this approximation be used to find the length of the aro 
which subtends an angle of 80° at the centre of a circle of radius 
100,000 feet, the error 1 b only about 2 inches. 

54. Show, by taking the remainder in (i), Art. 227, in the form 
that the remainder after n terms may be expressed in the form 




This is known as the 1 Schlflmilcb-Roche form of the remainder’. 
Lagrange's and Cauchy's forms are obtained by taking p « n and jp — 1 
respectively. 



CHAPTER XXIII 

PARTIAL DIFFERENTIATION 

231. Functions of more than one variable. Partial differential 
ooeffioients. 

Hitherto we have dealt exclusively with functions of only a single 
variable such as x or t, but functions of more than one variable 
frequently occur. For example, the area of a rectangle is a 
function of two variables, the length and the breadth ; the volume 
of a rectan gular parallelepiped is a function of three variables, the 
length, breadth, and thickness ; the pressure of a given mass of gas 
depends upon its density and its temperature, and so on. 

If a be a function of two variables x and y, a fact which is indicated 
by the notation a —f{x, y), either x alone or y alone or both x and y 
simultaneously may be varied, and in each case a change in the value 
of * will result Generally the change in the value of e will be 
different in each of these three cases, e. g. the area of a rectangle 
whose sides are 6 and 10 inches is 60 square inches ; an increase of 
1 inch in the length alone will increase the area by 6 square inches, 
an increase of 1 inch in the breadth alone will increase the area by 
10 square inches, and an increase of 1 inch in both simultaneously 
will increase the area by 17 square inches. 

If x and y be changed to x+lx, y+ly respectively, the new value 
of a will be denoted by f(x+lx, y+ by). 

The function * may be defined as continuous for any particular 
values of x and y if, when x and y have these values, 

Lt [/(x+5x, y+ly)- fix, y)] = 0, 

when lx and ly — ► 0 in any manner whatever. 

Briefly, a is a continuous function of x and y if indefinitely small 
changes in either x or y separately, or in both together, produce only 
an indefinitely small change in a. 

Suppose that, when x is changed to x+lx and y remains constant, 
a becomes a+la. The ratio la /lx will tend to a finite limit as 
0, if a is continuous for these values of x and y. 

This limit is called the partial differential coefficient of a with 
respect to x, and is denoted by the symbol Is /lx [or sometimes D z a, 
or If /lx or f z , if a bo written as f(x, y)]. 
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Similarly, when y is ohanged to y+ly and x remains constant, let 
0 change to *+&'*.* The limit of h'z/by m 6y— +0 is called the 
partial differential coefficient of 0 with respect to y, and is denoted by 
the symbol 'bzfby [or sometimes D y g, or c )f/'by or f y , if z be written 
in the form f(x, y)]. A similar notation is used if z be a function 
of more than two variables. 

If z be written in the form f(x, y), we may define 'bzfbx as the 
limit, when hx—+0, of and 'bz/ly as the limit, 


when 8y— ►(), of 


A*, y + Sy)-/(s, V) 
by 


Hence, to find 'bzfbx, differentiate z with respect to x, regarding y 
as constant. 

To find 'bzfby, differentiate e with respect to y, regarding x 
as constant. 


Example* : 

(i) If z — ae* + 2 axy + y* f 

(ii) If e—tan^-t 

y 


hz/bx — 3x 1 + 2/7y, 7)z/by — 2ox + 3y a , 

a* 1 1 y 

d x “ 1 4- x Vy 1 * y ** y* + a:* # 

dc 1 X —X 

§y “ 1 + x*/y % X y* "" y 1 *®* 


(iii) The volume K of a cylinder of radiue r and height h is 
■\ aF/dh-Trr*; bV/lr-2nrh t 

i. e. the rate of increase of the volume per unit increase of the height, the 
radius remaining constant, ie nr 2 ; the rate of increase of the volume per unit 
increase of the radius, the height remaining constant, is 2 nrh. These results 
can be verified geometrically, for, when the radius remains constant and the 
height is increased by a small amount bh, the volume is increased by a thin 
circular slice added to one end, of volume wr*dh, 

Le. ar-^.ak * nd 

Similarly, if the radius is increased by a small amount br, while the height 
remains constant, the volume is increased by a thin coating all over the 
curved surface, whose inner superficial area is 2n rh and outer superficial 
area 2ir(r+br)h, and hence its volume 

bV>2nrhbr and < 2n(r + br)hbr* 

Therefore bV/br>2nrh and <27r(r+$r)fc, 

and when dr-*-0, d F/d r ■* 2 tt rA 


* The change in * in this case will generally be different from the ohange ins In 
the preceding case. 
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282. Geometrical representation of partial diiTerential oo- 
effioients. 

If values of x and y be taken as coordinates of a point in a plane 
XOY, to each pair of simultaneous values of x and y corresponds 
a point Q in the plane (Fig. 176). At Q erect a perpendicular QP to 
the plane XOY to represent the corresponding value of a ; then, if x 
and y vary continuously, and a is a continuous function of x and y, 
F traces out a surface. 

For instance, if * - - v / (a , -x 8 -y , ) > z - QP, and a? 1 + y 1 « OQ 1 . 

QP « y'fa* - OQ 2 ), i. e. a* - OQ 2 + <?/*« OP*. 

Hence OP ■* a, and the locus of P is a sphere with centre 0 and radius a* 



Again, if ax — x* + y\ the coordinates of all the points Q, at whioh the 
height of the perpendicular QP'ib satisfy the equation ab — + y*, and 

this is the equation of a circle, centre 0 and radius y"( ab ). Hence the locus 
of P is a circle of radius */(ab) whose centre is on OZ at height b above O ; 
therefore the section of the surface by a plane parallel to the plane XOY is a 
circle. Moreover, since QP ■« z ■■ (a: , + y i )/o — OQ % /a, i.e. MP 1 « aOJLf [cf. 
y* « a*], it follows that if the plane QOM (Fig. 176) be fixed, all positions 
of P in that plane are on a parabola, vertex 0 and axis 0M\ hence the 
section by the plane MOQ , and similarly by any other plane through OM, is 
a parabola. Therefore the equation + represents the para- 

boloid of revolution formed by the rotation of this parabola about its 
axis OZ . 

In the general case (Fig. 177), by taking y constant and varying x 
and therefore xr, we get a section of the surface by a plane parallel to 
I«« I i 
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the plane XOZ, the curve EPF in the figure. Then, exactly as 
in Art. 23, he/lx is the elope of this curve at JP, i.e. the tangent 
of the angle which the tangent to the curve EPF at P makes 
with the line MN in which the plane of the section cuts the 
plane XOY. 

Similarly, by taking x constant and varying y and therefore jp, we 
get a section of the surface by a plane parallel to the plane YOZ , the 
curve HPK in the figure ; and de/dy is the slope of this curve at P f 
i#e. the tangent of the angle \j/' which the tangent to the curve 
FPiTat P makes with the line EQ in which the plane of the section 
outs the plane XOY. 



For example, in the first case mentioned above, where ** ■■ 
and P moves on the surface of a sphere, centre 0 and radius a, the partial 
differential coefficient of * with respect to x is given by 

2z . 'bz/'bx ■* — 2x, i.e. 'bz/'bx -« -a?/s. 

This is easily verified geometrically, for the section EPF will in this case 
be a circle, centre Jlf, and the angle ^ which the tangent at Pmakes with MN 
is 90° + PJf@, since the tangent is now perpendicular to MP, 

Hence tan ^ — - cot QMP - - MQ/QP — - x/z . 

Similarly 'bz/'by — -y/e, which can be verified geometrically in exactly 
similar manner. 
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Examples XOIV. 

Find and in the following casei t 
ox oy 

1. * — tan(ax+6y). S. * — (x-y)/(x+y). 

S. t mm tP*+a. 4. * — a** + 2kty + $y*+2y3!+2,/y+«. 

5. * — (o** + by t ) r . 6. «in _1 (x/y). 

7. a - xy/{x+y). 8. a* - x’-y*. 

8. a* — x"+y\ 10. a* — (a’-y’)/(* , +y*). 

11. ox* + iy* + cz 1 -« 1. 12. xy+yz — ax. 

Find dP/dx, dK/dy, iV/ia in the following eases : 

13 . F— x'+y’ + z*. 14. F— tan -1 {(x+y)/z}. 

16. F— 1 / V'(»* + y* + a*). 10. F— ax* + 6y* + cz* + 2 Axy + 2/^a + 2y*x. 

17. Prove that, if a - x > -3x , y-2y*, * — +y - Sa. 

18. Prove that, if a - 

18. Prove that, if a - .in" 1 + V Yy ” 0> 

( jc\ ^ z d g 

y ) 9 X ^x^^Yy amZt 

21. The last four examples are particular cases of 'Euler** 'HieQrem of 
Homogeneous Functions *, viz.: If z be a homogeneous function of x and 

y of degree n, then * + V \ * " "*• writin F 8uch a function in 

the form x"f(y/x\ prove this theorem. 

22. Find the rate of increase of the volume of a right circular cone (i) when 
the radius of the base is constant and the height increases at the rate of 
1 inch per second, (ii) when the height is constant and the radius of the 
base increases at the rate of 1 inch per second. 

28. Find de/d* and d*/dy if « a + y a . Verify the result geometrically. 

24. The radius of a cylinder of volume Fand height h is equal to ^/(V/rrh), 
Find the rate of increase of the radius at the instant when ns 4 inches 
and A is 1 foot (i) if the height is constant and the volume increases 
at the rate of 10 cubio inches per second, (ii) if the volume is constant 
and the height decreases at the rate of 1 inch per second. 

25 The area of the curved surface of a right circular cone, height h and 
radius of base r, is nr</(t* + K % )\ find the rate of increase of the area 
at the instant when r is 6 inches and h is 8 inches (i) if the radius is 
constant and the height is increasing at the rate of 1 inch per second, 
(ii) if the height is constant and the radius is increasing at the rate 
of} inch per second. 

80. Find d »f6x and ds/dy when x*/u* -f y'/b* + ?jc % » 1. Explain the 
result geometrically. 

fiS 
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t7. If t> be the volume, T the absolute temperature, and p the intensity of 
pressure of a given mara of a perfect gas, p, a, T are connected by the 
relation pv ~ JcT, where k is a constant. Find (i) the rate of increase 
of the intensity of pressure per unit increase of temperature, supposing 
the volume to remain constant ; (ii) the rate of increase of the intensity 
, of pressure per unit increase of volume, the temperature being supposed 
to remain constant; (iii) the rate of increase of the volume per unit 
increase of temperature, the pressure being supposed to remain constant. 

283. Total differential of a function of two variables. 

If g be a continuous function of x and y, and if x and y receive 
small increments bx and by (which are usually quite independent 
of ons another), jr will receive a small increment bg; to find the 
relation between tig, bx, and by. 

If x alone varies and y remains constant, we know (Art. 24) that 

the resulting increment of g is ^ . bx approximately, to the first 

order of small quantities ; and if y alone varies and x remains 

constant, the resulting increment of e is ^.8y approximately. 

We shall now Bhow that, when x and y vary simultaneously, the 
total resulting increment be is, to the first order of small quantities, 
equal to the sum of these two partial increments, i. e. the ratio of the 
total increment bg to the sum of these two partial increments — ► 1, 
when hx and by each — *0. 

If g = f(x , y), we have the total increment 
bg = f(x+Bx, y + Sy)-/(: r, y) 

= [/(x+£x, y +5 «/)-/(*, y+«y)]+[/(*, y+ty)-/(*,y)]. 

By the Mean-Value Theorem (Art. 117) the expression in the first 
square brackets 

= bx.f x (x + 0hx, y + by\ where 0 < 6 < 1, 
and f x denotes the partial d. c. with respect to x. 

Similarly, the expression in the second square brackets 
= &y*f y ( x > y + d'Sy), where 0 < 6' < 1, 
and f y denotes the partial d. c. with respect to y. 

bg = bx.f x {x + Obx, y + by) + by.f y {x, y + #by). 

Since g and its differential coefficients ore supposed continuous, 
f% {x+OBx, y + 8y) tends to the limit f x (x, y), he. 'bf/lx, as 8a: and 
8y — ►O, and therefore may be written 'bf/'bx + t. Similarly, 
f y (x, y + fl'Sy)— *the limit V/dy, and may be written *//dy + «', 
where c and ^ — ► 0 when hx and By — ► 0 ; 


(i) 
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Hence, since the terms t8x and t'8y are of the second order of 
small quantities, and the other three terms of the first order, 8m tends 

to equality with 8x +■ 8y as Sx and 8y — ► 0, 


2* = ^ 8* + M 8y approximately. 
oX off 


This is called the total differential of a. 

If x and y, and therefore also f, are continuous functions of some 
other variable t 9 then, if Sa:, Sy, and Sx be the increments of x t y, and 
t due to an increment St of t , we have, by dividing (i) by St 9 



hence, taking the limits, when St and therefore also Sx f Sy t Sx and 
therefore also « and f' — ► 0, 

dx V dx V dy * 

* *y"dV 



Pig. 178* 


384. Geometrical illustrations. 

The relation (ii) of the preceding article may be obtained geo- 

metrically by the method of Art. 282. . 

Let M, N (Fig. 178) be the points (x, y) and (x+ix, y+8y)m the 
plane XOF, and let MP, NQ be the corresponding perpendiculars 

§ and a+Sa 
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The curve PP' represents the path of P as x increases to «+8«, 
y remaining constant ; P'Q represents the path of P as y increases 
to y+8y, the abscissa remaining constant and equal to its increased 
value x + hx; then EQ represents he, the total increase in *. 
he = EQ = DP'+I?C= 8a;. ten P'PZ) + 8y . tan QP'H. 


Taking the limits, when hx and 8y — ►O, tan P'PD becomes the 
slope of the section P'P, i.e. 'hffbx, and tan QP'H becomes the slope 
of the section QP' which ultimately approaches coincidence with the 
section through P parallel to TOZ, whose slope is d//dy. 

Therefore we have, approximately, 


ix iy 9 

Examples : 

(i) Let A be the area of a rectangle whose sides are x and y (Fig. 179); 
then A — xy. 

du4 j- increase in area . . 

«= I . , j — = — , the breadth y remaining constant, 

fix JL^t increase m length x 


T *! ea EE - T F'^-EF-y 
Ljt EK Ljt EK *' 


\A 


-L 

-Lt 


increase m area 


t increase in breadth y 
area HF t GF . GH 


, the length x remaining constant, 


GH 


-L. 


GH 


GF-x. 



Fig, 170. 

If x and y are simultaneously increased to VK and DH respectively, 
d A, the resulting increase in area, ■■ HF+FK + FL -« xby + y hx + h x . 8 y. 

The last of these terms is ultimately indefinitely small compared with the 
others, being of the second order of small quantities; hence to the first 
order of small quantities, 

dA m*ydx + xhy — + -8y» 
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(ii) Let (x, y) be the rectangular coordinates of a point in a plane, and 
(r, 6) its polar coordinates ; then x and y may each be regarded as functions 
of r and d. 



In Fig. 180, P is the point whose polar coordinates are (r, d). An increase 
fid in d, r remaining constant, would move P to Q' ; an increase fir in r, 
d remaining constant, would move P to P' ; the combined effect of both 
increases is to move P to Q, 

MP j PQ’ sin MQ'P 

bO Ljt fid “ JLt fid 


~L 


chord PQ ' 
fc arc PQ' 


arc PQ y 
66 


as fid -*0, (chord PQ')/(vlto PQ') 1, the arc PQ' - rfid, MQ'P 
which the tangent at P makes with the ordinate of P, i. e. d. 


. sin MQ'P ; 
the angle 


bx/bti — rsind. 

Similarly, 

1 5” LtTr ~ Lt M in the P r ® cedin S c«e, r CO. 0 . 

Again, bx/br ■* Lt (FN/PP ) ■» cos P'PN cos d ; 

by/br- Lt (NP'/PP') - sin P'Ptf «= sin d. 

[All these results follow immediately by differentiation from the relations 
x ■» r cos d> y — r sin d.] 

fix, the total increment of x, due to increments fir and fid in r and d, 
wm the projection of PQ on the axis of x 

« PP' cos d - QP f sin (d + i fid) - fi r cos d - (r + fi r) fid sin (d + J fid) 

-» > fir coed— rsind fid, to the first order (the other terms are infini- 
tesimals of higher order) 

• fir + fid, from the results juBt obtained. 

Similarly for fiy. 
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The student must be cautious when applying the theorems of 
Arts; 29-86 to partial differential coefficients, e.g. bx/br and br/bx 
are reciprocals provided the same coordinate is constant in both cases, but 
not otherwise. 

In fact, it is easily seen that bx/br (8 constant) and br/bx (y constant), 
instead of being reciprocals, are equal to one another, for, from the 
preceding, we have bx/br (6 constant) — cos 0. To find br/bx [y constant), 
we take Fig. 181. 



An increase fix in x, y remaining constant, will move P to Q, through 
a distance Sx parallel to the axis of x ; the new radius vector is OQ. 


Sr 


OQ-OP, and 


br 

bx 


L OQ-OP_ t RQ 
t PQ ” 1-jtJ'Q' 


if a circle, centre O and radius OP, cuts OQ in R. In the limit, PRQ-+ 90° 
and therefore RQ/PQ cos R QP, i.e. cosd. 


/. br/bx ■* cosd. 

Hence bx/br [8 constant) and br/bx (y constant) are equal. 


This also follows analytically, for, since jc^rcosd, 
bx/br (8 constant) — cosd; 


and since r 1 — x* + y* t 2 r 


br 

bx 


x , i.e 


4 ^ con# i an t) 


- cos 6 . 


286. Total differential coefficient. 

It has been proved that, if e be a function of x ana y when both 
are functions of t, then 


de be dx . be dy 
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If we take t to be x, i. e. if * be a function of x and y where y is 
also a function of x, then, since dx/dt ia now unity, this relation 
becomes 

d* _ le l_e dy n 

dx~ lx* ly dx W 

de/dx is called the total differential coefficient of e with respect to x. 

Similarly de/dy 1 the total differential coefficient of § with respect 

. le le dx 

toy, =s • — • 

* ly lx dy 

The quantities de/dx and leflx which occur in equation (i) are 
quite distinct. 

le/lx is the limit of Sfr/8x, where le is the increase in e due to 
a variation in x only where it occurs explicitly in the equation, 
i.e. on the supposition that y is independent of x; de/dx is the 
limiting value of Se/Sx, where 8* is the total increment of *, due 
partly to the increment of x and partly to the increment of y which 
is itself due to that of x, since y is a function of x. 

Geometrically, in Fig. 178, le/lx is the limiting value of DP'/PZ); 
de/dx is the limiting value of EQ/PD , i.e. of EQ/FE, and these 
two are usually quite different. 


For instance, let x — a* — x 1 — xy — y 1 , and lety be a function of x; 
then lz/lx~-2x-y, and lx/ly -■ ~x-2y, 


dz 

Tx 


lz ^ Iz dy 
lx ly dx 


— 2«— y-(*+2y) 


and the value of dy/dx will depend upon the relation between y and x. 
Suppoae, for instance, that x * -f y* — r* (r constant) ; then 


2x + 2 y 


dx 


0, and 


dy _ x 
dx y 


Hence in this case, dz/dx — - 2x -y + (x + 2y) x/y (x* — y*)/y. 

[This might have been obtained by first eliminating y from the given 
equations and thereby obtaining z as a function of x alone ; bnt generally 
by this process, when it is feasible, the differentiation is rendered more 
complicated; and in many cases the actual elimination cannot be carried out. 
In the example under consideration, we should get 

z — a a — x* — y* - xy a a -r*— Xv^(r*— x*) ; 


de _ — 2x 

dx "" x*) 


vV-x 1 ) 


x 1 — (r 1 — x*) 
^/(r 1 x a ) 


a.tii 

, as before.] 

V t 


The preceding results can easily be extended to a function of any 
number of variables. 
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236. Adiabatic expansion of a gas. 

To illustrate the foregoing principles, let us consider the adiabatic expan- 
sion of a gas. We will prove the well-known theorem that if a given mass of 
gas expands adiabatically (i.e. so that heat neither enters nor leaves it), 

pv y — constant, 

where p is the intensity of pressure, v the volume, and y a numerical 
constant. If T be the absolute temperature, i.e. the temperature measured 
from — 273° C. or —469° F., then, in the case of a ‘perfect gas\ p , t>, Tare 
connected by the relation pv ■» kT, where A; is a constant. 

If, when the volume ia kept constant , a small quantity 8 Q of heat supplied 
to the gas raises the temperature by an amount 8 T t then as and therefore 
also 8T-+ 0, 8Q/8T-+ a limiting value, which is called the ‘specifio beat 
at constant volume ’ and is denoted by AV 

If, when the pressing is kept constant , a small quantity 8Q of heat raises 
the temperature by an amount 8 T, then 8Q/8T-+ a limiting value, which is 
called the ‘ specific heat at constant pressure 1 and is denoted by Kp. 

It can be shown that, for a perfect gas, the ratio K v /K% iB a constant y. 
The value of y in the case of air (regarded as a perfect gas) is 1*404. 

Since pv -* kT, only two of the three variables p, v, T are independent. 
The third can be calculated when two of them are known. 

Taking p and v as the independent variables, we have, if a small quantity 
8 Q of heat be supplied, 

hQ/^v is the d. c. of Q with respect to v, p being regarded as constant. 

Now ^ 03 5^ ’ ^ IF constant] ; also (p constant) ~ K Pt and 

^ [p constant] — since pv — kT. ^ — K p . 

Similarly, (v constant) ** constant) * K 9 . • 

p p 

Hence, substituting in (i), 8Q*=* K p ~^ 8r+ Ki-^8p. 

If the gas expands adiabatically, the amount of heat it contains is oonstont f 
i.e. 8Q**Q. 

Therefore K p ^8 v + K v 8p — 0. 

Dividing by K%/k and putting K P /K 9 — y t we have 

ypiv + efip * 0, 

whence, in the limit, 2 + 1 0. 

v up p 

Integrating, y log v + logp — log C $ 

I.e. pv y - G 

which is the relation required. 
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237. Application to implioit functions. 

If the relation between x and y be given in the form 
/(a?, y) = constant, 

then df/ds y the total d. c. with respect to as, = 0, since the d. c. of 
a constant is aero ; hence, by Art 235, 


r + r 7 B 0 » and therefore ^ * 

da? dy dx dx da?/ dy 

This gives an alternative method to that of Art. 36 of finding 

the d. c. of y with respect to x t when y is given as an implicit 

function of x. 


: 0, and therefore ~ ^ - 


E.g. if a^ + Saacy + y* 
• f*? _ 

'• dx 



8a^ + 3 ay 
3aa? + 3y* 


SaJ + Scry, ^-»3aa? + 3y* ; 

■ - — as in Art. 36, Ex. (ii). 
ax + y 11 * v 7 


238. Applications to analytical geometry. 

(i) Equation of tangent to a curve. This result can be used to obtain 
a convenient form of equation of the tangent to a curve f(x , y) = 0 
at a given point. 

The equation of the tangent at (x f y) was obtained in Art 46 in 
the form 

r-„ = (z-4g- 

Substituting — ~ ^ for ^ and rearranging, the equation 

becomes 

(i-,)^ + ( r-s,)^= 0 . 

(ii) Centre of a curve. At any point on the curve whose equation 
is f (x, y) = 0, the direction of the tangent is found from the equation 

dx da?/ dy’ 

If f(x t y) = 0 be of the second degree, the curve will be a conic, 
d// da? = 0 will then be an equation of the first degree, and therefore 
will represent a straight line ; moreover, when d//da? = 0 , dy/dx = 0 , 
i.e. the tangent to the curve is parallel to the axis of x. Hence 
d//da? = 0 is the equation of the straight line joining the points on 
the curve where the tangent is parallel to the axis of x (Fig. 182). 
Similarly, d//dy = 0 is the equation of a straight line, and when 
d//dy ss 0, dy/dx is infinite, and the tangent is parallel to the axis 
of y. Hence d//dy = 0 is the equation of the straight line joining 
the points on the curve where the tangent is parallel to the axis of y. 
These two straight lines are diameters of the conic and intersect at 
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its centre. Hence the coordinates of the centre of the conic whose 
equation is /(#, y) = 0 are obtained by solving the equations 

lf/bx = 0, bf/by = 0. 



Example : 

Find the centre of the ellipse 36x* - 24 xy + 29y* — 168 x + 106 y + 21 0, 

and the equation of the tangent to it at the point (l f 1). 

Here bf/bx - 72x-24y-168 - 0 ; bf/by - -24* + 58y + 106 - 0, 
and we have to solve these equations. 

Dividing the first by 3 and adding to the second, we have 50 y + 50 ** 0, 
i. e. y — 1, and thence * 2. Hence the centre is the point (2, — 1). 

Also, at the point (1, 1), 

bf/bx -- 120, bf/by- 140. 

Therefore the equation of the tangent is 

— 120 (a?— 1) + 140 (y — 1) -■ 0, 
i. e. 6a: — 7 y + 1 -■ 0. 

280. Applications to errors of measurement. 

The result of Art. 238 is of importance in that it enables us, when 
calculating the value of a quantity from the values of several 
variables upon which it depends, to find the total effect of small 
errors in the observed values of the several variables. The theorem 
is equivalent to the statement that, to the first order of small quan- 
tities, the total error due to errors in the measurements of several 
variables is equal to the sum of the errors due to each separately. 

Examples: 

(i) The length of the hypotenuse of a right-angled triangle is calculated from 
the lengths of its sides. If these are measured as 8*5 and 11 # 5 feet respectively , 
with a possible error of \ of an inch in each, find the possible error in the 
calculated length of the hypotenuse* 
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In this case, e 1 — a # 4 3*, 2 cr— — 2a and 2 c ~ 

da ob 

3c — sr- . 3a + .33 =*- . 3a 4* 33 — — - x 4 inch — 

3a 33 c c c 

— *28 inch approximately. 


-23; 


20 


** 


(ii) The height and the radius of the base of a cylinder are at a given instant 
10 and 4 inches respectively ; if they are increasing at the rate of 2 inches and 
1 inch per second respectively , at what rate is the volume of the cylinder increasing 
at that instant 9 


V—ni*h t and by Art. 238, 


dV 

dt 


dF dr 
dr 


dt + Ih 


ZV dh 
dt 


dr 




— 80 7 T X 1 + 167 T X 2 

— 112 n cubic inches per second. 
This is the rata of increase of the volume at the given instant. 


C 



(iii) The area of a triangle is calculated fy'om the length of one of its sides 
and the magnitudes of the adjacent angles ; if the measurements made are 
c — 40 feet, A — 35°, B — 71°, find the e»ror in the area due to an error of J* 
in each angle . 


The area (Fig. 183) 

_ i ^ n t\ i . • a ! fin 2? . c 1 sin A sin B 

& — 4 AB . CD — A 6.3 sin A — \ c . c sin-4 — =r ~r ~— — - . 
59 unC 2 sin (A + £) 


This gives S in terms of the quantities whose measurements are taken 

d S d5 

c remains constant, therefore &S — ^ • 3 A + . 3 B. 


d S 
iA 


c 1 . - sin (A + B) cos A -sin A cos (A«f B) 

ii'jA + B) 

c* . _ *»nB . .in’ 71* 

“* 2 ,ln ‘ »in*(A +£) ” *in* 106*’ 
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, d 8 e* . . sin A 

Similarly y B ~ 2 nnA -Vtf(ZTW> 


-800 


sin* 35* 


sin a 106* 

Also 8 A — SB — the circular measure of — ^ir. 

* % a 800(Bin*71*-i-iin l 35 o ) - oaQ t 

A *£ — — - — 815*74® 1 x n " 4628 iquare feet. 

The proportional error, i. e. the ratio of the possible error to the estimated 
value, and this is what is usually wanted in such cases, is obtained more 
easily by taking logarithms and differentiating, thus : 

log 8 — 2 log e - log 2 + log sin A + 1 og sin B - log sin (A + B ). 

Now 


S (log sin A) — . d A — cot A .8 A, &o. 

Hence, c being constant, we have 
dS/S- cotA.dA + cotR.dR-cot(A + R) . (dA + SB) 

— (cotA + cot C) 8A + (cotB + cot C) SB [since cot(A + 2?) — -cot C] 

— ^ it (cot 35° + cot 7 1 ° + 2 cot 74°) 

— - 0102 . 

Hence the proportional error is about 1 per cent 


(iv) Given that the volume of a quantity of a gas whose temperature is 47° C. 
and pressure 15 lb. weight per square inch is 6 cubic feet, find its volume when 
the ptessure is increased to 15*1 lb. weight per square inch , and the temperature 
raised to 48° C. 


In books on Hydrostatics it is proved that, if p be the intensity of pressure 
of a gas whose volume is v and absolute temperature T t then pv — IcT, where 
k is constant. 

Regarding T as a function of p and v , we have 


ST 


d T % 'ST 
dp dv 


Now 

and 


'ST v T 273 + 47 4 

dp " * “ P ** 15 x 144 “ 27* 
*T^p 273 + 47 _ 160 

Si “ * " * “ 6 “ 3 


Also dT^l 9 ; dp— ’1 x 144. Therefore, substituting in the first equation, 
1 «* x*l x 144 + x | A x Sv, whence 160 dc — — 3*4, and dv — — *021. 
Hence the volume is diminished by about *021 cubic foot. 


Examples XCV. 

1. If (x, y), (r, 6) be rectangular and polar coordinates of a point, find 

(i) the total increment in y, due to small increments dr, 86; 

(ii) the total increment in r, due to small increments Sx, Sy\ 

(iii) the total increment in 6, due to small increments Sx, Sp* 
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8. Prove, both geometrically and analytically, that byjbr [B constant) and 
dr/dy ( x constant) are equal. 

Find dzjdt in the following cases : 

8. r * ar w y*, where x » cos at, y «■ gin ht . 

а. «- log(x* + y*), where a; - a (1- cos <), y = asm<. 

б. * — (a* - &y)/( c * + dy), where x = e 1 iin f, y » e* cos f. 

Find du/dt in the following cases : 

0 . u — a^ + y 2 ** 1 , wherex — e*, y — ^sinf, * — s*cos<. 

7. w — log(x + y + e), where a? -* sin* f, y = cos* *, s«=sin2«. 

8. t* — <rys, where x — cos f, y — sin* f , s «= sin *. 

Find dz/dx in the following cases ; 

9 . z — x® •+ y®, where y — (1 -x)/x. 

10. « ■« x 9 + y® + a®, where x* + y* *= a*, 

11. * x® y®, where x* — xy + y® — a*. 

12. x «■ sin' 1 ( x/y ), where y® ■■ a® + x®. 

18. * — tan"" 1 (y/x), where y — sin® x. 

14. * = x® + 3axy + y®, where x 1 + y* ■■ xy. 

Find, by the method of Art. 237, the value of dy/dx in the following cases : 

15. x* + 5x®y— 4xy®~2y* — 0. 16. sin*x + sin*y-2 cosx cos y ■> 0. 

17. (x* + y®)* «* a® (a;® — y®). 18. x n y m + «= a m+ ". 

19. sin (x + y) + cos (x~y) ** 1. 20. (fex - ay) 1 « 1 + (ax + by)*. 

Find the relation between the differentials of the variables in the 
following cases : 

21. V — Jtt r* h. 22. pv •* kT [A* constant]. 

28. xyz ■« a* [a constant]. 24. x* + y® — z*. 

25. / -* mo®/r [m constant], 26. Jfc — 1 mo* [m constant]. 


27. If x — r cos 0, y — r Bin 0, find v — and 

O T 

u being a function of x and y. 


%u. bu , dt# 

r-r m terms of r— and r-* , 
c6 t)x ay 


28. Find the equation of the normal to the curve /(x, y) — 0 at any point 
on the curve. 


28. Find the coordinates of the centre of the conic 
y* — 5xy + 6x® — 14x + 5y ■» 0, 

and the equations of the tangent and normal at the origin. 

80. Find the centre of the conic 8x* + 2xy + 3y® * 4ax + 4ay, and the 
equations of the tangents at the points where it meets the axes. 

81. If K/Kt — (r/!T 0 ) n x jkvp, find the change in K due to small variations 
dp and & T in p and T. 

82. If *4 — 1 ■■ find the change in f* due to small variations 

dp, d$ in p and 6. \ 

88. The hypotenuse and one side of a right-angled triangle are measured os 
1 48 and 93 feet ; find th<> error in the third side due to an error of 
1 inch in each measurement. 
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84. The length of a side of a right-angled triangle is calculated from the 
length of the hypotenuse and the angle between them, which are found 
to be 140 inches and 43* * find the error in the length of the aide due to 
the measurement of the hypotenuse being £ inch too small and the size 
of the angle (i) a quarter of a degree too small, (ii) a quarter of 
a degree too large. 

85* The area of a triangle is calculated from the formula S »» 45c sin A , and 
the measurements taken are b ■■ 72 feet, c — 55 feet, A « 56°. Find the 
possible error in the area due to (i) errors of 2 inches in each side ; 

(ii) errors of 2 inches in each side and half a degree in the angle. 
Find the proportional error in each case. 

88. If p be the intensity of pressure of a gas of volume v and absolute 
temperature T t pv — kT where k is constant. Given that p is 20 lb. weight 
per square inch when v -■ 10 cubic feet, and the temperature 40° C., 
find approximately 

(i) the change in the pressure when v is increased to 10’2 cubic feet and 
the temperature to 40*5° C. ; 

(ii) the change of volume when p is increased to 20* 1 lb. weight per 
■q. inch and the temperature reduced to 39*7° C. ; 

(iii) the change of volume when p is reduced to 19*7 lb. weight per 
sq. inch and the temperature raised to 40*3° C. ; 

(iv) the change of temperature required to raise p to 20*2 lb. weight 
per sq. inch when the volume is increased to 10*2 cubic feet ; 

(v) the change of temperature required to lower the pressure to 19*6 lb. 
weight per sq. inch when the volume is increased to 10*1 cubic feet. 

87. The side b of & triangle is calculated from the formula 6 « a sin B/ainA, 
and the observed values are a — 125, B — 73°, A ■» 42% Find the error 
in the calculated value if the true values of A and B are 41*8° and 72*7®, 

88. The side c of a triangle is calculated from the following observations : 
a — 175 feet, A — 60®, C «* 38*5° Find the emu in the calculated value 
of c (i) if the true values are 175*5, 60°, and 38*8° ,* (ii) if the true values 
are 175*5, 59*6°, and 38*8° respectively. 

89. The side € of a triangle is calculated from the formula 

c* « o* + 6 a — 2 ah cob C ; 

find the relation between the differentials Sc, ba> bb, rtC. 

Find the error in c if the observed values of a, b t C are 120, 180, and 32% 
and the real values 121, 179, and 32f°. 

Find also the proportional error in this case. 

40. The area of an ellipse whose semi -axes are a and b is irab ; find the 
possible error in the area due to possible errors of $ inch in each 
measurement, the observed values being 3 feet and 2 feet. 

41. Find the proportional error in the area of an ellipse due to small errors 
ba t 6 b in the lengths of the semi-axes. 

42. Find the proportional error in the area of a triangle calculated from the 
lengths of its sides, due to small errors da, bb be in the measurements 
of the lengths of the sides. 

48. The angle A of a triangle is calculated from the formula 
cos A — (&■ + c 1 - a # )/2 be ; 

find the error in the angle due to small errors ba , bb, be in the tides* 
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44. The height of a building is calculated from the observed elevation (a) 
at a measured distance (a) from itr base ; find the error in the height 
due to small errors flat, da in the observations. 

If the observed values of or and a be 24* and 120 feet, and the true 
values 24*2° and 119*8 feet, find the error in the height. 

45. Find the proportional error in the volume of a cone due to small errors 
6h, dr in the height and radius of the base. 

46. The time of oscillation T of a simple pendulum is %ni/(l/g); find the 
error in the time due to small errors in measuring l and g . 

Find also the proportional error. 

47. If the value of g be calculated from the preceding formula, find the 
percentage error in the value of g due to positive erron of *5 per oent. 
in the measurement of both l and T. 

48. If 0 x , y) and (r, 6) be the rectangular and polar coordinates of a point 
in a plane, prove that the differentials of x t y, 6 are connected by the 
relation x . fly — y . bx — i*b6. 

Prove also that (A a;) 1 + (fly)* — (5 r)* + r 1 (fld)’. 

40. Supposing x, y, r, 6 functions of the time f, deduce from the last relation 
that afc*4-y* — r l + r 1 ^. What is the significance of this result in 
Mechanics ? 

00. The rectangular coordinates of a moving point in a plane are at 
a given instant (10, 6), and the velocities of the point at that instant, 
parallel to the axes of x and y, are respectively 3 and 2 foot-seconds 
respectively ; find the angular velocity of the point about the origin at 
that instant 

61. The specific gravity of a solid heavier than water is W/(W— W '), where 
W and W are its weights in air and water respectively ; if W and 
W are observed to be 20*7 and 11*2, find the maximum error in the calcu- 
lated value of the specific gravity due to errors of /05 in each obser- 
vation. 

Find also the percentage error. 

62. If the H. P. required to propel a steamer vary as the cube of the velocity 
and the square of the length, prove that a 2 per cent, increase in 
velocity and a 3 per cent, increase in length will require approximately 
a 12 per cent, increase in H. P. 

63. The specific gravity of a liquid is (TF— WV)/(JF— TFJ, where W t TF,, W % 
are the weights of a Bolid in air, water, and the liquid respectively ; 
find the proportional error due to small errors flJF, flJF|, 6lf r % in the 
weighings. 

64. Find the rate of increase of (i) the volume, (ii) the area of the curved 
surface of a right circular cone, at the inBtant when the height and the 
radius of the base are 12 inches and 4 inches respectively, and each is 
increasing at the rate of £ inch per second. 

65. Find the rate of increase of (i) the volume, (ii) the superficial area of 
a rectangular parallelepiped, at the instant when its sides are 20, 15, 
10 inches, and are increasing at the rate of *8, *6, *4 inch per second 
respectively, 

tits K k 
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840. Partial derivatives of higher orders. 

If e is a function of two variables x and y, denoted by/fo y), then 
it/bx and befby will generally be functions of x and y, and therefore 
they can be' differentiated again partially with respect to x and y. 

The partial d. c. of ^ or f x with respect to x, i. e. ^ 
y-e 

denoted by ^ or /i*. 


The partial d. c. of ~ or f x with respect to y, i. e. ^ 
denoted by - or /. 


d / 00 \ 

— ' — ), w 


"by bx 




The partial d. c. of ^ or f y with respect to x, i. e. — ( ^ ) ' * 3 


denoted by 


bxby 


or f x y 

be 


fy With respect to y, l e. ^ (^) , is 


The partial d. c. of r- or 

by 

^2 

denoted by ~ or f yy ; 

and ao on for derivatives of higher order. 

Similarly for functions of more than two variables. 


Examples : 

(i) If * =/(*?, y) -» x sin y + y sin x f 

^z 'bz 

^ or /. -siny + ycoss; ^ or f 9 

Vz , Vz 

Td 0r 2 or fyy 

Vz , Vz 

bfii or 4,-co.y + co.*; ^ or f m 


a? cosy + sin a? ; 
—x einy ; 
oosy + cosar. 


(ii) Ai an example of a function of three variables x f y, «, if 

r- * „ 

V f (* - o) 4 + (y - W+ (* - *)*} 

(where a? -a, y — b, z—c are supposed not to be simultaneously zero), 

W W A 

prove that ^ + jp “ °- 


Denoting the expression under the radical sign by u, for convenience! 
we have T— u~t. 


ZV 
*• d* 




-} m" s /'x2 (x-a) 


x — a m 
“ ^ ' 


d*F t<V* x 1 - (a? - a) % u V* .2 M u-Z(x ~a)* 3(;r-o) , -<# 

Si? ** "" tt S "" 14®/* "" |4*/* 
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Similarly 

Adding, 


VV 8(y-*)*-u _ „ VV 3{ z ~c)*~u 

2>y«"" * and Y? «V* 

yp , yr Sfo-g) 1 * Sty-fr^ + Bte-cP-Stf 
§1? Jy* (I** w 1 /® 


0 , 


since u — (a? - a) 1 + (y - 6) 1 + (* - c) f . 

This equation is a very important one in the theory of electricity and 
attractions, and is known as Laplace's Equation. 

If r be the distance between two points whose coordinates in space are 
(a,b t c) and 0», y, *), then r* — (#-«)* + (y-6) a + (*-<•)*, and the potential 
at P (x, y, z) of mass or charge m at (a, 6, c) 

— m/r (Art. 178)— m/*/{(x-a) % + (y -&)• + (* -c) 1 } 

-f«x the function K of the preceding example. 

Hence the potential satisfies Laplace's Equation, and this result will 
be true for any number of masses or charges at points not coincident 
with P. 
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241. Order of differentiation indifferent. 

In the example at the beginning of the previous article, it will be 

noticed that ^ — and are equal, i.e. if the function be differ- 

oyox oxoy ^ 7 

entiated partially with respect to the variables x and y in succession, 
the order of differentiation is immateriaL This is always the case if 
the function and the differential coefficients involved are continuous. 
A geometrical proof of this property readily follows from Fig. 184. 

k k 2 
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Let V be the volume enclosed by the surface ESUP f the coordinate 
planes, and the planes PM, PD • 

Then, as in Arts. 81, 159, 


£ Yfbx = the area HDQP, 



= the d. c. of the area HDQP with respect to y 
= the ordinate QP (Art. 79). 


Similarly d V/^y = the area EMQP, 

and ~ (y~) = the d. c. of the area EMQP with respect to x 


Bence 


lx k 'by 

= the ordinate QP (Art. 79). 
d 2 V S 2 7 


Analytical proof \ 

An analytical proof of the foregoing important theorem can be obtained 
by the use of the Mean-Value Theorem (Art 116). 

We have 

A/« - Lt l (x ’ y + fc) ~ /x (x ’ 

* WO 

- Lti | L t ^ [{/(* + *• y + *) - A X ' y + ,c )} - {/(* +fc >y) ~/(*.y)} ] 

*-►0 Iwo 
Similarly, 

^ “Lt 1 1 Lti l{/( * +M+ * ) “^ e+ * ,,,)} ‘ {/toy+*)-/(*.y)}] 

WO (wo 

It must not be assumed that these two expressions are identical although 
they consist of the same terms, for the assumption that the limits are the 
same, whether h -*■ 0 before k or whether k -+> 0 before h , is equivalent to 
assuming the theorem which is being proved.* 

By the Mean-Value Theorem, 

F{x + h)-F{x) — hF z (x + 8h), where O<0<1. 

In this equation, take F(x) to be f(x t y + &)-/(#, y). 


* That this assumption is unjustifiable is easily seen from the following 

, o sin * + b sin y , 

example : Consider — , and find its limit when first ac, and after* 

cx t ay 

wards y, -*-0. The limit when *-► 0 is -- S J D i.e. ~ x and the limit 

oy d y 

of this as y-aO is &/<*• But, if y-*0 first, the limit is — 2 5 , i. e. - x !^2J? f 

CX C K 

and the limit of this as x-+Q is a/c. 
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Then [/(#■+ A *»+*)-/(»+*, y)] -[/(*, *+*)-/(*,*)] 

" 6 If* (*+ ^1 k,y+k) — (a: + fi l h, y)] 

A *+*.*)] 

- (*+5, 7i, y + 5, k). 

Similarly F(y+k)-F(y) — )fcF t (y + d'i), where 0<fl / < 1. 

In thia equation, take F(y) to be f(x+h, y) —f(x, y). 

Then [/(* + h, y + k) -f (x, y+k)]-[f(x+h, y) -/(*, y)] 

— k [/, (x + h, y + 8 t k ) -/(*, y + 6 t fc)] 

-t k[h±f t (» + 6 t h,y+e t k)] 

- **/«, (* ' + 6 * h , V + *)• 

Hence, since the expressions on the left-hand sides in these two equations 
are identical, we have, after dividing out the factor hk (whioh is not zero), 
/„*(*+ V*. y 4 0 S fc) -f xll (x + 6 t h, y + S, k), 
where all the d’s are between 0 and 1. 

Hence, in the limit when h and k both -► 0, since the functions are con- 

tinuoui - /„(*, v) -A,(*,y). 


242. Exact differential equations. 


To find the condition that PSx+ Qdy, where P and Q are functions 
of x and y , may be a perfect differential. 

If the given expression is the total differential of a function u of 
x and y , 

Pbz + Qby = bu = ^ bx+ — by ; 
hence P^Ttu/lx and Q^lu/'by; 


<> P d ^ 

^y *)y d x y * dx 

This is a necessary condition. Conversely, if this condition is 
satisfied, it follows that P and Q are partial differential coefficients 
with respect to x and y respectively of some function u of x and y . 
For let P = 'bfffox ; 


then 


ix %y %y 
Integrating with respect to x, 
Iff 


d s^ff \ 


<)X 


(*)• 


Q = + a function of y = gp (* + * function of y). 


* Using the Mean-Value Theorem for the expression in the brackets regarded 
as a function of y . 

t Using the Mean-Value Theorem for the expression in the brackets regarded 
si a function of x. 
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If the expression in the brackets be denoted by u, 


Qzs'ku/ly, and P = 'bgfbx = 'bu/'bx. 


since the partial d. c. of the function of y with respect to x is zero. 
Therefore P and Q are equal to 'bufbx and bu/by respectively, 

and Phx + Qhy = hx 4* ^ By = a perfect differential. 

From this result it follows that, if the condition dP/dy = ‘bQfox 

(I'M 

be satisfied, the differential equation P+ Q ^ «= 0 may be put into 


the form 

dy _ 0 
*x + bydx~~ 1 
the integral of which is u = C. 

The differential equation is thon said to be exact [Art. 216]. 


i.e. ^ = 0 [Art. 235], 


Example. x* + ay+ (y’ + oe) ^ — 0. 

The condition is satisfied, and the equation iB exact, since 
dP/dy — bQ/^x — a. 

In this case the integral can be written down at once, Bince the equation 
may be put in the form 

which gives on integration $ x? + axy + $ y* — C. 

In the general case, since, in finding bu/bx, y is regarded as 
constant, and in finding bu/by, x is regarded as constant, it follows 
that the terms of u which contain x only are represented only in 
dti/hs, i.e. P, and those which contain y only are represented only 
in dw/dy, i.e. Q, whereas those which contain both x and y are 
represented in both P and Q . Hence we have the following working 
rule for integrating an exact equation : Integrate P with respect to x 
and Q with respect to y ; add the integrals together, but only insert 
once the terms common to both the integrals, and equate the sum to 
a constant. 

Example: x % + 2ay + y* — 2xy + (2(MJ-** + 2iry— y 1 ) ^ -■ 0. 

dP/dy ■" 2e+2y— 2a?; 'bQ/'bx — 2a-2a? + 2y * iP/by; 
hence the equation is exact. 

/Pdx — f(pt? + 2ay + if^2xy)dx -* la? + 2axy + xjf-a?y f 
/ Qdy — f(2ax-x* + 2xy~-y*) dy — 2axy-x?y+ xtf- jy*. 
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The terms 2axy+xtf-x % y are common to both, hence the integral is 
JaF* + 2 aa?y +ay*- 4 P*y-Jy* *- < 2 . 

Or we may proceed as follows : 

'bufkx wm r mm jp* 4* 2 <ty + y* — 2 Xtf. 

Therefore, integrating, and remembering that the ‘constant of Integration* 
will involve y, 

u — Jaj , + 2aay + a?y , ~-**y4"/(y); 

'bufby -» 2 oar + 2 ary -re* 4*/' (y)- 
But d«/dy — $ — 2aa:-ar* + 2sy-y , ; 

f (y) - -y*» and /(y)- -Jy*. 

Hence «i -» J ar* + 2 axy 4- ary* - ar*y — } y 3 , 

and the integral is J ar* 4 2 oay 4- ay 1 - ar*y - J y 5 «* C, as before. 


Examples XCVI. 


1. If * ■> oar 3 4- S &ar*y + 8ea?y* 4- rfy 3 , 

2. If z -■ a:* siny 4- y 1 sin a:, 


find 


^5 

d* 1 ’ 


^ar 

V’ 


3 *g 

})a:dy’ 




dy 

find the values of the same functions. 

8. If z ■■ ar m /y* 1 , find the values of the same functions ; find also 

Vz y« y g a»z 

5a*’ <>y s ’ dy ^ar*’ da?dy* f dardyda?’ <) y d ar d y 

4. If o—logr, where r* — (ar-a^ + Cy-fc) 1 , prove that 4- — 0, 

oar oy* 

provided a?-o and y — b are not simultaneously zero. 

5. Prove that the equation Wz/'bt* a * X 'b % z/'bx % is satisfied by each of the 

functions » — A sin ( x 4- at ), * — A sin (ar 4- at) + B cos ( x — of). 

6. If r— /(a?4-oy), prove that J^sr/dy* — a , d l £/dar\ 

7. Prove that the Bame differential equation is satisfied by 

z • m f(x + ay) + F(x—ay). 

y u 

6. If u — s* 1 ", find the value of ^ — c— r- • 

cxcycz 

yw <i*u 

8. If « - tan-« far/*), ratify that 

10 - lf Srp* Terif y that ^Ty-Tyh' 

4 C ■ <)*tt 

U. If « - * n f(yM, prove that a? 2 ^ + 2 ary - » (n-1) o. 


12, 


!. If u ■■ * verify that ar* + 2 ay ^ W 


*4-y 


^ + y, 57 - a 


18. If r — r- ■■ 0, prove that z —f(x) 4-F(y). 

0 x oy 

>* r >* r d*r 2 

14. If r* - (ar-o)*4-(y-5) a + (a-c)*, prove that ^, + 

15. Find &z/dt* in terms of partial d. c/e, when * -“/(ar, y), where x and y 
are both functions of U 
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16. Find &yfdx % in terms of partial d. c.’s, when y is an implicit function 
of x given by the equation /(*, y) - 0. 

Vu i 9 u 

17. If «i — f(x t y), and ar«rcosd, y — rsind, find and 


in terms of partial d. c,*s of « with respect to r and d. 
Prove that 


i'u J*« 

' \ « 


!)■« n# i 

* *" x » “j5 


ia? Jy a Sr* r Jr r* J0* 

16. If y, r, d are functions of <, prove that 

#cosd+#sind«- r-rd 1 ; jf cosd-£sind *■ rd + 2rd-» 1 ~ (r*d). 

What is the meaning of these equations in Mechanics? 

16. If <4 is a function of * and y f and if 

ar — Xcosa-rsincx, y Xsin«4- rcosfl, 


show that 


Vu Vu 
J** Jy»’ 


JX 1 + jy j ‘ 


20. By expanding f(x + fc, y + Jb) in powers of A, then expanding each of 
the resulting terms in powers of k (by Taylor’s Theorem), and neglect* 
ing small quantities of the third order, h and k being taken as of the 
first order, obtain the value of f{x 4 h, y + k)-f(x } y). 

21. Prove that the radius of curvature at any point of the curve f(x> y) — 0 is 

f*fy% ~~ %/xfvfxv 

22. Prove that the equation (ax 4 by) 4 ay 4 cx - 0 is exact, and solve it 

ax 

23. Prove that the equation 2ry-y*+ ay + ^-'ixy + ax)^ « 0 is exact, 

ax 

and solve it 

24. Show that the equation «4fcy4 (y-fcr)^ is not exact, bnt that it is 

ax 

made exact by dividing both sides by x % + y l . Hence integrate it. 

20. Prove the same fact in the case of the equation 

y+rt (»+.£) + 1 (»£-»)- 0 . 

and integrate it. 

26. If y ■■ o sin (px/b) sin ( pt 4 <)» where a, p, b, t are constants, prove that 

Vy/W-Wy/lx*. 

27. If u «*/(a:4 (Xf, y 4 0<), where x and y are independent of t , prove that 

— -a- + «*•. 
dt + 

d*U 

dt * 




W T «V 

Find <Pu/dt*, and state a general rule for finding d” it/ dt*. 

(Put*+a<-Jf, y+0f«.r.] 



NUMERICAL TABLES 


I. Miscellaneous Formulae, Equivalents, &c. 

II. Squares, Cuban, Square Roots, Cube Roots, and Reciprocals of 
Integers from x to xoo, and of 0 and it. 

III. Square Roots and Cube Roots of Numbers from o-r to 10 at 

intervals of o*i. 

IV. Trigonometrioal Ratios and Radian Measure of Angles from o* 

to 90° at intervals of i°. 

V. Common Logarithms. 

VI. Common Antilogarithms. 

VII. Natural Sinesu 

VIII. Natural Tangents. 

IX. Napierian or Hyperbolic Logarithms. 

X. Exponential and Ilyperbolio Function*. 
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TABLE I 

MISCELLANEOUS FORMULAE, EQUIVALENTS, ETC. 

w - 5*1416* log w - *4971. [See Table II for powers of *.] 

e- 2*7183, log l0 e - *4343, log, 10 - 2*3026. [See Tables II and X for powers 

•f «.] 

log 10 * - log. x x -4343 l log* * - logio * * 2*3026. 

1 radian* $7*30 degrees; 1 minute* *0002909 radian. 

1 metre* 39*37 inches* 1*094 yards - *0006214 miles. 

1 inob* 2*540 cm. 

1 gallon * *1604 0. ft. * volume of 10 lb. of water * *4545 litre. 

I 0. ft. of water contains 62*28 lb. 

l lb. wt. — g ( - 32*18) poundali * 453*6 gm. wt. - 445,300 dynes. 

1 kilogram - 2*2046 lb. 

Value of g (in London) * 32*18 ft. seos. per sec. * 980*8 om. secs, per seo. 

60 miles per hour * 88 ft. secs. 

Circle of radius r. Equation referred to centre, x* + y* - r*. Area - irr* 5 
circumference * 2 wr. Length of arc which subtends 9 radians at the oentre - r 9 ; 
distanoe of O.G. of arc from oentre - (r sin ; area of sector on this 

arc * \r % 9 \ distance of C. G. of sector from centre - }(rsin$0)/{0. 

Parabola, y 1 * 402. Latus rectum - 4 a ; focus (a, o) ; equation of directrix, 
a + a-o. 

Ellipse, semi-axes a and 6. Equation referred to principal axes, x 5 / a*+ y J /&* - 1 . 
Eccentricity c-\/( 1 ~6 a /a 2 ) ; semi-latus rectum - IP /a ; fooi (±ae,o) ; equations 
of direotrices, x - ± aft ; area - v ab. 

Hyperbola, semi-axes a and b. Equation referred to principal axes, 

a^/o* — y*/b* - 1, 

Eooentricity e- V(i+bV a *) * *©tni-latus rectum * b*/a ; fooi [±ae t o) 5 equations 
of direotrices, x — + a/e ; equations of asymptotes, x/a - ±yfb . 

Rectangular Hyperbola, eccentricity - V2 ; equation referred to principal axes, 

-y 2 - a* ; equation referred to asymptotes, xy - \ a*. 

Sphere of radius r. Volume - f irr 8 ; surface * 4 vr*. 

Distance of C. G. of hemisphere from centre * Jr, if solid ; Jr, if a thin shelL 

Cylinder of height h and radius r. Volume * w r 3 A ; curved surface * 2irrft. 

Cone of height h and radius of base r. Volume- Jjrfty; curved surface 
* *rV(r 2 + A 2 ). Height of C. G. above base - J h, if solid ; Jft, if a thin shell (open 
at base). 

Moment of Inertia of rod or rectangle, length 2 1 , about perpendicular axis through 
centre* \Ml % ; of oircular disc about a diameter, l Mr* ; of oiroular diso about 
a perpendicular to its plane through the oentre, of sphere about ft 

diameter, \Mr\ 



TABLE II 

SQUARES, CUBES, SQUARE ROOTS, CUBE; ROOTS, AND RECIPROCALS 
OP INTEGERS FROM I TO ioo, AND OF s AND » 


n 

B 

H 

</* 


l/« 

n 

D 

1 

V* Vn 

x/n 

1 

E 

Si 

X 

X 

1 


2601 

13*651 

7*141 3708 

•01961 

2 

4 

8 

i- 4 H 

1*260 

*50000 


3704 

140608 

7 * 2 H 3733 

■01923 

8 

9 

*7 

1732 

1-442 

*33333 


2809 

148877 

7*280 3756 

•01887 


16 

64 

2-000 

1-587 

•25000 

54 

2916 

157464 

7-348 3780 

•01852 


25 

125 

2-236 

1710 

•20000 

55 

3025 

166375 

7-416 3*803 

•01818 


36 

216 

3 *449 

1*817 

•16667 

58 

3136 

175616 

7-483 3*826 

•01786 


49 

343 

2-646 

1*913 

•14286 

57 

3249 

185193 

7*550 3*849 

•01754 


64 

512 

2-828 

2-000 

•12500 

58 

3364 

195112 

7-616 3-871 

*01724 

9 

81 

729 

3*ooo 

2-080 

•iiiii 

59 

3481 

205379 

7-681 3-893 

-01695 

10 

IOO 

1000 

3-162 

2*154 

•10000 

60 

3600 

216000 

7746 3-915 

•01667 

11 

121 

1331 

3 * 3*7 

2-224 

•09091 

61 

3721 

226981 

7-810 3-936 

•01639 

12 

144 

1728 

3*464 

2-289 

•08333 

62 

3844 

238328 

7-874 3-958 

•01613 

18 

169 

2197 

3-606 

2-351 

•07692 

63 

3969 

250047 

7*937 3*979 

•01587 

14 

196 

2744 

3*742 

2-410 

•07143 

64 

4096 

262144 

8-000 4-000 

•01563 

15 

225 

3375 

3873 

2-466 

•06667 

65 

4225 

274625 

8-062 4-02 X 

■01538 

16 

256 

4096 

4-000 

2-520 


66 

4356 

287496 

8*124 4*041 

*015x5 

17 

289 

4913 

4*123 

2*571 

•05882 

67 

4489 

300763 

8185 4-062 

•01493 

18 

3*4 

583* 

4*243 

2*621 

■05556 

68 

4624 

314432 

8-246 4-082 

•01471 

19 

361 

6859 

4*359 

2-668 

•05263 

69 

4761 

328509 

8-307 4-102 

•01449 

20 

400 

8000 

4*472 

2714 

•05000 

70 

4900 

343000 

8*367 4121 

•01429 

21 

441 

9261 

4583 

2759 

■04762 

71 

5041 

357911 

8-426 4-141 

•01408 

22 

484 

10648 

4-690 

2*802 

•04545 

72 

5184 

373248 

8-485 4*160 

•01389 

23 

529 

12167 

4796 

2-844 

•04348 

78 

5329 

389017 

8-544 4-179 

•01370 

24 

576 

13824 

4-899 

2-884 

•04167 

74 

5476 

405224 

8-602 4-198 

*01351 

25 

625 

15625 

5-000 

2-924 

•04000 

75 

5625 

421875 

8-66o 4-217 

*01333 

26 

676 

17576 

s -°99 

2-962 

•03846 

76 

5776 

438976 

8718 4-236 

•01316 

27 

729 

19683 

5-196 

3-000 

•03704 

77 

5929 

456533 

8775 4-254 

•01299 

28 

7«4 

21952 

5-291 

3037 

•03571 

78 

6084 

474552 

8-832 4-273 

•01282 

29 

841 

34389 

5-385 

3*072 

•03448 

79 

6241 

493039 

8-888 4-291 

•01266 

80 

900 

27000 

5-477 

3-107 

•03333 


6400 

512000 

8*944 4*309 

•01250 

81 

961 

29791 

5-568 

3 *i 4 i 

•03226 

81 

6561 

531441 

9-000 4*327 

•01235 

82 

1024 

32768 

5-657 

3*175 

•03125 

82 

6724 

551368 

9-055 4*344 

j -01220 

83 

IO89 

35937 

5-745 

3*208 

•03030 

83 

6889 

571787 

9-110 4-362 

•01205 

34 

IIS6 

39304 

5-831 

3*240 

•02941 

84 

7056 

592704 

9-165 4 * 38 o 

■OII9I 

35 

1225 

42875 

5-916 

3*271 

•02857 

85 

7225 

614125 

9-220 4*397 

•OI I77 

86 

I296 

46656 

6-000 

3*302 

•02778 

86 

7396 

636056 

9-274 4-414 

•01 163 

37 

1369 

50653 

6-083 

3*332 

*02703 

87 

7569 

658503 

9*327 4*431 

•OI 149 

38 

1444 

54872 

6-164 

3*362 

•02632 

88 

7744 

681472 

9-381 4-448 

*01136 

39 

1521 

59319 

6-245 

3*391 

•02564 

89 

7921 

704969 

9-434 4*465 

•on 24 

40 

1600 

64000 

6*325 

3-420 

*02500 

90 

8100 

729000 

9-487 4-481 

•on 11 

41 

I68l 

68921 

6*403 

3*448 

•02439 

91 

8281 

753571 

9*539 4*498 

•01099 

42 

I764 

74088 

6-481 

3*476 

•02381 

92 

8464 

778688 

9-592 4-514 

•01087 

43 

1849 

79507 

6*557 

3*503 

•02326 

93 

8649 

804357 

9-644 4*531 

*01075 

44 

1936 

85184 

6*633 

3*530 

•02273 

94 

8836 

830584 

9-695 4-547 

•01064 

45 

2025 

91125 

6-708 

3*557 

•02222 

95 

9025 

857375 

9747 4*563 

•01053 

46 

2iz6 

97336 

6782 

3*583 

*02174 

96 

9216 

884736 

9798 4-579 

•01042 

47 

2209 

103823 

6-856 

3*609 

•02128 

97 

9409 

912673 

9-849 4*595 

•01031 

48 

2304 I 10592 

6-928 

3*634 

•02083 

98 

9604 

941192 

9-899 4-610 

*01020 

49 

2401 

117649 

7-000 

3*659 

■02041 

99 

9801 

970299 

9-950 4-626 

•01010 

50 

2500 

125000 

7*071 

3*684 

•02000 

100 

10000 

1000000 

10-000 4*642 

•01000 

1 

7*389 20*086 

1-649 1*396 

•36788 

w 

9-8696 

31-006 

17725 1-465 

•31831 


The squares, cubes, and reciprocals of numbers from o to xo at intervals of 
•i ma y be written down at onoe from the above table by inserting the deoimal 
point in its proper position, e.g. 37 s - 13 - 69 , 37 * - S°' 6 53* 
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TABLE III 

SQUARE ROOTS AND CUBE ROOTS OF NUMBERS FROM o-I TO IO 
AT INTERVALS OF o-I 


1 


i/n 

D 

Vn 

i/n 

n 

Vn 

Vn 

n 

V» 


fl 


•1 

•316 

•464 

21 

1.449 

I-28l 

4-1 

2-025 

1601 

0-1 

2-470 

1-827 

81 

2-846 2-008 

•2 

*447 

• 58 ? 

22 

«- 4 »j 

I-30I 

4-e 

2-049 

1*613 

6-2 

2-490 

1-837 

8*2 

2-864 2 * 0*7 

•3 

■548 

•669 

2-3 

1-517 

I-320 

4-3 

2-074 

1-626 

6-8 

2-510 

1-847 

8-3 

2-881 2-025 

•4 

•632 

737 

24 

i *549 

1-339 

4-4 

2-098 

1-639 

6-4 

2530 

1-857 

84 

£ 

00 

K) 

6 

iM 

•5 

707 

794 

2-5 

1-581 

1 *357 

45 

2- 1 2 1 

1-651 

0-5 

2-550 

1-866 

8-5 

2*915 2*041 

•6 

775 

•843 

20 

1-612 

^*375 

4-6 

2*145 

1-663 

6-0 

2-569 

1-876 

86 

2-933 2-049 

■7 

•83; 

•888 

2-7 

1-643 

1-392 

47 

2-168 

1-675 

0-7 

2-588 

1*885 

8-7 

2-950 2-057 

•8 

•894 

•928 

2-8 

1-673 

1-409 

4-8 

2*191 

1-687 

6-8 

2-608 

1-895 

88 

2-966 2-065 

•9 

*949 

■965 

2-9 

1703 

1-426 

4-9 

2-214 

1-698 

6-9 

2-627 

1-904 

8-9 

2-983 2-072 

1-0 

1-000 

1-000 

8-0 

1732 

1-442 

5-0 

2-236 

1710 

7-0 

2-646 

** 9*3 

90 

3-000 2-080 

1-1 

1-049 

1*032 

3-1 

1761 

1*458 

5*1 

2-258 

1721 

7-1 

2-665 

1-922 

91 

3-017 2*088 

12 

1-095 

1*063 

3-2 

1789 

**474 

5-2 

2-280 

1732 

7-2 

2-683 

*• 93 * 

92 

3-033 2-095 

1-8 

1-140 

1-091 

3-3 

1-817 

1-489 

5-3 

2-302 

*744 

7-8 

2702 

1-940 

9-3 

3-050 2-103 

1-4 

1*183 

1*119 

84 

1-844 

1-504 

5-4 

2-324 

*754 

7-4 

2720 

1-949 

94 

3-066 2*110 

1-5 

1-225 

*•145 

8-5 

1-871 

1-518 

5-6 

2*345 

1765 

7-5 

2*739 

**957 

9-5 

3-082 2-1 18 

10 

1-265 

1-170 

86 

1-897 

1*533 

5-0 

2-366 

*776 

7-0 

2*757 

1-966 

9 6 

3-098 2-125 

1-7 

1-304 

i*i 93 

37 

1-924 

1 -547 

5-7 

2< 3®7 

1786 

7-7 

2775 

**975 

0 7 

3***4 2133 

1-8 

i *342 

1-216 

38 

1-949 

1-560 

5-8 

2-408 

*797 

7-8 

2*793 

1-983 

9 8 

3-130 2-140 

19 

1*378 

1-239 

39 

1*975 

1*574 

5-9 

2-429 

1-807 

7-9 

2*81 1 

1-992 

99 

3-146 2-147 

20 

1*414 

1-260 

40 

2-000 

1-587 

60 

2-449 

1*817 

8-0 

2-828 

2-000 

100 

3-162 2-154 


To find the square root of an integer between 100 and 1000, e.g. 347, we have 
from the above table 

^340-10^3-4-18-44, 

V^SO-io ^3-5-1871. 

Using the principle of proportional parts, the difference for 10 -*27 ; hence the 
difference for 7 — *27 x iV~**9- 
Therefore ^347-^8-44+ *19 — 18-63. 

The root may be found more readily by looking ont from Table VI the antilog. 
of \ log 347 obtained from Table V. 

Similarly, the cube root of any number x is the autilog. of }logz. 
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TABLE IV 

TRIGONOMETRICAL RATIOS AND RADIAN MEASURE OF ANGLES 
FROM o° TO 90 * AT INTERVALS OF i° 



•0698 

4 

•0873 

5 

•1047 

6 

•1222 

7 

'*396 

8 

•1571 

9 

'*745 

10 

•1920 

11 

•2094 

12 

•2269 

18 

•2443 

14 

•2618 

15 

•2793 

10 

•2967 

17 

'3*42 

18 

'3316 

19 

'349* 

20 

•3665 

21 

•3840 

22 

•4014 

28 

*4189 

24 

•4303 

25 

•4538 

26 

•4712 

27 

•4887 

28 

•5061 | 

29 

•5236 

80 

•5411 I 

81 

•5585 

82 

•5760 

83 

'5934 

84 

•6109 

85 

•6283 

86 

•6458 

87 

•6632 

88 

•6807 

89 

•6981 

40 

7156 

41 

7330 

42 

7505 j 

48 

7679 

44 

7854 

45 


Tangents. 

Secants. 

| 

0 

Cotangents 

Cosine* 

0 

1 

00 

oo 

1 

■0175 

1*0002 

57-2987 

57*2900 

•9998 

•0349 

i-ooo 6 

28-6537 

28-6363 

■9994 

•0524 

1-0014 

I9'I073 

190811 

•9986 

•0699 

10024 

14-3356 

14-3007 

•9976 

•0875 

10038 

**'4737 

1 1 -4301 

•996a 

■1051 

1-005$ 

9-5668 

9*5 *44 

'9945 

•1228 

10075 

8-2055 

8-1443 

'9925 

'1405 

10098 

7 -i 853 

7-1154 

*9903 

•1584 

10125 

6-39^5 

6-3138 

•9877 

•1763 

*' OI 54 

57588 

5-6713 

•9848 

•1944 

10187 

5-2408 

5-1446 

•9816 

•2126 

10223 

4-8097 

4-7046 

•9781 

•2309 

10263 

4-4454 

4-3315 

•9744 

'2493 

1 0306 

41336 

40108 

•9703 

•2679 

*•0353 

3-8637 

3732* 

•9659 

■2867 

10403 

3-6280 

3-4874 

•9613 

'3057 

10457 

3-4303 

3-2709 

•9563 

'3249 

10515 

3-2361 

3*0777 

•9511 

'3443 

10576 

30716 

2-9042 

•9455 

•3640 

1-0642 

2-9238 

*7475 

*9397 

•3839 

10711 

2-7904 

2-605I 

•9336 

•4040 

10785 

2-6695 

2-4751 

*9272 

•4245 

1-0864 

2-5593 

2*3559 

0205 

■4452 

10946 

2-4586 

2-2460 

■9*35 

•4663 

1 -1034 

2-3662 

2-1445 

*9063 

*4877 

1-1126 

2-2812 

20503 

•8988 

•5095 

11223 

2-2027 

1-9626 

•8910 

'53*7 

1-1326 

2- 1 301 

1-8807 

•8829 

'5543 

*■*434 

2 0627 

1-8040 

•8746 

'5774 

i**547 

2-0000 

17321 

•8660 

•6009 

1-1666 

I-9416 

1-6643 

•857a 

•6249 

1-1792 

I-887I 

1-6003 

-8480 

'6494 

1-1924 

I-836I 

1-5399 

•8387 

•6745 

1-2062 

17883 

1-4826 

•8290 

7002 

1-2208 

*7434 

1-4281 

■8192 

7265 

1-2361 

1 701 3 

1-3764 

•8090 

7536 

1-2521 

1*6616 

1-3270 

7986 

7813 

1-2690 

1-6243 

1-2799 

•7880 

•8098 

1-2868 

1*5890 

1-2349 

'777* 

•8391 

1-3054 

*•5557 

1-1918 

7660 

•8693 

1-3250 

*•5243 

1-1504 

7547 

•9004 

*'3456 

*•4945 

i*i 106 

'743* 

•9325 

*•3673 

1-4663 

10724 

73*4 

•9657 

1-3903 

1-4396 

10355 

7*93 

1*0000 

1-4142 

1-4*43 

1 0000 

7071 

Cotangents 

Cosecant* ] 

Secants. 

Tangent* 

Bines. 


Degree* Ridiana. 


The Radian Measure of any other angle oan be obtained by Proportional Parts 
[io' — 0039 radian]. 














S10 


TABLE V 

COMMON LOGARITHMS 







COMMON LOGARITHMS. 


611 



741a 7419 7437 
7490 7497 7505 
7566 7574 758* 

7642 7649 7657 
7716 7723 7731 

7789 7796 7803 
786O 7868 7875 
793 « 7938 7945 
*7993 SOOO 8007 8014 
•8062 8069 8075 8082 
•8129 8136 8142 8149 
•8195 8202 8209 8215 
•8261 8267 8274 8280 
• 8 3 2 5 833I 8338 8344 
•8388 8395 84OI 8407 
8457 8463 8470 

8519 8525 8531 

8 579 8585 859I 
8639 8645 865 1 
8698 87O4 87IO 

8756 8762 8768 
8814 8820 8825 
887I 8876 8882 
8927 8932 8938 
8982 8987 8993 

9036 9042 9047 
9090 9096 9101 
9143 9149 9IS4 
9196 9201 9206 
9248 9253 9258 

9299 9304 9309 
9350 9355 936o 
9400 9405 9410 
9450 9455 946o 
9499 9504 9509 
9547 9552 9557 
9595 9<5oo 9605 
9643 9647 9652 
9689 9694 9699 
9736 9741 9745 
9782 9786 9791 
9827 9832 9836 
9872 9877 9881 

9917 9921 9926 
9961 9965 9969 


* 8 45* 8457 
•8513 8519 
•8573 8579 
•8633 8639 
•8692 8698 

■875‘ 8756 
•8808 8814 
•8865 8871 
■8921 8927 
‘8976 8982 


7435 7443 745 » 
7513 7520 7528 
7589 7597 7604 
7664 7672 7679 
7738 7745 7752 
7810 7818 7825 
7882 7889 7896 
7952 7959 7966 
8021 8028 8035 
8089 8096 8102 

8156 8162 8169 
8222 8228 8235 
8287 8293 8299 
8351 8357 8363 
8414 8420 8426 

8476 8482 8488 
8537 8543 8549 
8597 8603 8609 
865/ 8663 8669 
8716 8722 8727 

8774 8779 8785 
8831 8837 8842 
8887 8893 8899 
8943 8949 8954 
8998 9004 9009 

1 905 3 9058 9063 
9106 9112 9117 
9159 9165 9170 
9212 9217 9222 
9263 9269 9274 

9315 9320 9325 
9365 9370 9375 
9415 9420 9425 
9465 9469 9474 
9513 9518 9523 
9562 9566 9571 
9609 9614 9619 
9657 9661 9666 
9703 9708 9713 
9750 9754 9759 
9795 9800 9805 
9841 9845 9850 
9886 9890 9894 
9930 9934 9939 
9974 9978 9983 


7459 7466 7474 
7536 7543 7551 
7612 7619 7627 
7686 7694 7701 
77 60 7767 7774 
7832 7839 7846 

7903 79io 7917 
7973 798o 7987 
8041 8048 8055 
8109 8116 8122 

8176 8182 8189 
8241 8248 8254 
8306 8312 8319 


3 4 5 

5 

3 4 5 

5 

3 4 5 

5 

3 4 4 

5 

3 4 4 

5 

3 4 4 

5 

3 4 4 

5 

3 3 4 

5 

3 3 4 

5 

3 3 4 

5 

3 3 4 

5 

3 3 4 

5 

3 3 4 

5 

3 3 4 

4 

2 3 4 

4 

2 3 4 

4 

2 3 4 

4 

2 3 4 

4 

2 3 4 

4 

2 3 4 

4 

2 3 3 

4 
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TABLE VI 

COMMON ANTJLOG ARITH M8 












COMMON ANTILOGABITHMS 


518 


r 

0 

18 3 

4 5 6 

7 b e 

| Difference-Columns. j 

1 

2 

3 

4 

5 6 

7 8 6 

m 

3162 

3170 3177 3184 

3*92 3*99 3206 

3214 3221 3228 

1 

I 

2 

3 

4 4 

5 6 7 

•61 

3236 

3*43 325 « 3258 

3266 3273 3281 

3289 3296 3304 

1 

2 

2 

3 

4 5 

5 6 7 

•52 

33 ” 

33*9 3327 3334 

3342 3350 3357 

3365 3373 3381 

1 

2 

2 

3 

4 5 

5 6 7 

•53 

3388 

3396 3404 3412 

3420 3428 3436 

3443 345 * 3459 

1 

2 

2 

3 

4 5 

667 

•54 

3467 

3 

*•> 

CO 

s 

W» 

$ 

3499 3508 3516 

3524 3532 3540 

I 

2 

2 

3 

4 5 

667 

•65 

3548 

35 S <5 3565 3573 

3581 3589 3597 


1 

2 

2 

3 

4 5 

677 

•60 

3631 

3639 3648 3656 

3664 3673 3681 


i 

2 

3 

3 

4 5 

678 

57 

3715 

37*4 3733 374 1 

3750 3758 3767 

3776 3784 3793 

1 

2 

3 

3 

4 5 

678 

•58 

3802 

3811 3819 3828 

3837 3846 3855 

3864 3873 3882 

1 

2 

3 

4 

4 5 

678 

59 

3890 

3899 3908 3917 

3926 3936 3945 

3954 3963 3972 

1 

2 

3 

4 

5 5 

678 

•60 

3981 

3990 3999 4009 

4018 4027 4036 

4046 4055 4064 

1 

2 

3 

4 

5 6 

678 

•01 

4074 

4083 4093 4102 

4x11 4121 4130 

4140 4150 4159 

1 

2 

3 

4 

5 6 

789 

•62 

4169 

4178 4188 4198 

4207 4217 4227 

4236 4246 4256 

1 

2 

3 

4 

5 6 

789 

•83 

4266 

4276 4283 4295 

4305 43*5 4325 

4335 4345 4355 

I 

2 

3 

4 

5 6 

789 

•04 

4365 

4375 438 s 4395 

4406 4416 4426 

4436 4446 4457 

1 

2 

3 

4 

5 <5 

789 

•65 

4467 

4477 4487 4498 

4508 4519 4529 

4539 4550 4560 

1 

2 

3 

4 

5 6 

789 

•00 

4571 

4581 4592 4603 

4613 4624 4634 


I 

2 

3 

4 

5 6 

7 9 10 

■07 

4677 

4688 4699 47io 

4721 4732 4742 


I 

2 

3 

4 

5 7 

8 9 10 

68 

4786 

4797 4808 4819 

4831 4842 4853 

KJ5W- Iff IS 

a 

2 

3 

4 

6 7 

8 9 10 

-69 

4898 

4909 4920 4932 

4943 4955 4966 


B 

2 

3 

5 

6 7 

8 9 10 

•70 

5012 

5023 5035 5047 

5058 5070 5082 

SB B 


2 

4 

5 

6 7 

8911 

•71 

5129 

5140 5152 5164 

5176 s*88 5200 

5212 5224 5236 

1 

2 

4 

5 

6 7 

8 10 11 

•72 

5248 

5260 5272 5284 

5297 5309 5321 

5333 5346 5358 

1 

2 

4 

5 

6 7 

9 10 ii 

•73 

537 ° 

5383 5395 5408 

5420 5433 5445 

5458 5470 5483 

1 

3 

4 

5 

6 8 

9 10 11 

■74 

5495 

5508 5521 5534 

5546 5559 5572 

5585 5598 561° 

1 

3 

4 

5 

6 8 

9 10 12 

•76 

5623 

5636 5649 5662 

5675 5689 5702 

5715 5728 5741 

1 

3 

4 

5 

7 8 

9 10 12 

•76 

5754 

5768 5781 5794 

5808 5821 5834 

5848 5861 5875 

1 

3 

4 

5 

7 8 

9 11 12 

•77 

5888 

5902 5916 5929 

5943 5957 597 ° 


1 

3 

4 

5 

7 8 

10 11 12 

•78 

6026 

6039 6053 6067 

6081 6095 6109 

6124 6138 6152 

1 

3 

4 

6 

7 8 

10 11 13 

•79 

6166 

6180 6194 6209 

6223 6237 6252 

62 66 6281 6295 

1 

3 

4 

6 

7 9 

IO ii 13 

80 

6310 

6324 6339 6353 

6368 6383 6397 

6412 6427 6442 


• 3 

4 

6 

7 9 

10 12 13 

•81 

6457 

6471 6486 6 soi 

6516 6531 6546 

6561 6577 6592 

2 

3 

5 

6 

8 9 

II 12 14 

1 -82 

6607 

6622 6637 6653 

6668 6683 6699 

6714 6730 6745 

2 

3 

5 

6 

I 9 

II 12 14 

•83 

6761 

6776 6792 6808 

6823 6839 6855 


2 

3 

5 

6 

8 9 

II 13 H 

•84 

6918 

6934 6950 6966 

6982 6998 7015 

7031 7047 7063 

2 

3 

5 

6 

8 10 

II 13 15 

'■85 

7079 

7096 7112 7129 

7145 7161 7*78 

7194 7211 7228 

2 

3 

5 

7 

8 10 

12 13 15 

*86 

7244 

726t 7278 7295 

73 ” 7328 7345 

7362 7379 7396 

2 

3 

5 

7 

8 10 

12 13 15 

■87 

74*3 

7430 7447 7464 

7482 7499 7516 

7534 7551 7568 

2 

3 

5 

7 

9 10 

12 14 l6 

•88 

7586 

7603 7621 7638 

7656 767 4 769* 

7709 7727 7745 

2 

4 

5 

7 

9 ** 

12 14 l6 

89 

7762 

778o 7798 7816 

7834 7852 7870 

7889 7907 7925 

2 

4 

5 

7 

9 ** 

13 *4 *6 

90 

7943 

7962 7980 7998 

8017 8035 8054 

8072 8091 8110 

2 

4 

6 

7 

9 1* 

13 *5 *7 

91 

8128 

8147 8166 8185 

8204 8222 8241 


2 

4 

6 

8 

9 ** 

13 *5 *7 

•92 

8318 

8337 8356 8375 

8395 8414 8433 

Mima 

2 

4 

6 

8 

10 12 

14 *5 *7 

» j • /f w Q 

93 

8511 

8531 8551 8570 

8590 8610 8630 

8650 8670 8690 

2 

4 

6 

8 

10 12 

14 IO Jo 

•94 

8710 

8730 8750 8770 

8790 8810 8831 

8851 8872 8892 

2 

4 

6 

8 

10 12 

14 *6 *8 

95 

8913 

8933 8954 8974 

8995 9016 9036 

9057 9078 9099 

2 

4 

6 

8 

xo 12 

IS *7 *9 

86 

9120 

9141 9162 9183 

9204 9226 9247 

9268 9290 9311 

2 

4 

6 

8 

XX 13 

15 *7 *9 

97 

9333 

19354 9376 9397 

9419 9441 9462 

9484 9506 95-8 

2 

4 

7 

9 

II 13 

15 17 20 

16 x8 20 

98 

9550 

9572 9594 9616 

9638 9661 9683 

97^5 9727 9750 

2 

4 

7 

9 

II 13 

16 18 21 

•99 

9772 

9795 98*7 9840 

9863 9886 9908 

993 * 9954 0977 

2 

5 

7 

9 

II 14 
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TABLE VII 

NATURAL SINES OF ANGLES FROM o’ TO 90° AT INTERVALS OF 1' 

Natural Cosines may be obtained from this table, by using the fact that 
00s A - sin(<jo*— A). 






























NATURAL SINES 


515 



8' 18' 18' 


45 ° 7071 
48 7193 

47 7314 

48 7431 
4 # 7 S 47 
60 7660 
51 


MB® 


7120 7133 7 i 45 
7242 7254 7266 

7361 7373 738s 
7478 7490 7501 
7593 7604 7615 

7705 77 16 77*7 
7815 7826 7837 

7923 7934 7944 

8028 8039 8049 
8131 8141 815I 
8231 8241 8251 
8 329 8339 8348 
8425 8434 8443 
8517 8526 8536 

8607 86l6 8625 

8695 87O4 8712 
878O 8788 8796 
8862 887O 8878 
8942 8949 8957 
9018 9026 9033 


4a' 48' 54' 


Minutes. 


70 -9397 

71 -9455 

72 -9511 

73 -9563 

74 -9613 

75 -9659 
70 '9703 

77 -9744 

78 -9781 

79 9816 

80 *9848 

81 -9877 

82 -9903 

83 -99*5 

84 -9943 

85 -9962 
88 *9976 

87 -9986 

88 -9994 

89 *9998 


9070 1 9078 1 9085 

9143I9150I9157 

9212 
9278 
9342 

9403 1 9409 1 941 5 
9461 9466 9472 



9092 9100 
9164 9171 
9232 9239 
9298 9304 
9361 9367 
9421 9426 
9478 9483 
9532 9537 
9583 9588 
9632 9636 
9677 9681 

9720 9724 
9759 97 63 
9796 9799 
9829 9833 

9860 9863 
9888 9890 
9912 99*4 
9934 9936 
9952 9954 
9968 9969 
9980 9981 
9990 9990 
9996 9997 
9999 i*ooo 


9107 
9178 

9245 19252 | 9 2S9 

93 ii 



9942 9943 o 
9959 9S>6o o 

9973 9974 o 
9984 9985 o 
9993 9993 ° 



4 ' 5 ' 

246 

8 10 

246 

8 10 

246 

8 10 

246 

8 10 

246 

8 9 

246 

7 9 

245 

7 9 

2 4 5 

7 9 

2 3 5 

7 § 

2 3 5 

7 8 

2 3 5 

7 8 

2 3 5 

6 8 

2 3 S 

6 8 

2 3 5 

6 8 

1 3 4 

6 7 

* 3 4 

6 ; 

1 3 4 

6 7 

1 3 4 

5 7 

1 3 4 

5 6 

1 3 4 

5 6 

1 2 4 

5 6 

1 2 3 

5 6 

1 2 3 

4 6 

1 2 3 

4 5 

1 2 3 

1 4 5 

1 2 3 

4 5 

1 2 3 

4 5 

1 2 3 

4 4 

122 

3 4 

1 2 2 

3 4 

1 1 2 

3 4 

1 1 2 

3 3 

1 1 2 

3 3 

1 1 2 

2 3 

1 1 2 

2 3 

0 1 1 

2 2 

0 1 1 

2 2 

0 1 1 

2 2 

0 1 1 

1 2 

0 1 1 

1 2 

0 0 1 

1 1 

0 0 I 

1 1 

000 

1 1 

000 

0 O 

000 

0 0 


1.12 
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TABLE VIII 

NATURAL TANGENTS OF ANGLES FROM o° TO 90* AT INTERVALS OF 1' 


Natural Cotangent* may be obtained from this table, by using the fact that 
cot A m tan(90°-A). 






















NATUIiAL TANGENTS 


517 



66 1-4826 

67 t-5399 
58 1-6003 
69 1-6643 

17321 

61 1*8040 

62 1*8807 

68 1*9626 

64 2*0503 

65 2*1445 

66 2*2460 

67 2 3559 

„ 3 ' 47St 

69 2*6051 

70 a-7475 

71 2-904* 


0141 
0501 
0875 

1184 1224 X263 
I585 1626 1667 
2002 2045 2088 
2437 2482 2527 

2985 

3465 

3968 

4496 

4938 1 4994' 


OI76 I 0212 

O538I 0575 

0951 



777 $ 

9375 
1146 
3122 
5339 
7848 
04001 07*3 

4015 4374 
7867 8288 
2422 2924 

7894 8502 
4596 5350 
3002 3962 
3863 5126 
9-845 
11*91 
15*06 
30*45 
31*82 

71*62181*85 



8716 1 8878 1 26 
29 


104 130 
115 144 
129 161 
144 180 
162 203 


Um Proportional 
Parts, 
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TABLE IX 

NAPIERIAN OR HYPERBOLIC LOGARITHMS OF NUMBERS 
FROM i TO io AT INTERVALS OF -ooi 

From this table, the hyperbolic logarithm of any four-digit number up to ioooo may ba 
obtained, 

e.g. log 27*9 - log 279 + log io - 1*0260 + 2*3026 ■ 3*3286. 
log 5*37 ** log S'W + log i°°o - 1-6365 + 6.9078 - 8-5443. 
log *0279 - log 2*79— log loo * 1*0260-4*6052 - -3*5792. 

















NAPIERIAN OR TIYPERBOLIC LOGARITHMS 619 



5-0 1*6094 6114 6134 6154 6174 6194 6214 

6*1 1-6292 6312 6332 6351 6371 6390 6409 

5- 2 1-6487 6506 6525 6544 6563 6582 6601 

6- 8 1-6677 6696 6715 6734 6753 6771 6790 

6-4 1-6864 6882 6901 6919 6938 6956 6974 

6-5 17047 7066 7084 7102 7120 7138 7156 

5- 6 1-7228 7246 7263 7281 7299 7317 7334 

6- 7 17405 7433 7440 7457 7475 749* 7509 
6-8 1-7579 7596 7613 7630 7647 7664 7681 
6-9 1-7750 7766 7783 7800 7817 7834 785 1 

6-0 17918 7934 7951 7967 7984 8001 8017 

6-1 1-8083 8099 8116 8132 8148 8165 8181 
0-2 1-8245 8262 8278 8294 8310 8326 8342 
6*3 1-8405 8421 8437 8453 8469 8485 8500 

6- 4 1-8563 8579 8594 8610 8625 8641 8656 
0-6 1*8718 8713 8749 8764 8779 8795 8810 
0-0 1-8871 8886 8901 8916 8931 8946 8961 
8*7 1-9021 9036 9051 9066 9081 9095 9110 
6*8 1*9169 9184 9199 9213 9228 9242 9257 
0-9 1-9315 9330 9344 9359 9373 9387 9402 

7- 0 1-9459 9473 9488 9502 9516 9530 9544 

7-1 1*9601 9615 9629 9643 9657 9671 9685 

7-2 1-9741 9755 9709 9782 9796 9810 9824 

7-3 1-9879 9892 9906 9920 9933 9947 9961 

7-4 2-0015 0028 0042 0055 0069 0082 0096 

7-5 2-0149 0I ^ 3 0176 0189 0202 0215 0229 

7-0 2-0281 0295 0308 0321 0334 0347 0360 

7-7 2-0412 0435 0438 0451 0464 0477 0490 

7-8 2-0541 0554 0567 0580 0592 0605 0618 

7- 9 2-0669 0681 0694 0707 0719 0732 0744 

8 - 0 2-0794 0807 0819 0832 0844 0857 0869 

8-1 20919 0931 0943 0956 0968 0980 0992 

8-8 2-1041 1054 1066 1078 1090 1102 1 1 14 

8-S 2-1163 “75 “87 “99 1211 1223 1235 

8-4 2-1282 1294 1306 1318 1330 1342 1353 

8-6 2-1401 1412 1424 1436 1448 1459 1471 

8-6 2-1518 1529 1541 1552 1564 1576 158; 

8-7 2-1633 ^45 1656 1668 1679 1691 1702 

8-8 2-1748 1759 1770 1782 1793 1804 1815 

8- 9 2-1861 1872 1883 1894 1905 1917 1928 

9- 0 2-1972 1983 1994 2006 2017 2028 2039 

9-1 2-2083 2094 2105 2116 2127 2138 214S 

9-2 2-2192 2203 2214 2225 2235 2246 2257 

9-8 2*2300 2311 2322 2332 2343 2354 2364 

9-4 2-2407 2418 2428 2439 3 450 2460 2471 

9-6 2-2513 2523 2534 2544 2555 3 565 3576 

9-6 2-2618 2628 2638 2649 2659 2670 2680 
0-7 2-2721 2732 2742 2752 2762 2773 2783 

9-8 2-2824 3834 2844 2854 2865 2875 2885 

9-9 2-2925 2935 2946 2956 2966 2976 2986 

10-0 2-3026 log 100 » 4-6052 log 1000 - 6*9078 
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TABLE X 

EXPONENTIAL AND HYPERBOLIC FUNCTIONS 

(a) Values of e m [Hyperbolic Antilogarlthms], r*, tinhx and ooshac from * ■ 0 to * ■ 2*99 

at intervals of 01 . 




sinhs 

cosh* 


SB 

1° 1 

I OIOI 

•9900 

•01 

•0100 

1*0001 

10202 

•9802 

•02 

0200 

1*0002 

IO305 

*9704 

*03 

0300 

1*0005 

IO408 

•9608 

•04 

0400 

10008 

10513 

•9512 

•05 

0500 

1*0013 

IO618 

•9418 

*06 

0600 

10018 

IO725 

■9324 

•07 

0701 

1*0025 

1-0833 

•9231 

•08 

0801 

1-0032 

1*0942 

•9139 

■09 

•0901 

1*0041 

I*I052 

•9048 

•10 

•1002 

1*0050 

I*II63 

*8958 

■11 

•1102 

i*oo6i 

1*1275 

•8869 

•12 

•1203 

1*0072 

1*1388 

•8781 

•13 

*I3°4 

1*0085 

1*1503 

•8694 

•14 

•1405 

1-0098 

1*1618 

•8607 

•15 

•1506 

i*oi 13 

I ' t 73 S 

•8521 

*10 

•1607 

1-0128 

1*1853 

‘8437 

•17 

•1708 

1*0145 

1*1972 

•8353 

•18 

•1810 

1*0162 

1*2092 

•8270 

•19 

•1911 

i*oi8i 

1*2214 

•8187 

•20 

•2013 

1*0201 

1*2337 

•8106 

•21 

•2115 

1*0221 

1*2461 

•80 25 

•22 

•2218 

10243 

1*2586 

7945 

•23 

•2320 

1*0266 

1*2712 

7866 

•24 

.2423 

1-0289 

1*2840 

7788 

•25 

•2526 

1-0314 

1*2969 

77" 

•26 

•2629 

10340 

1*3100 

7634 

•27 

*2733 

10367 

1*3231 

7558 

•28 

*2837 

10395 

I-3364 

7483 

•29 

•2941 

10423 

1*3499 

7408 

•80 

•3045 

10453 

1*3634 

*7334 

•81 

*315° 

10484 

1*3771 

*7261 

•82 

•3255 

1 *05 16 

1*391° 

7189 

•38 

•336o 

10549 

1*4049 

7118 

•84 

*34 66 

10584 

1*4191 

7047 

•85 

*3572 

10619 

1*4333 

•6977 

•86 

■3678 

1-0655 

1*4477 

*6907 

•87 

■3785 

1*0692 

1*4623 

•6839 

•88 

•3892 

i*°73i 

1*4770 

•6771 

•89 

•4000 

10770 

1*4918 

•6703 

•40 

•4108 

z 081 1 

1*5068 

•6637 

*41 

*4216 

1085a 

1*5220 

•6570 

•42 

•4325 

1-0895 

1*5373 

•6505 

•48 

*4434 

10939 

1*55*7 

•6440 

*44 

*4543 

1-0984 


17381 20053 
[7583 20228 
[7786 20404 
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(b) Valises of e x , e - * t sinhx and cosh * from * • 3 to * 6 at intervals of *0$. 


I 

B 


EH 

B 

sinhx coshx 

BBj 

X 

sinhx cosh* 

20*086 O498 
21-115 *°474 
22*198 *0450 
23-336 -0429 
24*533 -0408 
25790 *0388 
27*113 *0369 
28*503 *0351 
29964 -0334 
31-500 *0317 

33- 115 *0302 

34- 813 0287 
36*598 -0273 
38-475 -0260 

40-447 *0247 

42-521 -0235 
44-701 -0224 
46-993 -0213 
49*402 -0202 
51-935 -0193 

30 

3-05 

3-1 

3-15 

3-2 

3-26 

8-3 

8 36 

3-4 

8-45 

8-6 

8-56 

3-6 

3-65 

3-7 

8-76 

3-8 

3-85 

39 

3-95 

10-018 10068 

10- 534 10581 
IIO76 11-122 

11- 647 11*689 

12- 246 12-287 

12-876 12*915 
■3-538 13-575 
14-334 14269 
14965 14-999 
■5 734 J 5-706 
16-543 16-573 
■7-393 17-421 

18- 285 '8-3 >3 

19- 224 19-250 

20- 211 20-236 

21-249 21-272 

22- 339 22-362 

23- 486 23-507 

24- 691 24711 

25- 958 25-977 

54-598 0183 
57*397 <>174 
60-340 0166 
63-434 0158 
66-686 0150 
70-105 0143 
73700 0136 
77*478 0129 
81-451 0123 
85-627 0117 
90017 0111 
94-632 0106 
99-484 0101 
104-59 -0096 
109-95 0091 
115-58 0087 
121-51 -0082 
12774 *0078 
134-29 -0074 
141-17 -0071 

OO’P'Sei C4 6Q C§ ^ loi§C0<D*» t> 00 00 Ob CD I 

*•'*"*'*5* *•<*-*-'*•«* 1 

27- 290 27-308 

28- 690 28707 
30-162 30-178 
31709 31*725 
33*336 33*351 
35046 35060 
36-843 36*857 
38733 38*746 
40719 40732 
42-808 42-819 

45*003 45*014 
47-311 47-322 

49*737 49*747 
52-288 52-297 
54*969 54*978 

57788 57796 
60751 60759 
63*866 63-874 

67*141 67*149 

70-584 70*591 


*0 

5-05 

5-1 

5*15 

5*2 

5-25 

5 - 3 

6 - 85 

5*4 

545 

5 - 5 

6 - 55 
5*6 
5-65 
5*7 
575 
5*8 
5-85 

5 - 9 
595 

6- 0 

74*203 74-210 
78008 78*014 
82*008 82014 
86*213 86*219 
90-633 90-639 
93-280 93-286 

100*17 100- 17 

105*30 105-31 

11070 11071 

116*38 116-38 

122*34 122*35 

128-62 128-62 
135*21 135-22 
142*14 14215 

149*43 * 49*44 
157*09 * 57 *»o 

165*15 *65*15 

173*62 173-62 
182-52 182-52 
191-88 191-88 
201 7 1 20172 


For intermediate values of x . the values of the functions may be found by using 
the first three term* of their expansions by Taylor’s Theorem, via. 1 
«+»+*-«!* + *«±* + *A* ff ±*. 
sinh (z + h) - sinh z + h cosh x + 1 ft* sinh x. 
oosh (x + h) - cosh x + 5 sinh x + } h* cosh z. 
e.g. e s « - €»■“-« - e 8 * M - -02 e s, «* + -0002 e 888 

- 38-475— 7695 +;oo77 -377H- , 

•inh 3*31 - sinh (3*3 + 01 ) - sinh 3*3 + -oi cosh 3-3 + -00005 sinh 3-3 

- i 3’538 + ‘I358 + *0007 - 13-675. 

For higher values of x, the values of the functions t x and t~ x may be worked out 
by the aid of a table of common logarithms [log )0 e —*4342945], and the values of 
both sinh x and cosh x may be taken equal to £ e*. 
e.g. logio« v - 3*9086505, whence e" - 8103-1, 

and sinh x — cosh z- 4051-5. 

-log lo e*- 4-0913495, whence e - *- 0001234. 

For negative values of x, since sinh x is an odd function of x and cosh x an even 
fanolion, it follows that 

sinh(-~2) — — sinh 2 — —3-6260, cosh(— 2) - cosh 2 — 37622, &o. 

The values of the other hyperbolio functions may, if required, be obtained from 
their definitions in Art, 92 : 

tanh x - sinh x/cosh x ; coth x - cosh x/sinb x $ 
sech x — 1 /oosh x ; coseoh z — z/sinh x ; 
by using the present table and a table of logarithms, 
e.g. tanh 1*5 - sinh 1*5 /cosh 1-5 - 2-1293/2-3524 - -905 nearly. 

The values of the inverse hypeibolio functions oan be obtained from Table IX 
by the aid of the formulae of Art. 94 : 


oosh -1 x - log {z± vV- * )}» 
rinh -1 x - log {x+ VfaH* 0), 
tanh -1 * - i log [ ( 1 + x)J{ 1 - x) j , 
coth" 1 x — I log {(*+ !)/(*- I)}. 


e g. oo»h-'4 - log 4dtv / J5) “ dblog 7-871 - ±*-0635. 

js - I log V<* - 1 l«g li - 4 log 2 077 - -1®54- 







ANSWERS TO THE EXAMPLES 


Examples I, p. 6. 

1. -2; -2; 4; 4; -296. 

a. J; 0; -6; 18/147; (* -2) (6 -*)/*•; -21. 

4. a**+(h+2«)*+a + &+e; a** + (6-2a)* + a-6 + e; a&'+ (2 <«+&)*. 
8. odd, even, odd, even, odd, odd, odd, even, even, odd, even, even, odd. 
8. (i) y - vV-**). (ii) y - + </(a< + b*)/x. 

(ui) y - a/x. (iv) y - I a ± vV + a*). 

(v) y ■= sin"* {(ex- b)/a}. (vi) y= ~(bx+d)/(ax + c). 

10. (i) 2xy-8*-y + 2-0. (ii) *" + «"- o". 

(iii) *V»(a + x)*. (iv) (l4* J )<r“'- x*. 

(v) y*-2ay+2x J «= 1. (vi) x = aiiny. 

11. (i) * «■ i/y. (ii) x — (iii) * — | cosy. 

(iv) x - loe„y. (v) x — tan ' 1 J(y/a). (vi) x = ^(a -y"). 

(vii) x=A/[b-y l ). (viii) x — l±v/(l-y*). (ix) X «=y/(y-4). 

(x) *-«•»— 1. 



Number of values 
of y. 

Value* of x for XT , 4 . 

which y is de- N r ber , 0i 
fined. value * of *• 

Values of y for 
which a? is de- 
fined. 

12. (») 

1. 


All. 4(2 real). 

y positive. 

(ii) 

2. 


x positive. 1. 

All. 

(iii) 

00. 


I*l<». I- 

All. 

(iv) q, if x « ph where p * rational. 1 (real). - 

y positive. 


and q are integral. 


w 

i. 


All. oo . 

y/a positive. 

(vi) 

»*. 


| x | < a, if n ba n*. 

|y \<a, if n be 




even. 

even. 




All, if n be odd. 

All, if n be odd. 

(vii) 

2. 


\x\<</b. 2. 

|y|< •A 

(viii) 

2. 


From 0 to 2. 2. 

ly 1 < i- 

<*) 

1. 


All except x « 1. 1. 

Alleioepty =*4. 




Examples III, p. 46. 


1. 4. 


2. 3. 

8. 3. 

4. 

»• *• 


e. b/d 

; «/c. 7. J; ?. 

8. b/q ; no It. 

0 a' IV- 0. 

10. 0; 

-8. li. No It; 8. 

12. 0; 0. 

13. 2. 


14. 1. 

15. - 1/4 ^(2 a). 

18. 7; 1/n. 


9 Two only at# real if f» b# evsn, and one only if a bo odd. 
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17. 10« f ; 1/2/tt; Ifia*. IB, fa 1 /*. 19. 0. 

20. }a. 21. 22. 0. 28. 2. 

24. p/g, 25. p/q. 20. m. 27. m/rt. 

28. J(&*-a»). 

80. irrf, if r be the radius of the base, and l the slant height. 

81. 2wr*; irr 3 *, if r be the radius, and * the height. 

82. f irr*. S3. m % /n\ 84. 0. 88. m/n. 

80. 2 fra*. 87. J. 88. l/(l-*)>. 


Examples IV, p. 64. 

8. When x — f; — 1; nrr; 4(2n+l)fr; Jnjr; £2, +3; }(2n + l)n*; 
i(2n + l)jr; (2n + l)ir; 0, respectively. 4 . 27. 

Examples V, p. 60. 

1. (i) (a) 6, ( b ) 12, (c) 60 sq. ft per min. (ii) (a) (6) (c) 4 ft per min. 

(iii) (a) (b) (c)</2 ft per min. 2. 71°34\ 82° 52', 99° 28'. 

8. (i) x — '18. (ii) x *- *87. (iii) x — - J. 

4. (i) 8. (ii) -6. At the points (J, J), (1*83, 2*51), ( -f 1) respectively. 

6. 831, 803*01, 300*3001, 300 + 80* + **; 300. 6. 3«*. 

7. 36° 52', 7X°84', 85*14'. 8. (ilv'S, ±J,/3); |. 

9. They touch at (0, 0) and intersect at 8°8' at (1, 1). 

10. (i) Jo. ft., (ii) 1 sq. ft, (iii) 1*73 in. per sec. 

1L (i) 36 ttc. ft., (ii) 24/riq. ft. per min. 

12. 1080 tt c. in. per min. 13. At (1, 1). 14. If c. in. per seo. 

15. (i) 12, (ii) +16, (iii) -8 ft. -secs., i.e. 8 ft. -secs, downwards. 

16. (i) 4, (ii) 1 ft.-sec. per Bee. 17. (i) A («) 30 c. in. per seo. 

18. (i) 5/(144 n) in., (ii) j sq. in. per sec. 19. I in. per seo. 


1. 4**. 

4. -2/**. 

7. (be— od)/(c + dx)*. 

10. (l-x*)/(x* + l)*. 

13. -ic/vV-* 1 ). 

10. *0499375. 

19. — tSv* 

22. 90/(10+5*)*; 1*22027, 
26. 2 ax+b\ x-—b/2a. 


Examples VI, p. 70. 

2. -2(l~x). 8. -1/x*. 


«• -«*)*• 

8. 4x— 7. 

11. — 1/(2 x*/*). 
14. 3 x*/(x* + a*). 
17. *00986. 

20 . 


6. 7/(3 x-2)». 

9. 2 ax + 5. 

12. 6/ {2 (a — tx) 5 /*}. 
15. x/(l-x*)V*. 

18. — A* 

21. 6x-7; 6*075. 
28. — 2x/(x 2 — 1)*; *0126125. 
27. * — ±1. ±J. 


28. y increases or decreases according as | x | > or <1. 

29. (i) dx/dt m i «t dz/dt . (ii) dy/dx -■ n dy/ds. (iii) dy/dx — du/dx + dv/dx. 

80. (i) dx/<ft ■■ ndy/dL (ii) dt>/d* ■« *t>. (iii) de/dtf — — 

81. (i) dd/dr — *r. (ii) dF/dr — fcr. 

(iii) dF/dx - * (dd/dx)*. (iv) dF/d* - * dd/dt 

82. (i) dy/dx -fas. (ii) y - * (dy/dx)*. (iii) dy/4* - 4 y/x. 
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Examples VII, p. 72. 
l. 5**, 9**, 80***, 75 * w . 

S- W* 4 . |/^*, jy**, lAn$/*"-i). 

*. — 3/x 4 , — 7/x*, -I0/*», — 50/x* 1 , -«/*»+». 

«. -Mi/*, -\!t/x\ -l/(n^+>), 

B. 5-0267; 4-996; 2-00117. e. '1005; '100167; *33278. 
7. 1*2; 102; *88. 


1. 2x— 7. 

4. 6x*-9. 

7. 4x* — 4a s x. 

10 . 1 + */{a/x). 

18. 4/x i -6/x*. 

16. (1 — Za/x)/2y/x. 

18. — 6 (2a* + ba 4 x*-\ 4o , a? 4 + jr 8 )/^ 1 . 

20. (a/x-Vi/o?. 


Examples VIII, p. 74. 

2 . Cap— 8. 

5. 8 ox* + 2 bx 4- «. 

8. 2nx"~ 1 (x n 4o n ;. 

11. -3(1- x)\ 

14. 1-1/x*. 


8. 2 px + q. 

6. 80x*— 80x 4 + 1. 
e. 2(x-5). 

12. 3 a (ax — ft)*. 

15. 2x— 2/x*. 

17. 2/x>-2/x*. 

10. §*/x — 6 + 6/\/x. 

21. 3 6 (ax -ft)*/® 4 . 


Examples IX, p. 77. 


l. 2 x (3 x 4 — 8 x* + 3). 

8. (m + ft)x TO ‘ H, ~ 1 + fna n x” , ~ 1 + fta m x n “ 1 . 

6. 3ox* + 2 (a<r4 l)x + 1>c + ac*> 

7. 5 x 4 + 9 x* — 4. 

O. 9(3x + 2) i . 

11. (5x*— 9x + 2)/2^x. 

18- 3 (a — &x *4 ex*) 1 (2 cx - fc). 


2. j x*~i + (1 + -*/x) WX* -1 . 

4. Jx 1 / 1 (7x + 15). 

6. — (ax 4- 8 5)/2 x®/*. 

8. 6 (3 x + 2). 

10. 3 *i (3 x + 2) H_1 . 

12. 2 (a— 5x + ox f )(2cx— 1>). 
14. ft (2 cx — fc) (a — 5x + cx*)" -1 . 


i# - 2 ** r S +y ’ : 2xyS ( 2 *^ 4y ) ; * ,y ( 2x 2 +8y )‘ 

1«. *--«(* ^+ny); y--'(„xg+y). 

17. ** _1 y’ (s*j|£ +«y); x* y* _1 (n* ~ + 3y) • 

IS. „*»->y» _1 (*^| +yj. 10. 2x + y + (x + 2y)“* 

30. 4** + 2xy' + (2x , y + 4y*)^* 

31. 8a* , +26*y + «y , + (6x* + 2exy+3<fy’) — • S3. 2o(ay+5)^- 


23. 8«(«y + 5)'^* 


24. wa(ay + 6) 


dx 


Examples X, p. 78. 

l. —29/(5*— >)*. a. -3/(2-*)*. 

S. [a'-V)/(bx+a)\ 4. -16 */(**- 4)*. 

S. 4(**-4)/(* , + 2*+4)\ 6. — 2 ex* -1 / (x" — 1)*. 
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7. 8(1 -**)/(** + 1)*. 

8. (l + *)/{2y*(l -*)*}• 

»• * (2 + -A)/(1 + </*)*• 

10. l/fv^tl- ■/*)'}• 

11. 2>(e— «**)/(«**— &r + c)’. 

IS. S^-lJAx’+l)*. 

13. (8 *•— 2*+2)/(8ar- 1;*. 

14. 6 (2*— l)/(«r*— #)*. 

10. -‘Jr<-’^-6^+3)/(x , -5^4 C)’. 

10 - ( y -*i)/ y ’- 

»(*2 -»)/«* 

ia 2x(y-*g)/ y*. 

10. -2y^ a 3 . 

21. My**' 1 ^a?^£ “*) / a?W+1# 

ao. nx"- 1 (y-X“J/ |T’ 


7. 

10 . 

13. 

10 . 

18. 

20. 

S3. 

24. 

20 . 

28. 

SO. 

82. 

83. 

34. 

85. 

38. 


Examples XI, p. 83. 

24(4*-5)®; 2/-/(4*-5j; -8/(4a?-5) 3 ; 4n(4ar-5)*“> ; -4/(4ar-5)»; 
— 2/'v/(4« — 5/ ; — 4/{n (4x — 5) ,l+1 }. 

— 42 (3 — 7 a?)® ; -4/^(3 -7®) ; 14/(3-7a;) # ; -7n($-7x)»' 1 \ 

7/(3 -7ar)®; i/</(S-7x)*; 7/{w$'(8-7 

^(a 3 -!) 8 ; tf/vV-l); -4a:/(a: 9 -l, 8 ; 2nar(ar*- 1)** 1 ; -2x/(x a -l)*; 

-6(a-x) B ; 2/(a — a*) 3 ; - « (a - a?)*' 1 ; l/(a-ar) s ; 

6 nx n ~ l (x n - a n ) # ; $ nx n ~ l /^/(x n - a") ; - 2 nx n ~ l /{x n - a n ) 8 ; 

»*a? w “ 1 (ar n - a*)" - * 1 ; - na: n_1 /(a;" - a") 1 ; - J nx n ~ l /</(x H — a") s ; 

— * n “ ” 0 w ) n+1 * 

6 (ajp* 4 for 4 c)® (2 ax + b); \ (2 aa: 4 b )/*/ (oa^ 4 bx 4 e) ; 

— 2(2aa;4 6)/(aar a 4i>:r4cj 3 ; niax* + bx + c) n ~ l (2oa; + ft); 

— (2 ax + b)/(ax' i 4- bx 4 c) s ; — \ (2 ax 4 b)/*/(ax* 4 tap + c)® ; 

— (2aa? + 6)/{n^(aa^-f bx-{ c) n+1 }. 

2 «jr/(a , — a^) w ‘*' 1 . 8. } j/^(o a -a: s ) # . 0. a?/ <*/(«* -af*)®. 

Jar/^(a J ~a:*) # . 11. -x'/(a' - .r*) 2 / 8 . is. -f a^/^V-a*). 

•C-W-- 

17. Ja/^/far^-x)®}. 


*(l-aW{*(l+*®)»}. 

nax n ~ l /(a — ar) Hi '\ 

Ja(4-5ar)Ml-4 
-(*+l)/{aV(2«+I)}. 
i(3*-4)/{aV(l-*)}. 

x (2 a*- xc*)/ y^o* - a?*) 3 . 

(a-ar)*" 1 {o- (»4 1) x). 

{a 4 (n — 1) x) /(a — a?)"* 1 . 

(«-:r)(3a-2&- *)/(& - a:) 4 . 

— (a - a?)"" 1 (6 — ac) TO " 1 {ma 4 *6 - (m 4 n) ar} . 
(a - a:) 11-1 {mo - ni - (#n - «) a:} /(6 - a?)"* 1 . 
1/(3 y* 4 6 y). 86. J(34 2y)«. 

-‘(y+ 0 ) , /(y , + 2oy4a&). 41. - g 4 ,. 


10. (3a?+ 1)/*/ 12a? 4 1). 

21. (x 4 1)/ -v/(2 a: + 1)®. 

23. ia?(4-3*)Ml~*) s . 

25. a?(2o 8 -8ar 1 ;/-v/(o l -“ar 9 ). 

27. (2tf*-aJ a )/{« , y^(ar a — o*)}. 

29. — (a — a?)*” 1 {o4(n— 1) ar}/jf®. 
81. — (o— a?) (6-af)*(3o4 2i- 5o?). 


87. (y+a)Y(y*+ 2a y)* 

42. V- 
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Examples XII, p. 86. 

i- -aW- a. -V(y/x). 

a. 4. — (2 * + y)/(2 y + *). 

S. — (3*’ + 2*y+y')/(3y'+2*y + *’). e. — (2 xy +y’)/(2xi/ 4 x’). 

7. —my/nx. 8. ny/mx. 

8. (ax— *— y)/(*+y— 6y). 10. {ay — (*+y)*}/{(x+y)* — ox}. 

11. {o'*— 2*(ae s + y , )}/{a , y + 2y(* ) + y’)}. ia. -(a*+by)/(6* + ey). 

13. — (3 ax’ + 2 toy + ey')/ (6** + 2 cxy + 3 dy'). 14. -^(y/x). 

15. -(x/y)*/'-K 

16. — *““* (2«*+y*)/ {y* -1 (2 y" + x n )}. 17. -(3y’+4*y)/(3*’ + 4*y). 

18. - (ax + hy + g)/ (hx + by +/). 18. -(l+y)/(l+x). 

30. (o+y— 2x)/(2y— x—a). 

31. (i) -v/p. (ii> - v/yp. (iii) V s (b- .)/(/>#* -av + 2 ab). 


Examples XIII, p. 88. 


l. *3 in. 

3. *446 »q. in. 

6. 2iU ft. 

7. (i) 3/d. (ii) 2/d. 

8 . a (o — b co* C)/«*. 

11. 5 m. 

13. 9. 

16. + $ per cent. ; 432 sect. 

17. 12,(0 + 260)58. 

18. *0003 yd. 


2. (i) 4ir c. in. (ii) *8jrtq. in. 

4 - iVa in. too large. 

0. A, yd. 

8. (i) 8*66 eq. in. (ii) -438 in. 

10. 21*42 in. 

12. (i) 1414. (ii) —*143. 

14 . (i) *644. (ii) 2. 

16 . +*155 per cent. ; 939 secs. gain. 
18 . 10fc/(l+25 *). 

20. (i) 56. (ii) 136*5. 


Examples XIV, p. 90. 

1. 5cos5x; JcosJx; n cob (nx—Ol ) ; — a sin ax; - - (1/p) sin (x/p ) ; 

2 Fin (J*r-2x). 

2. 3 sec 9 3 a;; sec^x + tt). 3. — mcosec* mx; 2 cosec 1 (a — 2 x). 

4. m sec mx tan mx ; sec (J rr + x) tan (i n -f x). 


5. — m cosec mx cot mx ; J cosec ( 

6. 3 sin 1 * cob ar ; n sin 11 ' 1 # cos a?. 

8. J cos x/V^sin x. 

10. — J cot x v'cosec x. 

12. 4sec 4 xtanx. 

14. 2 sin 4 x, 

16. 8 n tan** 1 8 x sec* 3 x. 

18. x*(3xoos 3x + 4sin 3#). 

20 . (2xsec*x+tanx)/2v^* 

22. 8 cos3xcos4x-4sin 3xstn4x. 
24. ainx(l + »ec*x). 

20. 2&cosx(a + l> sinx). 

28. cos 1 #. 


-Jar) cot (/3-Jar). 

7. — 5 cos 4 x sinar ; - wcos w " , xsinx. 

9.-2 coscc'x cot x . 

11. — J sin x/^cOb*x. 

13. - n cot*~ l x cosec 1 x. 

10. — 3rt 008 * 0 X 8 ^ ox. 

17. — cot J x cosec 1 \ x, 

19. x* 1 ” 1 (n cos a ?— x sin x). 

21. (2 x cos 2 x — 3 Bin 2 x)/x\ 

23. m cos mx cos nx — ttsin mx sin wot 

26. sin*x(2 + sec , x). 

27. -Ssinx/y^S+icosx). 

89 . SBC 4 #. 
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80. 7 cob #/(4 4 3 sin #)*. 

32. 2/(1— sin 2#). 

84. 2 cob*# cob 2 x— sin* 2 a. 


81. 2 oi Bin #/(a 4- b cob #)*. 

88. sin x cob x (2 4- Bin #)/(l + sin #)•• 

88. ^Bin4#. 


86. (1 4 sin*#) sec*#. 87. sin" 1 ' 1 # cos*- 1 #(m cos*#-* tin*#). 

88. ain*"' 1 ax cob* -1 bx (ma cob ax cos bx - nb sin ax sin bx). 

80. #" -1 tan*” 1 ax (atnx sec* a# + n tan ax), 

40. — (m cob m#)/(* sin ny ). 4: . sin 2#/sin 2 y. 


42. cot# cot y. 
45, *8657. 

48. *9310, 

51. *24924. 

54. ‘2 sq. ft. 
57. cot. A&A. 
60. 19*42. 


48. y/(#* + y 2 + r). 

46. 1*0006. 

40. -*9906. 

52. *76 ft. 

55. *1. 

58. (i) *017 C. (ii) 1*7. 


44. *49975. 

47. - 1*0017. 

50. 8*9919. 

53. *0094. 

50. (i) *09*. (ii) *207. 
59. 7*82. 


Examples XV, p. 97. 


1. 

5 (# - 3) 4 . 

2. 

8. 

-8#*Mi-**). 

4. 

5. 

— J (2# — 3)/v'(#*-3# — 2)*. 

6. 

7. 

-i#/y(#*+u*. 

8. 

0. 

4 (4 - 3 #*)A/(4 #-#*). 

10. 

11. 

4/^(4-#*)*. 

12. 

18. 

-4(4 + ^)/v / {* 8 (4-#*)}. 

14. 

15. 

—4 n cob*"" 1 4 x sin 4 *■ 

10. 

17. 

x sec*# 4 tan#. 

18. 

19. 

(# sec*# — tan #)/#*. 

20. 

21. 

4 (2 # cob # -f sin x)/ a/x. 

22. 

23. 

J (2 # cos # - sin x)/a/x s . 

24. 

25. 

(cos a/ x)/2a/x . 

26. 

27. 

4 */x cos a/x 4 sin a/x. 

28. 

20. 

(sin aJx — \aJx cob v^O/ain* *J #. 

SO. 

31. 

(4 a/x cos a/x — sin a/ #)/#*. 

32. 

33. 

4 (# cos # — 2 sin #)/(#* V aia x )> 

34. 

85. 

cos aJx + %\tlaJx)I a/x. 


86. 

(sin a/ x— a/x cos a/x)/(2a/x sin* 

a/x). 

87. 

4 (V^cos a/x— win a/x)/ a/ 

38. 

80. 

(sec# tan x)/a. 

40. 

41. 

— (a sec (a/x) tan (a/#)}/# 3 . 

42. 

43. 

# m ” 1 (ma— m#4n#)/(a — #) n+1 . 

44. 

45. 

-l/fn^a-#)*- 1 }. 

46. 

47. 

- i n^(a—x) n ~ t . 

48. 

40. 

-3 cos 3 (a-#). 

50. 

51. 

2# (cos 2#-# sin 2 #). 

52. 

53. 

2 # (cob 2 # 4 # flin 2 #)/cos* 2 #. 

54. 

55. 

- 2 cos 2# (cob 2# 4 2 # sin 2#)/# 1 , 

. 50. 

67. 

— 2 (cob 2 # 4 # sin 2 #)/#*. 

58. 

50. 

(cos 2 # 4 4 # sin 2 #)/cos* 2 #. 

00. 


-8(7-#)’. 

2 # (1 — #) (1 — 2 #). 

28/(5 -7#)*. 

(4-2# )M4— #’). 
-4/{#Vi4 — #’)}. 
4(44#*)/</{#(4-#*)*}. 
sin2(#-a). 

-tan*#. 

cot#— # cosec 2 #, 
cos# (1 — 3 sin 1 #). 

(sin # - 2 # cos #)/ (2 */x sin*#). 
J cos#/ v^in#. 

I (# cos x + sin # )!*/ (# sin #). 

4 (# cos #— sin x)/ a / (#* sin #). 
4 (sin# — # cos #)/*/(# sin*#). 

4 (ar cos # 4 2 sin x)/ a / sin #. 

4 (2 sin#-# cos #)/ y' sin*#. 


(2-3#)/v'(l -#). 

{sec (#/«) tan (#/«)}/#. 

# m ' 1 (a — #)*“ 1 (mo — m# — n#). 

(a — #)*“ 1 (m# — nx — ma)fx m + l , 

- 4 n# n “V>/ (a w — #"). 

- 3 sin* (a — #) cos (a - #). 

- 3 (a - #)* cos (a - #)*. 

2 # cos 2 # (cos 2 # - 2 # Bin 2 #). 

- cos 2 # (4# sin 2 #4 cos 2#)/# 1 . 
cos 2 # (cos 2 # - 4 # Bin 2 #). 

2 # (cob 2 #+ 2 # sin 2 #)/cos* 2 #. 
sin 4 x / a /(1 4 sin* 2#). 
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2» Bin 2* (I— 62, mfc Bin 2x(a + &8in , x) m “ , , 

— sin fix/ ^(1+ cob nx)"” 1 . 64. — n sin»“ l x cob x/( 1 + sin" x)*. 

moos (x/b) {a + & sin (x/6)} "*- 1 . 66. 4cos 2x/(l-sin 2a?)*. 

4 sec* a? tan*. 68. 8 aec 1 2 x tan 2 x. 

-{*+ V'(«*-« , )}/{«* -/(o*-x*)}. 70. 1/(1 — sin x). 


2 a**/ */ {(«* + x*) (a* — x ?) 9 } . 72. 8 (x* — 2x — 2)/(x* + 5x — 3)*. 

-o/y'jfa-xHa + x)*}. 74. 2(x* + 6)/(xN x-6>*. 

ax/ (2 ax — **}•/*. 70. 3 Bin 1 * cos 4*. 

3 cos** cos 4*. 78. 3 cos 6*. 

} sin* 2 * cob 2 x. 80. 3 gin** cos 2 x/cos* 3 x. 

— 3cos2x/Bin 4 x. 82. 3 cob 2 x/cos 4 ax. 

— 3 cob 1 * cob 2x/sin*3x. 84. 3 sec* 3*. 

— 3 coseo* 3 x. 86. 3 tan* x sec* x. 

— 3 cot * x cosec* x. 88. 3 cos* 3 x (1 — 4 sin 2 3 x). 

3 sin* 3 x (4 cos* 3 x- 1). 90. J sin* 6 x cos 6 x. 

3(1 + 2 bin* 3x)/cos 4 3 x. 92. - 3 cot* 3 x (1 + 2 sin* 3 x). 

— 3 (1 +2 cos*3x)/sin 4 3x. 94. 3 tan* 3 x(l +2 cob* ox). 

9 tan* 3 x sec* 3 x. 96. — 9 cot* 3 x coeec* 3 x. 

3 sin* x cos* 3 x (cos Sxcobx — 3 sin 3xsin x). 

3 sin* x (cos x cob 3 x + 3 sin x sin 3 x)/cos 4 3 x. 

— 3 cob* 3 x (cos x cob 3 r + 3 sin x sin 3 x)/ sin 4 x. 

>. 3 cos* x sin* 3 x (3 cos x cob 3 x — sin x sin 3 x). 

.. — 3 cos* x (Bin x sin 3 x + 3 cos x cos 3 x)/sin 4 3 x. 

!. 3 sin* 3 x (sin x sin 3 x + 3 cos x cos 3 x)/cos 4 x. 
i. 3sin*xsin4x. 104. 3 sin*xsin2x/8in a 3x. 

>. —6 cot x cobcc*x. 108. — 3 coa 2 xsin 4 x. 

. 3 cob* x sin 2 x/cos* 3 x. 108. — 6 tan x sec* x. 

i. Bin* 3 x (9 sin x cos 3 x + Bin 3 x cos xj. 

K (sin 3 x cob x — 9 cos 3 x sin x)/sin 4 3 x. 

.. sin*3x (9 sin x cos 3x — sin3x cosx)/sin : x. 

:. — cos* 3 x (9 coax sin 3x + ainx cos 3x). 

. (9 cos x sin 3 x — cos 3 x sin x)/cob 4 3 x. 

cob* 3 x (cos 3 x sin x — 9 cos x sin 3 x)/cos* x. 

. cos* 3 x (cos Sxcobx— 9sin Sxsinx). 

(cos 3 x cob x + 9 sin 3 x sin x)/cos 4 3 x. 

. — cob* 3 x (cob 3 x cob x + 9 sin 3 x sin x)/si n 2 x. 
i. sin* 3 x (9 cos x cos 3 x— Bin x sin 3 x). 

. — (sin x sin 3 x + 9 cob x cob 3 x)/si n 4 3 x. 

. sin* 3 x (sin x Bin 3 x + 9 cos x cos 3 x)/ cos* x. 


x(2a*-3 x*)/vV-x*). 

x (2 a* — x*)/(o* — x*) 8 / 1 . 
x* (3 a* — 2 x*)/(a* — x*) 8 /*. 
wx"- 1 (ai-x 1 )*- 1 ( a »-3x*). 
—2 (1 +x)/(l + 2x) 8 . 

— (1 — x)*(7 -t x)/(l ■+ x) 4 . 
(6x-8)/(l + 3x)». 

2x(3 + x*)Al-^ 


122 . (x*-2a*)/{xV(a*-*% 

124. x*(3o*-4x*)/-v/(a*-x*). 

126. x*(a 2 — x*) w-1 (3a* — 3x* — 2nx*). 
128. 2x(l +x)/(l +2x)*. 

130. -2(1 +x) (2 + x)/(l + 2x)«. 

132. (1 — x)* (x - 4)/(2 - x) # . 

134. (x — 7 a) (a — x) 2 /(a + x)\ 

130. 2xH +x*)(3-x*)/(l -x*)*. 


IMI 


M m 
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137. 2 *(** — 3 «*)/(«■ +**)•. 138. — 8 a* a: (a*— a?)/ (a* + **)\ 

130. » (a — 5) (a — *) W “V(&— a?) n+1 . 140. n(2x — a — b) (a- a;)* 1 " 1 (ft— of)*” 1 # 

141. 2 tw? (2 X* - a 1 - b*) (a 2 - x*)»-' (&• - s 8 )*- 1 . 

142. (3-6* + 4* 1 )/v'(3-4*+2* a ). 148. (3-10* + 8ff a M8--4 x + 2x'). 

144. (2* — 3)/{* 8 i/(3 — 4*4-2**)}. 145. — 1/^(2* 4- »*) 8 , 

146. 2*(3 — 5*4-8**)/\/(3— 4*+2* 8 ). 

147. 2* (3 — 3*4-**)/(3 — 4*4-2**)V* 148. n (x sin x) n ~ l (x cos * -f sin x). 

149. nx 1l ~ l sin nx (2 x cos nx + Bin nx). 150. n (x sin nx)*" 1 (nx cos nx + sin imp). 


Examples XVI, p. 105. 

l. 85° 46'. 2. 106° 42'. 8. 82 d 53'. 4. 40° 54'. 

5. 8x— y «■ 13 ; x + 8y ■» 91. 6 . 4* — 5y + 12 — 0 ; 5x + 4y «* 26. 

7. 2*4-y4-10»=0; x— 2y — 0. 8. 2*4-3y ** 30 ; 3*— 2y — 19. 

0. 1 1 x 4- 3 y — 36 ; 3x— lly4 2»»0. 10. y-fl — O; ar«=2. 

11. Xx/a* - Fy/5 1 - 1. 12. X* + Fy +y (X+ x)+/(F+y) + c «■ 0. 

18. (2, -12), (-2,20), 14. (±a, ±1 a). 

15. ({a. Ja). 16. (±4, +8). 

18. 15J*. 19, They touch at (2, 4). 

20. 48° 12'. 22. X/*V»+ F/yV* - o l /» ; intercept - a 

25. OjP« (n — 1) TW. 26. mI/x+»F/y-m + tt. 

28. sXr 4- h (Xy 4- Fx) 4 bYy 4- y (X 4 x) +f(Y+ y) 4- c — 0. 

29. 2 Xy s — Yx (x 2 + 3 y a ) 4- <*** «= 0. 

30. Touches OX. Bisects iXOY . Touches OF, 


32. Curve bisects IXOY. 


84 . 




Examples XVII, p. 118. 

l. 6-v/lO; 2^10; 18; 2. 

2- JvV+i*> 8 ); i a 7(3 a* 4- 4 &*)/&; fc/</3 ; ^3*745. 

8. 10; -74; -8; -4*. 4. W*\ 2; J. 8. y>/(n4l)«. 

11. 4o. 12. a *y 1 /b i x; b 2 x/a 2 . 14. a? sec 6 + y cosec 3 ■* a. 

15. a sin 1 8 ; a sin 8 0 sec 0 ; a sin 8 3 cos 3 ; a sin 4 3 sec 3. 

16. (i) x — y — a ( \ rr — 2). (ii) * cot | 6 — y ■* a (0 cot 4 3 — 2). 

17. a ; a. 18. (b cosec 3) /a. 10. (x cos 0)/a + (y sin 3)/b ■* 1. 

20. m — cot yfr>, where y is inclination of tangent to OX. 

21. y tan g 6 ; ycot j & 

23. 2 c’/ ■/(** + y') ; OZ . OP - 2 e*. 


Examples XVIII, p. 122. 

1. Min. (3, - l). 2. Max. (-1, 19). 

3. Max. (-2, 21); min. (2, —11). 4. Max. (2, 28); min. (8, 27). 

5. None. 6. Max. (1, 18); min. (5, -14). 
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7. Pt. of inflexion (1, 0). 6. Max. (1,43); min. (0,40), (6, -85). 

». Max. (2, 4); min. (1, S) and (8, 8). 

10. Max. (1,0); min. (3, -28) ; pt. of inflexion (0, - 1). 

11. Min. (I, -f$). 12. Max. (1, 0); min. (j, 

13. Max. (|, jpfg ) ; min. (2, 0); pt. of inflexion (1, 0). 

1*. Max. (5, f); min. (1, 0). 15. Max. (-2, 8); min. (2, J). 

18. Max. (0, 1). 17. Min. (1,27) ; pt. of inflexion (4, 0). 

18. Min. (—4, \) ; max. (4, •&). 19. Max. (3, $). 

SO. Max. [ - */ (ab), (./a- jbf] ; min. [*/(ab), (vW ■*/&)’]. 

91. Max. (4, v^4). aa. Infl. (0, 0) ; max. (fa, 1^/3 a 1 ). 

83. Min. (J a, {a); max. (2 a, } a). 34. Min. (a, j 2 ). 

35. Max. ($, -fi/5); min. (i, -2^2). 

38. Max. \/2, when * — (2 » + f) «• ; min. — */2, when x — (2« + J)w. 

{ If a > ft, max. a when x -» (n + }) w ; min. 6 when x — nw. 

(If a < ft, max. and min. interchange. 

38. Max. when x — (n + 4)fr; min. when (n-J)7r. 29. None. 

30. Max. | when x — sin -1 4 ; min. 0 and — 2 when x «■ (n + £) tr. 

81. Min. — 1 when aj-(2n + J)»r. 

82. If a and ft are + , min. 2 \/{ab) when tanx ■■ + i/(a/b); max. -~2*/(ab) 
when tan x «» — */(o/ft). If a and b are both — , interchange results. 

83. Max. A-y/S when x«-(n + J)7r; min. “A-%/3 when x«-(»-J) 7 r; pts. 
of inflexion (nn t 0). 

84. Max. when x — J (or + /3) + (n + J) n ; min. when x — \ (oc + 0) + (n + J) tr. 
8ft. Max. when x— (2n + J)rr; min. - \V2 when x — (2n + |)7r. 

86. Min. —3^3 when x * (2 n + J)rr; max. S-v/3 when x — 

89. X«-Jfl. 40. */A/C . 42. 34 C. 48. X»$(a — ft). 

44. x ■* — j. 46. x® + a/^/2. 40. 1. 

47. Max. when x - 1. 48. {£ (y + ; *067. 

49 . V (nJt/r). 60. - 100 lOLj(lx -x s ) ; x — £ Z. 

Examples XIX, p. 128. 

1. 20, 20. 2. 125, 25. 

8. }a, {a. 4. Max. sum — —2; min. +2. 

6. Max., A? min. — A* 5 and —4* 

7. When it it a square, (i) Min. perimeter, 20 ft., (ii) min. diagonal, 5 </2 ft. 

9. Max. perimeter v^2a. 10. Square of area 4(® + &)** 

11. Height •» v^2 x radius « J-/3 x radius of sphere. 

13. - 5 ft. 13. r« fc-1-72 ft 

14. fc*2r- x radius of sphere. 

lft. Max. area ■» 4 area of triangle. Perimeter continually increases from 
2 a to 2 ft at corner moves along hypotenuse. 

10. (i) Max. vol. ■■ 4 v °l* con ®‘ (ii) When h -■ 4 height of cone, (iii) 
When h/rwm cot0(-2 f where a it semi-vertical angle of cone. No 
max. if ol >26° 84'. 

17. Height - 4 x radius of sphere. 18. Max. area - £ area of triangle. 

19. When equilateral. 


Mm2 
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Height — */2 x radius of base — | radius of sphere. 

2 ft. long, 4 ft. girth. 24. When h -• 1*05. ..r. 

Max. toI. — vol. of given cone. 20. 2 ab. 

W* 4- </b)\ 28. (a*/ 8 + b 8 / 8 ) 8 /*. 20. 4 ab. 

, Max. area — r*, when angle of sector ■« 2 radians. 

When isosceles. 32. 1 ft. 83. 6 in. 84 . 20. 

84*64 ft. 86. 22*06 in. 87. ja. 

1 mile from nearest point of road ; about 1*8 minutes. 

10*6 yds. 40. | way from brighter light. 

, (latus rectum)*/6v^3. 43 . 9^/3 in. 44. 82v/3sq. in. 

ir o’, if 4a be latus rectum of parabola. 

Equilateral triangle of area | r*. 

When the line is parallel to AB. 40. 8*749 ft. 60. 24, 

(i) 9-/3. (ii) 9^8. 62. 2/^/5. 

After 2A minutes; min. distance, 1*192 miles. 

The point half-way between the feet of the perpendiculars from the given 
points to the line. 

60°. 67. Breadth, 6*928 in. 68. *414m. 

sin” 1 (nt/2 M ). 60. 61. 41 ft. 8 in. 

When side of square — *14/. 63. J(2aW/w). 

(av ^ bu ) sin $/ a/ (t* a + r 8 — 2 uv cos 0). 

| ab. 67. A V^S x vol. of sphere. 

When height — 4 diameter. 60. 6^/3 a. 

53° 8' W. of N. or S. 72. 955*2 sq. yds. 

Examples XX, p. 134. 


1. 10a? 8 ; 90 ar 8 ; 720a; 7 ; j ^ 10 "" if n < 10, 10! if n — 10, 0 if n>10. 

b 2b 6b ( — l) n n ! b _ 3 12 60 (-l)«(n42)! 

a * x*’ ~x % 1 X 4 ’ x*+ l 


x" aT 


13 15 . nn 1.3.5...(2n-l) 

4 ‘ 457*’ 8*V» : 2“x» + i 

„ _L_. __1_. * . / i)«-i 1 • 3 ■ 5.„(2n — 8) 

2x'/»’ 4 x>/*' SxV*’ ' ’ 2 »*»-* 

6. 10a(oa? + b) f ; 90« 8 (ax + b) 8 ; 720 a 8 {ax 4- b) 7 ; 10! a n (ax + b) l# “ w /(10 — #»)! 
if n < 10, 10 ! a 10 if * - 10. 0 if n > 10. 

2 8 48 . / i v » 2".n! 

7 * “(2x + l) 8 ’ (2 x 4- 1) 8 * (2x + V V ' (2x+l)«**‘ 

1 2 6 n! 

8 (l-*)* ; (l-x)"‘ (l-x)‘ : (l-x)» +1 ’ 

0 cos(x4*a); -sin{x + a); ~cos(x + a); sin(x + a + J*?r). 

10. —sin a?; — coax; sin a?; cos(x + $ nir). 

11. sin2x; 2cos2x; —4 sin 2 a?; -2" -1 cos(2x + |»7r). 

12 . — 2sin4x; — 8oos4x; 32sin4x; 2 8 " -1 cos (4 a? + Jnir). 

18. x cos x -f sin x ; — a? sin# 4 2 cos a? ; — a? cos a? — 8 sin x. 

14 — a^ sin x + 2 x cos x ; — x* cosap -4a? sin a; + 2 cosx; 

x*sinx-6xcosx -Osinx. 
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15. 96C 1 *; 2seo f xtanx; 2 tec* a (1 + 8 tan 1 a;). 

16. 3 x 2 (x cos 8 x + sin 8 x) ; 3 x(2 ~3x*) sin 8x + 18x*cos 8x; 

8(2— 27 X s ) ain 3x— 27 x(x*— 2) cos3x. 

17. *(8 + »)/(l+«)P a ' 2/(1 + x)»; — 6/(1 +x) 4 . 

18. nx^Wcosnx-xsinnx); (n- 1 -nx*) nx"- | co8nx-2n , a?"- , ain imp; 

«* a?*” 1 - 8 (» - 1)} ain nx - nx*- 1 {3 n*x a - (n - 1 ) (n - 2)} coa nx. 

19. secxtanx; seox(l +2 tan*x); sec x tan x (5 + 6 tan* x). 

20. Jr/vV + x*); a i /(a # + * # ) #/, f -8«*x/(a* + x») # /* 


Examples XXI, p. 189. 

1. Down. 2. Up. 8. Up ; down. 4. Down ; down. 

9. Up when x is + ; down when — . 9. Up when x< J; down when >§, 

10. Down when 0 < x < 4 ; up elsewhere. 

11. Up when — oo<x< —1, and when 0<x< 1 ; down elsewhere. 

12. x — (» + })*. 13. x - nn. 14. x - —6/8 a. 

15. Infl. (0, 0); min. (1^3, - VV 3); max. (-^3, V^S). 

16. Infl. (±1^/3, 1) ; min. (0, 0). 

17. Infl. {(n + 1) n> 0} ; max. {(2n + J)nr > */2 } ; min. {(2n-J)Tr, -a/2}. 

18. Infl. (0, 0), (±6, + 1) ; no max. or min. 

19. Infl. ( + -v/f, ; min. (0, 0) ; max. ( + </2, 4). 

20. Infl. (-2, -2); min. (-1, -J). 21. Infl. (±1, 1); max. (0, |) 

22. Infl. (0, 0) ; max. ( ± a/ 2, 2) ; min. ( ± >/2, - 2). 

23. Infl. (6/c, a ) ; no max. or min. 

24. y ■■ x 4 , none ; y -» x 5 , infl. at origin. 

25. n- 2. 27. (5«» ±o/v^3). 29. ((| » + J) *r, \ (a + 6)}. 

80. Intersects OX at (±1, 0) (±&, 0) ; OY at (0, 9). Max. (0, 9); min. 

( ± — 16); Concave up if \x\ > a/$; down if < -v/j* Points of inflexion 

( ± </\ , —VO- Tangents at points of inflexion, + 40 </lb x + 9 y — 156. 

81. Touches OX at ( + 1, 0} ; cats OY at (0, 1). Max. (0, 1) ; min. ( + I, 0) ; 
Concave up if | x | > v$ ; down if < Points of inflexion ( ± a / j, |). 
Tangents at points of inflexion, + 8V3a?+9y * 12. 

82. Touches OX at (0, 0), cuts at (±2, 01; cuts OY at (0, 0). Max. 
(tV2, 4); min. (0, 0). Concave up if |x|< y^f; down if >v$. 
Points of inflexion (±Vt» ¥)• Tangents at points of inflexion, 
^ 16 a/6x— 9y “12. 


Examples XXII, p. 144. 


1. 

(i) 9 — 20 — 4/ ; a «* — 4. 

9. (i) 9 -■ 3/* — 4/; e ■« 6/ — 4. 


(ii)*-18; a --4. 

(ii) e — 4 ; a * 8. 


(iii) t? — 20; a *■ —4. 

(iii) r — 0 ; a «■ -4. 

8. 

(i) s “ — V frsin}fr/; a ■■ - ty^cos 


(ii) e — -Sir/ a/ 3; a—fw 

*. (iii) p — 0 ; a — -Jf-n*. 

4 . 

(i)e-6-8/(<+l) i ; a- 

16/(< + l)'. (ii) • - 5} ; a - Jf 


(iii) p — —2; a — 16 

S. 0; 6. 6. 8; -82. 


7. 5- -20; —11; 16; 825; 2320. t>-4; 16; 40; 184; 664. 

s _6i 18; 80; 6$; 126. 
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8. s~ 10; 21-21; 20; -21*21; 20. 

v — 15-71 ; 6*56; -7*85; -5*56; -7*85. 

«- —6*17 ; -13*08; -12*34; 1308; -12*34. 

11. After 4 secs, when s — 144. 

19. After n + £ sect, [n any integer], when « -» ± a. 

Examples XXIII, p. 146. 

8. The force varies inversely as the square of the distance from the origin. 

4. Mass x pa. 6. 9 poundals. 

Examples XXIV, p. 140. 

1. 50 at 53* 8' beltw the horizontal. 2. Each -* c. 

5. 2*4 miles per hour. 4. 34*64 m. p. h. 

6. 9 ft. per sec. 6. 9 ft. per sec. 

7. (i) 5} ft. -secs, (ii) When the foot is 24*04 ft. from wall, (iii) When 
the foot is 30*4 ft. from wall. 

8. 20*83 ft. per min. 9. 1^ ft. per tea 

10. When F is 7’43 ft. from 0. 11. 5 ft. per min. 

12. 21*25 m. p. h. 13. 15*08 m. p. h. 

14. (i) Decreasing at 4*61 m. p. h. (ii) Increasing at 4*715 m. p. h. 

15. (i) Decreasing at 6-94 f. p. s. (ii) Increasing at 6*215 f. p. s. 

16. Receding from C at 1*12 m. p. h. ; approaching A at 2*22 m. p. h. ; reced- 
ing from B at 1*405 m. p. h. 

18. (i) 12*57. (ii) 15*71. (iii) 25*13 miles per min. 

10. (i) 7$, (ii) 11} ft. per Bee. 20. ‘0442 in. per sec. 

21. 840,000 c. ft. 22. 12*46 ft. per sec. 

29. 4*82 in. ; *298 in. per min. 24. 5*014 in. ; *138 in. per sec. 

25. 2 h/ab ft. per sec. 26. 10 ft. -secs. ; 14*14 ft.-secs. 

27. 86*74 ft. -secs, at an angle 86° 42' with and below the horizontal. 

29. —13} ft.-secs. ; 16} ft.-secs. at an angle 36° 52' with the major axis. 

80. (i) 2*828, (ii) 2 in. per Bee. 31. Each 7*07 ft.-secs. 

82. + ua*y/*/{b*x* + o 4 y a ) ; + ub % x/ </{b K x 2 + a 4 y*). 

83. 1*486 and 3*714 m. p. h. 

Examples XXV, p. 165. 

1. au/t J where 2. (i) « >r/(a-r). (ii) 

8. —68*52 ; 41*11. 4. The same (in terms of 8 and p) as in Art. 69. 


Examples XXVI, p. 100. 


l. }x\2x\ — l/5x\ -2/a* f*V\ }*»/•. 

a. *»-*»+*. *. -l/x, — 1/9 x*, 2i/x, fxV*. 


4 . " *i+V« _ 1— 

n + 1 (n- l)x" 1 n- 1 


5. }x 4 -f2*» + 5x a -5x; a? T — 2a* + 3a^ — x, 

6. - l/2x J — 6/x-5x; - 7/5 *» + 10/3*®- 9/a? 
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7. ’x i -x«4tx*-ix*43x; *x’-|*»4 2x*-8x. 

8. i<*jr'+J&r 4 +i«* , + Jrfjr + «*; -a/3x*-fc/2x*-e/x4<te. 

8. -(2+ *4 **)/**; 2^x114*4**). 


10. (2* 4 4S**-8)/6*; 8x* ($4 &**+}**). 

11. x— 3x , 43af , j *+«’ + Jx*4$x T . 

12. — (Sa* x* 4 8 abx 4 b’)/3 x* ; (16x*472x*-27)/3x. 

<* 6 e x’" +1 x» +l u« 

(«-3)x»-» 2»4l + n-t l 


m — ^ 4 1 n — y 4 1 
14. j i*/x (ax* + bh). 

16. y — $ -coax. 

16. y « 2x43/x4 C. 

20. y* — 4x — 2y4 1 — 0. 

22. 3y — x s 43x*43x. 

24. y — ^ x % /a 4 C f where e is 
26. 2x a -2x a 4 3x4 7. 


16. y - 2x 4 — x*~ 20. 

17. y — 3x-2x*4 C. 

10. 6y -* 2x s -8x*~21. 
21. y l4sinx. 

23. xy4c* ■■ Cx. 
the length of JVC?. 

26. (34x a -16)/3x a . 


4 o* B x ; 


Examples XXVII, p. 164. 


1. i* 9 , i(74*)’, -J(5-x)*, $(3x — 4) 1 , i(px4g)»/p. 

x"* 1 (x-g)"+* ( 9x4 4)»+» (3 — 2x) M +* (ax4 6) w4> _ (p-qx)"+ l 

'»4l’ *4 1 ’ 9 (n 4 1 ) ’ — 2(»4 1) ’ *(»4lj ’ 5(»4l) 

3. — cosx, — £cot4x, - (1/m) coa mx, — 3 cob J x, - (1/p) coa lpx+ a), 
$coa(a-2x), cos(jrr--x). 

M 1+*) 5 , -ii/(3-4x)*, f V (p& 4 q)*/p, + x/a/, 

<JV(3x>), 

1 1 1 1 1 

x* 5(2~5x)’ 7 (7x4-2)’ a — x* m(mx-w)* 


6. tanx, tan (x 4 a), 
(1/n) tan (nx 4 m). 


(*-l)x"- ,, 

1 

(n — l)(c — x) w_l ’ <• 


(1/m) tan mx, £ tau (a 4 ? x) , m tan (x/m), 

1 1 

4(»~l)(4x-5) w - 1 ’ 2(M-l/[l- 2X)”- 1 * 

1 

6(n — l)(kr — a)"-*' 


1 ./, , n * n/X*- 1 

^ ^ 4 c)"- 1 , ^Ti V 1~ - ^Ti V -^T • 


9. - 


8x*’ Slx-S/’ 3(3-x)»’ 21 (3 - 7 x)’’ 3j.(px4{)» 

10. *(7y-4)«. u. -(2/5&)(a-fc)V\ 

la - j^rn)^(f'+5*r , > is. 

14. 2/VU-u). 15. i/(a-3fl)‘. 
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xe. -(a-t)’”/(p + 1). 17. l/{4 (» — 1) (7 - 4 «)•"*} . 

18. — tf(b— 1). 

19. i ain 80, 3 ain \6, — sin (a — 8), (1/n) »in (nfl + a). 

20. — 2/v^i 2/-v/(l-y), -|/V(3*-5), -2/{a</(av + b)}. 

21. 9y-(3x-4) 8 4 82. 


Examples XXVIII, p. 167*. 

1. The parabolas y » } for* 4 C. 2. The conics y a • fcx a 4 C. 

8. y — kxt*+ l /{n 4 1) + C. 4. The parabolas y* ■■ 2&x 4 C. 

6. The circles x*4y a ■« 2fcx4 C. In any one of these circles, the sum 
of the abscissa and the subnormal is equal to the distanoe from the 
origin to the centre of the circle. 


6. fey®-*!* - C. 

8. 2y* — $kx* + C. 

10. hy % — 2x4 C. 

12. « + 6//tt; 3w+36//tt 2 . 
14. After 3 secs. ; 58J ft. 
16. 32 ft. 

18. 7*746 ft.-seca. 

20. (16, 42J). 

22. 243x a *=y(y-81)\ 


7 . / - fcx 3 4 (7. 

9. y a (*x4C)- -}. 

11. 65 ft.-secs. ; 132 ft. 

18. fc.*/(a a — «*), if the acceleration be — 
15 . 17} ft.-secs.; 6* ft. 

17. 12 ft-Becs. ; 216 ft 

10 . 2’236 ft.-secs. ; 3*878 ft.-secs. 
21. 8 42*; 48 ft. 


Examples XXIX, p. 174. 


1. 20J; 812? 7T. 

4. 192; 864 /r. 
7. 2 ; 

10 . J; 

18. lOj. 

22. 156tt. 

20. 47ra*. 


2 . 34 ; 678* w. 

5. 20}; 104} w. 

8. | \/3 fl s ; 

12. la 1 . 18. *}*ir. 

10. J. 20. *. 

24. An-fl*. 25. *7ra*. 

30. If/ra 1 . 31. }. 


8. 12 ; 54 w. 

6. 166g ; 3333 Jw. 

0. 12 ; 52 tr. 

10 . 

21. Jforta*. 

27. *i*n. 

82. (jPi*t-jP»t>,)/( y -l). 


1. *0316. 

4. *0262 a. 
7. 84*. 

10. 42}. 

18. 118J2w. 
10. 6*928. 


Examples XXX, p. 178. 

2. *05. 

5. 19. 

8. 10*75. 

11. (i) 277 Jtt. (ii) 202} ir. 
14. 4}||7r. 

17. 6 a. 


S. -246a 
e. 1*034. 

0 . 108. 

12. 69} it. 

15. Stt. 

18. 4*69 inches. 


Examples XXXI, p. 184. 

1. Divergent. 2. Semi-convergent. 

8 . Convergent 4. Convergent 

6. Convergent if | x | < 1 ; semi-convergent if x — — 1 ; divergent otherwise. 

* It is immaterial whether the constant oceurs in the form 0 simply, or 
SC, *0, 0, Ac. 
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a. Convergent if | *| < or — 1. 7. Divergent 

8. Convergent if | * | < or «• 1. 8. Convergent if | * | < 1. 

10. Divergent 11. Convergent. 

13. Convergent 18. Convergent if | x | < 5. 

14. Semi-eonvergent 


Examples XXXII, p. 188. 

1. «. 3. 1. 3. 0; 0; 1. 

4. *0188 ; 1-3956 j -6065. O. 2 (1 + x*/2 ! + *74 ! + 

7. 6-389. 8. 4-482. 

18. (i) 1-5431, 1-1750, ’7616. (ii) 1-0314, '2526, -2449. 

14. 29957, 27726, 1'4427. 21. 1; 1; -J. 

32. -8466, -8813, ± 1-3169. 25. ’6931 ; 2-8026 ; 2-7081. 

26. 1*649; -513; -135. 

27. -6367 ; 3 7622; '9051; 1138; 1 763; 2-164. 


Examples XXXIII, p. 108. 


1. 4« 4 *; be ° +ta ; 2xr* 1 ; «*/»/a ; -ge'"*'. 

2. *‘ lnr cos j: ; —e?°* T sinx; e«* lD, “ cosox ; — a«° 00,1 gin x; sec* x. 

8. 3xV*(x+l); x*- , «“*(ax+n); as" (sin ax 4- cos ax); 

-S« -, *(cos3*+sin3x); g a *(acoabx-ba\nbx); «' ,x sinx(2cos*+«sinx). 
4. 2e*“ (*— l)/* 5 ; $• «°* (2 ax — 1 )/**/’ ; ^ (cot x- cosec* x); 

(2ax + 5— ax’ — fcx — «)/«". 

6. 2/(2x— 1); — 1/(2— x) ; 2x/(x*-l); 2&x/(a4&**). 

6. 7/(5 + 7 x) ; —q/(p—qx ) ; (2x-3)/(x*-3x-l) ; -3x7(1-**). 

7 . — tan*; 2 cosec 2x; b cos x/(a 4 i> sin x) ; 4sinx/(3-4cosx); 

—sin 2x/(l 4- cos’*). 

8. x* _1 (1 4-*»logx); 2xlog(2 — x)— x*/(2-x) ; log(l-**)-2x*/(l -**). 

©. (1- log *)/**; (1 — nlogx)/x* + ‘ ; ^^^ -^^(0x45); - ~ • 

** 1 2 x a’ ,1 1 2 ^ 

10, x + x 4-2’ »(l4-**)’ x(x , 4o’)’ x 1 -x 3— x 


.. 1-2* . 2x— 4 . 2 cos x — 1 

11. *cot*: 2x(l-*]' (x— 1 )( 2 x— 8)’ sin* (2 — cos*) 
1 . 1 > 
l3, ■*/(** -1)' 2v'(* , -l)’ 2V(i , * , -«*/ 


18. a"s°*. 14. ( — l)* -1 (* — 1) •/*"• 

15. (-l)»«-». 16. ( <“"'*• 

17. — (»— 1) !/(l— *)". 18. ( — 1)*~‘ 6* (n — 1) !/(o 4 6x)". 

SO. $•*■; -«*-*; ae*/ # ; *’ a * q /p ; 2«*/*; -««-*/•. 

81. 4 log (5x4- 3); -$log(7-2x); log(x-a); -{log(p-5*)}/j! 

{log (fcx4-e))/6; J log (8 4-8*). 

S3. — |log(8— 6x); -log(l-x); log(4*-5); -log(a-bx); 
(a/b) log (6* 4- c); -Jlog(5-2x). 
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Examples XXXIV, p. 204. 

1 -a 1 1 

^(9 — x 9 )* Xy/(#* — <*V 2 V(x— x*/ xV(2ar— 1) 

o ~ 2 * • -*» ; 1 _t 

*V(1— x 4 ) y/(l — w 9 ^ 9 ) 2xy'(x — 1)* 

— 1 . 2a 9 x. 1 

l + (a — x) 9 ’ ' a 4 + x 4 ’ 2 Vx(l +■*) 

4 . _i? . 1 

l^x 9 * r^u’’ 1+x 9 ’ 


j, i . -i . -> . _r_L_ . 

ary^x 9 — 1)’ a: ^/(x* — 1) * ^/(a 9 — a r*/ V(1 — **) 


6. J cosh Jar ; 2ar cosh (sc 2 ) ; — {cosh (l/x)}/x*; sinh 2x. 

7. a sinh (ax + 6) ; 3 cosh 9 x sinh a? ; cosh 8 ar. 

8. sech 9 x; — cosech 9 x; (l/o) sech*(x/a) ; (a/x 2 ) cosech*(a/x). 


1 . 2ar 

*• V'(9+*’)’ V(z* — a *) " 


10. j^j (**<!); 


-X 

j*-l 


(**>!). 


XI. 1 +2a?tan' 1 x; cos^x-x/y^l -x 9 ). 

12 . 1 — (xgin _, x)/V(l -ar*). 13. — 1/yA'l -x 9 ). 

14. l/y/(l -**). 15. 2/(1 + *■). 10. 2/(1 + **). 

17. sin -1 Jx; sin- 1 (x/^b ) ; sin' l (x+l); Jsin-'fx; (1/6) sin' 1 (6x/«). 

18. tan^x; ^>tan'V 0 x; tan -1 (xV^t) ; Jtan^Jx; V'A tan* 1 (x-/f) ; 
{tan- 1 (ax/b)}/ab ; {1 /V(ab)} tan* 1 {xi/(b/m)}. 

ID. sinh^Jx; cosh -1 J x ; sinh" 1 (x/y/5) ; Jcosh-^x; isinh^jx; 
(1/6) cosh” 1 (6x/o). 

20. { cosh 8x ; J Binh 2x ; a cosh (x/a) ; a sinh (x/a). 


Examples XXXV, p. 208, 

2. ccoth (x/c) ; I c sinh (2 x/c). 0. y — x - 1 ; x 4 y — 1. 

7. # — a sinh (x/a). 8- 81°47'. 

8. When the number is e. 

10. Min. — */(a 2 -b 2 ), if a > 6 ; no roar. or min. if a < 6. 

11. 2V'(«&)« 12. Min. *)l P oinfc of inflexion (e 9 , 4**). 

13. Mar.— *368; point of inflexion (2, *27), 14. '607. 

15. When x— 4 1*317. 

10. (-l)"x'707is-(»rl)*. 17. ( — l)"x *8192 r- *7"*. 

18. (±707, -607). 

19 . Max. (707, -429); min. (- 707, - 429); points of inflexion (0, 0), 
(±1*225, ±-278). 

22. *0001263. 23. *0000729. 24. 19*09. 25. 632. 

28. 18*826. 27. a 1 sinh (6/a). 28. 26-31. 29. '361. 

80. 1 — ; 1. 81. (i) 17624 a*, (ii) 2 a* sinh~ l (6/a). 

82. \ir % a * ; ira 9 tan’ 1 (6/a). 4 ttV. 88. i^ra 1 . 

85. 3*097 ft.- secs. 86. 80*37 ft. 
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87* Initially, «- 1, t>- -*25, a- -2*405. After 1 sec., s-0, v- -1*223, 
a — *611. After 2 tecs., * — -*607, v — *152, 0 — 1*46. After 4 secs., 
*-*868, u — — *092, o — — *885. After 10 secs., *-- 082, *-'001, 
a - *197. 

88. The third curve touches * — *-</'• where # — + and touches 

* — — f 1 / 1 * where $ — (»-f f)ir. It cuts the axis of t where t — — J»»r, 
at an angle tan~ I (2*-«»/20). 

40. *0675 ; *0495. 

41. If acceleration — — »*#, then v — wy^o*— **), and • — a cos at. 


Examples XXXVI, p. 213. 

— 3 cot(<X — 3*). 2. 3 sinxcos*x/(l — cos 5 *), 

sec 4. j/v^-l). 

— sin 4x/v'(2 — sin*2x). 8. -3«asinaxcoB*ax(l -f cos 8 ax) n ~ 

6 tan 3xsec*3x/(l — tan* 3 a?)*. 8. [log (1 + */x)]/(</x+ x). 

sec |xtanj r iA — a sin 2 ax 

2n(l -i-sec!#) 1 ” 1 /"’ 10 ‘ YTco?ox ’ 

e 1+,ln *® sin2ar. 12. 4 cos xj y^( sin x — sin* x). 

+'• .. -V8 

SJT77F)' 

2xa 4 

(a' + ttV/ 5 


2^(5«- 2 -3x*) 


xV(x' J — a 2 ) 

3 X log 3. 20. 10*® 

a bx ~^xb logo. 22. —(2 

— (no 1 /® 0 loga)/x* +l . 24. 2 log 

(6 — 6a? — x") */x %/{a 

2V{(x-l)(x-2H‘ ’ («- 

(2*-**-§)/[*(l-*) (2-*)]*/*. 
sin ro x cob* 4 *? (w cot x — w tan a: — 4/x)/a^. 
a?*/(3-2x) ["3 _ _1 1 1 1 

(l + x)(2— x)Lr 3 — 2x l+x^2— xj 

(a — x)*(6— x) s r 8 2 3 “] 


2 +2 cos x + cos* x 
tan (1 + */x) 

lB - 2^5 

ao. 10’* _l x21ogl0. 

22. - (2*/* log 2)/x*. 

24. 2 log 5 x cos* . 5 1+ *«i»». 

y(a-3*) r_3_ _ g I 
(a — a;) 8 w(« — 3x)J 


c/ (o— x) a r 8 
— 2 a?) 4 U-2 


81. e~*tin m xcos ,, x(m cota?-n tanx-1). 

82. (a + x) 8 sin x cos 8 2 a? [cot a?— 6 tan 2x + 3/(a + a?)]. 

88. i v^t «* sin (a? + a) cos (x — /3)] [log a + cot (x + a) — tan (x— £)]. 

84. l/(x log *). 85. (1 + log ■»). 

86. (log a?)* [log (log x) + 1/log x]. 37. a?* 10 * [log a? cos a? + (sin a?)/x]. 

88. l/[xj($ x* - 1 - 2a? 4 )]. 30. 2/(1 + x 2 ). 

40. 2/(1 +X 8 ). 41. l-x , -3xV'(l-« , )sin- , a?. 

42. cos Of/(l + 2x sin Ot + X*). 43. l/[2xV(x-l)]. 

44. l/a* + l/[aV(l~*% 45. 2*-2*7vV“ D* 

46. (1/a) tank (x/a). 47. — (a/#*) coth (a/ x). 


48. asinh2ax/(l + coBh*ax). 

48. l(a* + 4ax- 3x*)/[(a* + x 1 ) (a - x) 4 ]'/ 1 . 
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50. 3a , * l /(a , +* , ) B / 1 . 51. — n (1 4 l/log*)*’" 1 /^ 0 # 1 *)* 

02. Sapfl+jr 4 )* -1 ^! +2«* , taii~ 1 * 1 ). 58. sin 4 *( 0*4 sin 1 * cos* 


54. -f . 

58. - l/v'O*?* -a*). 

58. sec«. 

00. Sv'Ca’ + s”)- 

03. + 

00. ). 

00. -log«a/(*log,*). 
72 . 2 . 


55. n&cot (&*+c). 

67. $ &*)/(« + 6 009 *)• 

60 . — -*/(&* — «*)/(& + « cob*). 

61. 2v /f (fl , -d?*). 62. (a* 4 b f ) #“ sin far. 

84. l/V'U-* 1 ). 85. 4 Bee*. 

07. 2a**/(* 4 — a 4 ). 88. */(l+* 8 ). 

70. 2a 9 /(a 4 — **). 71. ooseoh*. 

73. 2/(tan** — 1). 

74. (i) ab*/(y+*)x y log6/(y + 0)*. (ii) p (backlog tt — e/3Mog jS). 

75. If a* < 6®, | 6 + a cob * | > | a 4 & oos * 1 , and therefore the inverse cosine 
is imaginary. 


Examples XXXVII, p. 218. 

1. 2 a 2 (a 1 — 4)/(2 y — ax)\ 2. 0. 

— (» — 1) 4. —2 a* (4^ + 0*)//. 

4a f /(a — 2y)*. 6. — 64 e~ tx sin (2*4 a). 

('~a) n 2*/* . s - ®* cos (a/ — Jn»r). 0. #'(** + 20*4 90). 
a® - *#** [(** + a 5 ) a 8 + 3 na*** + 3 n (n — 1 ) a* 4 n(n - 1) (n — 2)]. 

- 12/a? 4 . 12. ( - 1)"-* 2 (n - 8) I/*"" 1 . 

82(* 1 — 5) co8 2* + 160*fiin 2*. 

14. ( — !)•#”•[**— 8n** 4 3 »(n-l)*-n(n - l)(n- 2)}. 

10. (1 - **) D*+’y- (2 n 4 1 ) * D»+' y - n*/>*y - 0. 

18. (** - a*) />»+* y + (2 » 4 1 ) * Z>*+' y 4 n 8 D»y - 0. 

10. [** 4 2 nx( 1 4 *) + 4 n (n — 1 ) ( 1 4 *)*] > n ! 

22. (1 — **) Z>" + *y — (2n 4 lj* Z>* +, y “ w * D n y — 0. 

23. a?D*y + 2nxD*- x y 4n(n — 1) D n ~*y, 24. (iy— #£)/**. 


3. 

5. 

7. 

10 . 

11 . 

13. 


Examples XXXVIII, p. 222. 

1. Between — oo and 0, 0 and 4, 4 and ao . 

2. Between — ao and —8, —8 and 0, 0 and 3, 8 and ao. 

8. Between — ao and 2, 2 and 6, 6 and oo . 

4. Between — ao and —5, —5 and 0, 0 and 2 , 2 and oo. 

6. Between — ao and <-2, —2 and 3, 8 and ao. 0. No real roots. 

7. *— 1, 1, and —4. 8. *-■—}, — J, and 5. 

0. * — 2, 2, 2, and —2. 10. * *• ±1, ±1, and 7. 

11. *— — — f, and 12. * — 8, 8, and *)• 

13. (i) y* — oc. (ii) f 9 — bc* 

10. y ■■ 0 when * — 1 or | ; dy/dx — 0 when * — {• 

17. jf*0 when * — 1 or 3 ; dy/dx — 0 when * ■■ j. 

18. y — « } when * 1 or 2 ; dy/dx — 0 when * ■« 1*414. 

10. y •- 0 when * ■» 2 or 4 ; dy/dx «** 0 when * — 2*828. 

20. y — 0 when * — (* 4 J) n ; dy/dx — 0 when * ■» (n 4 J) «r. 

21. /(*) — 0 when * ~ 0 or 4, but is discontinuous when * — 1. Theorem 

does not apply. 
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29. f[x) * 0 when x — mr f but /(a?) and/' (x) are both discontinuous when 

Bmm (# + J)ir. 

83. f(x) — 0 when or 16, but f'(x) is discontinuous when x — 8. 

84. 4p l + 27g*-0. 


Examples XXXIX, p. 228. 


^/(a^ + ash) — a? 


^ x . 1 .sinfac + hj-sin jj 

+ -00.- -i— J 


» 1, «*-l 
a. slog-y-. 

4 I 

log (1 -f h/x) 


X 

‘ h 


e. f(x) discontinuous when x — 1. 

7. /(a?) and /'(a?) discontinuous when a? — J?r. 

8. /'(a?) discontinuous when x wm 8. 9. 

10. */(**/*’ + !*/* + !)-*/&• u. V(a s + **»)/ft-j;/fc. 

12. (l//>)log[2(«*-l-fc)/fc']. 

82. /'(x) and f (x) discontinuous when x -* 4. 

83. f" ( x ) discontinuous when x — 1. 

84. /'(a?) and / r (») discontinuous when x — \ n. 

25. (i) -1. (ii) cos «. (iii) a/5. 26. (i) - J. (ii) }. (iii) 1. 

27. (i) 0. (ii) f, (iii) 0. 


I. * — 3 log (x + 8). 

3. Jx 5 — jx“ + 9x— 271og (x + 3). 

5. Jx* + }x + $ log (2 a?— 3). 

7 . -}**-l*-Jlog(l-2ar). 

9. 2a: + 11 log (a? — 4). 

II. — ax— }x* — a*log(a-x). 

«• » - £t 1 °g( a *+ b )- u - 

15. -|a^~ Jcjc*- c’log (c-2ap). 

ax be- ad. t 

16. — + — -j — log ( cx + d). 


Examples XL, p. 281. 

2. $x*-8x + 91og(x+3). 

4. Jx + J log (2a: — 3). 

6. — Jx — J log (1— 2x). 

8. Jar— 1 log (1 — 2x). 

10. — x + log(2x— 1). 

12. ia^ + Ja^ + Ja? + Alog(2*“l). 


i- p + p + ? l0 *^-ti- 


Examples XLI, p. 288. 


l. aiog^-l). 

8. A log (x + 6) + 1} log (x - 5). 

6. x + J^log (a: — 4) — J log (a? — 1). 

7. log (x — 1)— 2/(x— 1). 

•• i 1°8 [(3 + *)/(3 — a?)J - x. 

11. ¥log(x-8)-l}log(3x-l). 

18. ix*+Jlog(a^-l). 

15. |x*— x+*j-* log (x + 5) + J^log (x 

1 , x-a 

16. 1 log . 

18. -Jx + Jlogx- JJlog(5-2x). 


2. log(a^-5x + 6). 

4. x + log[(x-2)/(x+2)]. 

6. f log(x-l)- 1 V<>g(3x + 2). 

8. 5 log (x— 2) — 12/(x— 2;. 

10. x + |log(x-2)-Jlog(x+l). 
12. x-61og(x + l)-9/(x+l). 

14. J log (2x-l)-}/(2x-l). 

-4). 

, . e 5^5. x-</h 

17. l** + 5*+- r log--^- 
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Examples XLII, p. 234. 


I. J tan" 1 11 J (x+ 1). 

o 1 *. -\ x ~% 

*• ^8 tan V8 ■ 

. 1 , _ 8x + 4- 2-y/7 

6 ' 477 1 ° g 8ar + 4 + ‘2v'7‘ 

1 , ^34 + 2 + 3* 

7- 2^34 l0g a/ 34—2 - 3x ' 

1 . X*/h — 

8 - 2^/35 ° 8 Xa/5 + V7‘ 

1 . X + 2-V5 

u - * + 2^/5 ° g x + 2 + v / - r >’ 

3 , 2x + l — v'S 

18 . ie+ _l og 


16. 


2y'14a 


16. (J) 


log 

1 


2. J tan" 1 J (2x + 1). 

1 ’ 

x— 1 + V2 

1 , v^ + l+x 


4 ’ 2^2 log 


V^4a +i- 2rt 
V'Ha — x + 2a 

. 2 ax + b — V^ 8 — 4 ac ) 

] 0g 


f75 log v'5'-T^i’ 

1 , _2x-1-2a/2 

8 ‘ 8y'2 l0g 2x-l+2v'2* 

10. x — 2 tan" l (x + l). 

12. J x 3 - 7 x «f 7 */7 tan" 1 * 

_ 1 , -/73 + 4X-3 

14 ‘ a/73 ° 8 a/73 -4* +3* 


^(V-locy s 2ax + b+V{l' i 


Examples XLIII, p. 236. 


1. log (a;* + 3 X -4). 

8. — f log (a 4 — x 4 ). 

6. —log cob x. 

7. Jlog (1 + 8sin*x). 

0. — (l/&)log(a + fccosx). 

11. J log (ax 1 + 26x -t cj. 

18. log cosh x. 

16. -[log(l-x*)] /n. 

17. log (1 + xt K ). 


2. Jlog(x*-I). 

4. |log(x 2 + 2x + 7). 

6. (log sin ax)/a. 

8. Jlog(x* + a f ). 

10. -Jlog(l— e %x ). 

12. 1 log (3 + 4 tan x). 
14. log (log x). 

16. — log (einx + cosx). 

18. [log (a + b sin*x)]/fc. 


Examples XLIV f p. 237. 

1. 4 log(x* + 9) 4-ltan' 1 Jx. 

2. 2 log (x* -5) -fayfb log [(x- V / 5)/(x+ a/5)]. 

3. lx»-la*log(x* + a*). 

4. * ‘/’l log [(a/7 + *)/( ^7 -x)] + | log (7 -**). 

5. 3 log (x* + 4* + 13) — 8 1 an -1 J (x + 2). 

«• 2iog(x*-2x-i)- ~ 

7. 21og(2x i + 2x + l)-7tan" 1 (2x-fl). 

9. J log(x* — 8x + 5) + -iyy tan 1 2 J~ 8 . 
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10 . *+log(x*-2x + 5)-2tan-' | (*-l). 

11. 4 x* + 6* + 13 log (** - 6* + 10) + 18 t.m-» (*- 3). 

“• gfr, 

is. *-log (**+*+ 1)+ 

V o v 3 

14 . * - 1 log (**-2* + 8 ) - 1/2 tan" 1 {(*- 1)/^/2). 

18. *- 8 log (* + 8 ) + 8 log (x + 2i. 
ie- i log (** + «* + a*) - tan- 1 [(2 x + a )/ */3 a]. 

17. $**-i log (** + 1) + tan- 1 *. 

18. £ log (** + 20* -o') -lv'2 log [(* + o— v'2o)/(x + «+ ^2 a)]. 

Examples XLV, p. 239. 

1. log (* - 1) - log* + 1/x. a. log x — J log (x x + 1). 

8. | log {*(*— 2)/(x — 1)*}. 

4. $log(*-l) + f log(*» + 4) + f tan' 1 \x. 

8. J log (*—!) + $ log (* + 1) — J log (2 * + 1). 

6. *+ilog(*-l)-ilog(*+l)-J/(ar-l). 7. — 1/*— tan -1 *. 

8. Jlog(*-1)-Jlog (*+l)-itan- J *. 8. -J/(j>- 1). 

10 . ilog{(*-l)/(x+l)}-J*/(x>-l). 

11. log(*+l)-$log(x* + 2x + 2). 

12. Jiog(*-l)-$log(**+* + l)- tan-'V’l (2*+ 1). 

13. 4 log {(** — 1 )/(** + 2)} . 

14. * — J log (l + *) + 4 log (1 — * + **) - y^l tan -1 Vl (2* - 1). 

18. log {*/(l-*)j -l/x-$/x*. 

16. log(*-2)-f log(*-l)-Jlog(* + 2)4 J/(*-l). 

17. 1 log {(1 + *)/(l -*)j -{ tan -1 x. 

18. - 4 log (* + 2) + ^ log (*' - 2 * + 4) + l tan -1 (x - 1 ). 

19. tan -1 *— tan -1 * v'i . 20. log {(1 +* + *’)/*’}- 1/x. 

81. A log {(** + 2 * + 2)/(** — 2 x + 2)} + J tan -1 (x + 1 ) + 1 tan -1 (x - 1). 

22. Hlog(*-2)-Jlog(*-l)+'Alog(*+2)-llog(*+l). 

83. Jlog {(1 -*+x»)/(l +*+*•)} +1^3 tan" 1 {*^3/(1 -*’)}. 

24. & log (* — 1) — log * + J log (** + 1) + 1/x + \ tan -1 x. 

25. J**+ Jo’log(*— a) — Jo*log(x' + o* + o , ; + Jv/3a*tan _1 {( 2 * + a)j 
28. J*-JJv / 2tan-4^'2* + Alog{(*-l)/(*+l)}. 

87. J log {(*• -!)/(*• + !)}. 


Examples XL VI, p. 241. 

1. linh -1 $ (x+ 1) or log[x+l + V'(x* + 2x + 10)]. 

1. coih -1 4 (x + 3) or log[x+5 + ^(z? + lOx—ll)]. 
i. *in _1 J(*+3). 4. •in _, t(*— 2). 


6. cosh -1 (2*+ 1). 

7. ooA-»£(2*+3). 

8. v'iwa -1 J(4x-3). 
U. •«-> {(2x-3)/V'41}. 


8. coih - * (2x — 7). 

8. Jv^ZMnh-'Kex-T). 

10. V'i ooih -1 J (4x - 7). 

18. Icosh -1 {(9*-2o)/2o}. 



ANSWERS TO THE EXAMPLES 


Examples XL VII, p. 242. 

1. ^(**4 5), 2. */(** — 1)4 cosh' 1 x. 

3. — 2*/(4 — **)— sin” 1 Jx. 4, <S(x + x % ) — 4 cosh" 1 (2x41). 

6. — y/\4— 3x — X*) — § sin” 1 4 (2a? H- 3). 

0. 2v / («* + 5* + ®) — 2oosh~ 1 (2a? + 5). 7. Bin' 1 x4 v^(l — #*)• 

8. 4>/(2x , 4x— 8)4 1-\/2 coah" 1 4(4x4 1). 

0. v / (**42x)4cob1i” 1 (x4 1). 

10. y^x* 4 4x4 7) -2^/3 sinh- 1 {(3x42)/-/! 7}. 

11. v / (64x — x*)44 ain^J (2a:- I). 

12 . iv'( 5 ^- 4 a?) + A-/ 5 coBh“ 1 i( 5 ar- 2 ). 


Examples XLVIII, p. 246. 


J sin 8 a?. 

J (•* + *)■/«. 

— 4cosec 8 x. 

-S(® , -**r +, /( w +i)- 

-Jlog(a 8 -a^). 

1 . x 8 — a 8 
6a 8 x 8 4 a 8 
4 sin' 1 (x a /a*). 

A^-2) 8 . 
log(l + e*). 

1 log {(1 - 2 cos x)/(l 4 2 c°b a:) f . 

1 (lo gar)*. 

4 tan*x. 
log (1 + tan x). 

J(l+logxJ\ 

2 sin */x. 

J cosh -1 } x*. 

— l/{6(a — 6 cobx)}. 

4 Bin -1 } (2x*-» 5). 


2. — Jcob 4 x. 

4. bpcx. 

6. ^(x 1 — a 8 ). 

8. 1/(2 (n — 1) (a 8 — x , ) w " , } # 

10. 4 («* 4 x 8 ) M+1 /(» 4 1 ). 

12. — (a — 6x n ) 8 /( 3 &w). 

1 x 2 

14. . tan" 1 — - • 

2 a 2 a* 

10. — 4 V^(« 4 — a? 4 ). 

18. J sin” 1 (x*/a 4 ). 

20. tan" 1 (sin x). 

22 . 4 log {( 1 + 0 /( 1 -**)}. 

24. — (1 - Bin x) n+1 /(» + 1). 

20. (logx) n+ V(n+ 1). 

28. tan w+1 x/(»4 1). 

30. 4 log { (1 4 tan x)/( 1 - tan x)} . 
82. — (1— «*)"' H /(f | + !)• 

34. 4 (sin^x) 1 . 

30. sin" 1 (| \/2 sin x). 
sa -1/(1 4 log x). 

40. ) tan -1 (x 3 4 2). 


Examples XLIX, p. 248. 

1 . ~l(x + 2)</(l-x). 2 . -&(8a* + iax + Zx*)y/(a-x). 

8. 2^/(1 4 x)-logx + log(2 4x-2y'(l4x)}. 

4. 2-v/(* + 2)— 4 tan -1 4 '/(x + 2). 5. 2 log (1 — */x) + 2</x, 

6. x — 2*/* + 21og(l 4 y/r). 

7. log {«+ 7(1 - *)} - ^ ’og ^{z5^i~y=i ’ 

8. 1*1 (3* - 4) (* 4 2)V*. 9 , jg,((JX + i»)*/» (15 a'V - 12 abx + 8 b’)/a*. 
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XO. 2*/x-*+|*.»/*-21og(l 
“• a l0g V{i+xT+ 'J* 

14. 

10. — sinh- 1 {(2+x)/.v^3x}. 
18. -1-^2 sink -1 {(1 - x)/(l + 

20. (a? + 2 + 

21. J log a? -log {V^(l 4-*) — 1} 

22. */x — tan" 1 -y/( j x). 

24. 3 log {(1 + ^x)/(\ — V*)} 
20. (l/3a*) log {x 8 /^ + <*“)}• 
28. ^log {ar 4 /(3-2a? 4 )}. 

80 . 3 log {v^(l 4 a?) — 1} —4 log 


+ ✓«). II. i-/3tan-V(Ja?). 


aV(» l +* 1 )' 

15. — coseclT 1 *. 

17. sec -1 a:. 

*)}. 18. -V'^co»h- , {(H-5*)/9*}. 

- ^(1 + *)/*. 

23. - (1/a) cosh” 1 (a/a?). 

— 6*/a?. 25. Jlog (a?*/(2a5 , + 3)}. 

27. (l/») log {**/(l “«*)}■ 

2d. J log (a?*/ (1 4 a?*)} 4 }/l 1 4 x*). 

x « ^3 tan- VH 2 ^( 1 +*) + !}■ 


Examples L, p. 252. 


1- — 1 log cos 2 x. 

8. 2 log tan K* + *)• 

5. a log tan (}x/a). 

7. — (cot nx)jn. 

0. »in a?— $sin*x. 

11. (sm* +1 x)/(«4l)“(sin" H, x)/(»4 
13. } see** — sec*. 

15. }tan*x. 

17. J tan* a? -tan a? + as. 

10. J tan* as- J tan* x + tan* -as. 

21. £ tan 8 * 4 log cob *. 

23. —2 cot 2*. 

25. Jx— g\sin4x. 

27. } * — J sin 2 * 4 B l a sin 4*. 

29. tan}*. 

81. tan* —sec*. 

83. log tan (} 7T 4 } *) — cosec *. 

85. ^ain 5* + } Bin*. 

ginff-g)* gin(p4g)» 

2 (P~q) 2Cp + gJ 


2. (log sin wi*)/ta. 

4. } log tan 3 x. 

0. Stan}* — x. 

8. } cos** — cos*. 

10 . } oob t x—}cos*x. 

3). 12. tan x + J tan** 4} tan**. 

14. } ain**“2 sin* “cosec*. 

10. J* + J ain 2*4 sin 4*. 

18. -cot *-} cot 3 *. 

20. log tan*. 

22. log tan * 4 } tan 8 *. 

24. cosec s *“}cosec 4 *4logBin*. 
20. } tan**. 

28. - } cot 3 * - } cot 8 *. 

80. “C0t}x. 

S3. tan *4 sec*. 

84. cos 3*— cos 5*. 

cos (w 4 n) * __ cos (rti ~n)x 
2 (fB + fl) 2 (tn ~it) 

3S. i Bin3x“A 8 ‘ n5;c ~l 8inas ’ 


80. - 


cob (m4 2) * cos (m — 2) as ^ 

4(w + 2) 4(m-2) 

41. - } log cos*. 

1 , 13tan}x*4 1 

84 l0g tan Jar + 13 ‘ 

45. } tan” 1 (} tan*). 

47. }*4}log(cosx4sini®). 


2m 

40. } log tan (l7r 4 *)+}*. 

1. 3-ftan}* 

42 ‘ 3 log 8^to4i- 

44. } tan" 1 (} tan *). 

40. J tan -1 ( % tan *). 

48. } tan 1 * 4 4 log tan* — } cot * x — cot 4 * — 3 cot 1 *. 

*e. if V8 tan-* {(2 tan t * + 1)/ y^} . 60. i Un" 1 (2 tan { *) 
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Examples LI, p. 255 . 


l. 4 lf v /r (9-x*) + g sin" 1 Jx. 

5. 4x^(1 +x*) +4 smb-' x. 

5. — %/(25 — x* )/x — sin “* J x. 

7. Binh” l x-y(l+x*)/ar. 

0. 4x^(9 + **)“$ sinh- 1 |x. 

11. Ja’sin” 1 (x/a) — 4x v /(a* — x 2 ). 

IS. -i(x»4-2) v '<l-x 1 ). 
i5. x / {a* *y (<1* — x*)| . 

17. sin^^/fx — 1)— -v/(3x — 2 — x 2 ). 

18. Ssin^^/fi (x-2) f 4- v / (7x-10- 
10. 4 sin" 1 4 \/(x — 3) — J(5 — x) 

20. i t i»in*-V{4^+l)}-'4(3-2x) i 


2. 4xV7x* — a*) — 4a* cosh' 1 (x/a). 
4. 4x</(x* - 4) - 2 cosh -1 {x. 

0. — */(l-x*)/x. 

8 . ^sin^'fx/aj- jx^fl'-'x’). 
10. 4x%/ (x 8 * 10 — a*) + 4«* cosh *(x/a), 
12. — i/ipi* + x) ! a % x, 

14 . J(x*~2 a'Jvfy^ + a?*). 

16 . x/v^ll— x 8 J — sin” 1 *. 

O- 

~21~x ? ). 

'(4 + 3x-x*). 


21. sin -1 J (2x — 5). 22 . sin- l {(2x — Of — 3)/(3- &)!■ 

23. J(/3-a) 8 sin“ 1 v'{(^-a)/(/9-or)} - J(0f + 3-2x)>/ {(x-a) (3-x)}. 
21.4a* sin- 1 v/{ 1 (x - 2 a)/a} - 4 (4 a - ;r) y/f 8 ax - 1 2 a 2 - x*). 

25. (3 - Of) sin- 1 */{(*- a)/(3 - a ) } - v' { (x - Of ) (3 - x)} . 

26. Ssin-^U (x + 4)} -f* — x 2 ). 

27. (Of - 3) sin" 1 */ {(x - 3)/(« - 3); + \/ [(x - 3 j (Of ~ x)} . 

28. itoin-'x + ixAl+x*). 39 J tan _1 (x + 2) + 4(r + 2)/(x* 4 4x4 5), 

SO. tan” 1 J (2x — 3) + T J ? (2x — 3)/(2x 8 — 6x4 45), 

81. l(x*-2)/(x* + 2x + 2)-4tan _1 (x+ 1 ). 32. \ tan“ I x-4x/(x a + 1). 


Examples LII, p. 258. 

1. ixVlogx-i). 2 . ix»/*(lo gx-i). 

8 . (x "** 1 log x)/(m 4 1 ) -x m+, /(*w 4 1 J*. 4 . - J [ log x 4 J)/x ? . 


6. x sin x 4 coax. 

7. t* (x— 1). 

0. J (x 4 — 1) tan-'x + } x-^j x s . 

11. xsin“ l x4 -/(l — x*). 

13. x tan x + log cos x. 

15. J(2x 3 -' ljsin^x-*- Jx-v^.l -x 1 ). 
17. ax sinh (x/a) - a* cosh \xja ). 

10. xcosh^x- v^x*- 1). 

21. 2x*sin 4x4 8x cos Jx-lGBin $ 
28. — (x* 4 2x4 2) «"*■. 


6. — (x cos mx)/m 4- (sin mx)/m\ 

8. -«-«*(ax+l)/a*. 

10. Jx* tan- , x-ix*4-l Iog(x*4l). 
12. xlogx — x. 

14. (log si n ntx)/m l — (x cot mx)/irt. 

10. x oosh x — sinh x. 

18. xsinh^x- */{l 4 x*). 

20. — x* cog x4 2xsin x + 2 cos *. 

22. (x* — 8x 2 4 6x — 6) e*. 

?4. — 4* r ’ C08 2x4 4xsin2x + Jcos2x. 


Examples LIII, p. 260. 

1. 4 x (x* — a 8 ) — J a* cosh" 1 (x/a). 8. ^x^/fa 1 — x*) 4 Ja* sin x (x/a\ 

8. i*^(32+2ai») + 8V , 2.inb- l ia!. 4. ^• v /ll2-8x , ) + 2/8ain-' 

6. Jte+l)V , (** + 2*+6) + 2iinll _, i (x+l). 

6. j (2 x + 5) V^B — 5* — **) + V fi» *’ 1 ( 2* + 5). 

7. i(8j: + 2)v'^3x , + 4*-7)-f Iv'Sco.h- 1 ^ (3# + 2). 

8. i v /3iin- 1 ,\(6* + 6). 
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9. I (8*— l)v'(3* , -2*) — ^v^Seogh- 1 (3*-l). 
lO. A(8as-8)v'(5*-4**) + fj»iB-‘J(8*-&). 

IX. A**'( 2 »ja2a>+8coa2*). 12. ^e**(2 gin 5 *-5 cos 5 *). 

1». t*-»(l«inj»-oogi*). 14. - i (gin ax + cog ax) e'^/a. 

16. «* (5 + 2 sin 2ar + cos 2»). ie. 4« , '(2-gin2*- C og2*). 

17. | (ginh * sin a: — oogh * cog *). is. i (cogh x oog*+gmhxain x). 

19. £(cosha7sin a;— sinh a?cosa?). 

30. — Le—*t/L (R sin pt + pL QQ&pt)/(R? +p , X*). 

21. I*-**! 1 {pL sin (pt + f )-R cos (pt + «)} /(R* + p 9 L 9 ). 


Examples LIV, p. 264. 

lv e**(a*a 9 -$a?a 9 + $xa~&)/a*. a. -r^(* 4 + 4x 8 + 12ar a + 24jc + 24) 

3. J a? (8 - 2 a?*) cos 2 a? 4- J (2 a: 9 — 1) sin 2 a?. 

4. (x* — 6 a?) sin a? + (8** — 6) cos x, 

5. — (a* 4 — 12a?* 4- 24) cos a? + (4x* — 24x) sin x. 

6. A* 8 {9 (log x ) 9 -6 log a? + 2}. 7. A 3 * 4 {8 (log a?) 9 -4 logo? 4 1}. 

8. (x 9 4- 2) sinh a? — 2a: cosh x. 9. (x*4 6a?) coshx--(8a? t 4-6)8inh a?. 

10. |tan*0 — tan 0 40. 11. — J cot*04j cot* 0- cot 0 — 0. 

12. f tan 7 0 — l tan* 0 4 J tan 1 0 — tan 0 4- 0. 

13. jtaji 4 0. 14. $ tan* 04 log tan 0. 

15. J tan*0 + 3tan 0 — 3 cot0 — $cot*0. 10. 2 y^tan 0. 

17. A ^ ~ A COB ^ sin 6 — A 001 ^ Bin" ^ ~ J cos 0 sin* 0. 

18. J sin*0 cos*0 4- J sin* 0 cos 0 — A B * n 0 cos 0 + A & 

19. £sin0cos*04-f Bin0cos0 + t0. 20. J tan 0 sec 0 4 J log (tan 04 sec 0). 

31. — cot 0 — £cofc*0. 22. log (sec 0 4- tan 0) — cosec 0. 


23. I mt n - - 


sin ”*- 1 £ oos , •' , ■ , 0 , m - 1 


+ ; — /*»— 2, ». 

m 4 n 


24. ysin*0 cos*0 <f0 — — &Bin B 0cos 7 0 + gy sin 4 0cos 9 0 <20. 

r sin m "" l 0cos ,,+1 0 m-1 

28. /„,« ^"1 + n + 1 ^-2,»+2. 

^ f Bin*0 1 sin*0 5fsin 4 0 

* J eos 4 0 — 3 oos 8 0 3 J cos*0 

_ sin m+1 0cos n “ l 0 n — 1 

27. im l n ^ 4- — 7| *wi + 2,i*-~ 2* 

tn 4“ 1 ffi + I 


a f cos* 0 cos 4 0 0 f CO8*0 

J Bin*0 2 sin* 0 J sin0 


29. Im, n - 


* dB 
sin 0cos 8 0 


iin w+1 6 cos" +l 0 m 4- « 4- 2 

ST! + » 4 1 

i r <^0 

8 0“2cos 8 0 + J sin 0 cos 0 * 


/m, n f 2* 


81. /*,»■• 


sin TO+1 0 cos" +l 0 m 4 n 4- 2 


/m + 2,** 


r <f 0 

siu 4 0cos*0 


3 sin* 0 cos 0 




as 

6 co»*d" 
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Miscellaneous Example*, LV, p. 865. 


1. —$ log (1—4*). a. Jlog {(1 + 2*)/(l —2*)}. 

a. -I ./(l -4*). 4. -*(i-4*)«+7(«+l). 

5. -A (1 -4 **)*/•. e. I * v , (l-4**)+i«in-' 2*. 

7. — 1- V^l— 4**). a i sin- 1 2*. 

a l/{4(l-4*)}. 10 . — | (l — 4* , )" +, /(» + 1). 

11. -i»(l-4*)<" +, )/«y(»+l). 12. -^(i-4* s )*/». 

18. -J*v / (l-4*') + ^iin- 1 2*. 14. — (2*+ 1)^/(1 — 4*). 

IB. -***-iV*-*log(l-4*). 10 . — | — 4x 4 ). 


17 . t ,ln 2 **. ia ,' ( 

18. A {1/(1 -4*) + log (1-4*)}. 

so. Alog{(l+2*)/(l-2*)}-f*. 

89. -fa {iin _l 2* — 2*(1— 8**)V(1- 
28. $a?*-2a? 4 + V® 8 . 

25. w/i/il-lx*). 

27. l/{8(»-l)(l-4a?*)«-i}. 

20. -*(142x46x*)V'(1-4x). 
SI. log {x/(l —4a;)}. 

88. log {x/(l —4a?)} 4 1/(1 -4 a?). 

85. log {(1 + 2a?)/(l — 2x)} — 1/x. 
87. a? + log a? — | log(l -4x). 

89. l/{8(l-4x»)}. 

41. $x— J(«in 2 ox)/o. 

48. — }cob4x. 

45. £iin 4 x. 

47. $x— ^ Bin 4a?. 

40. \ irn x 4 $ sin 3x. 

61. J§in*a?— }sin B x. 

58. — 2cot£x-x. 

66. J tan* x— tan x 4 as. 

57. jaec*x. 

60. $ log tan x. 

61. (iin nx)/n 1 — (a? cot «a?)/n. 

68. (x tan mx)/m 4 (log cob mx)/m % . 
65. (2— as*) co« x + 2 x gin x. 

67. (a?* — 2a? +2) a*. 

60. (a — &4fex)a*. 


r {(1 — 4a?)" + */(» + 2) — (1 — 4x)*+y(»4 1)}. 
20. A{* + ilog(l~4*) + i/(l-4x)} 

4a?*)}. 

24. -rf o (l4 6a?4 30a?*)(l-4x)V«. 
20. i(l-4x 2 )~*. 

28. -4a:)- 1 /*. 

80. *{log(l-4a:*)4l/(l-4x 2 )}. 

82. log {a?/V'(l“4a^)}. 

84. 4 log (x/(l — 4a?)} — 1 /x. 

86. \ log {a? 1 (1-2 a?)/(l 4 2 a:) 5 }. 

88 . — &(l 42 **)V'(l- 4 a^. 

40. — (1 4 6 a?) (1 — 4 a?) 5 / 1 . 

42. 2 sin J x — J sin 9 J x. 

44. — Jcob*x. 

46. J ain 4 a: — J sin* a:. 

48. ) cos a? — J cob 3 as. 

60. J-iina? — J sin 3a?. 

52. Jtan2x-x. 

54. j tan x aec a? + \ log tan (J n 4 } x). 
56. Jtan*x. 

68. — cosecx. 

60. J log tan (J-tr4x). 

62. 2xsin£x4 4cofi£ x. 

64. x tan x 4 log co«a? — J x* 

60. — £(2x4 l)e“*** 

68 . *«**. 

70. £x 7 (logx-£). 


71. \ (a?*— 1) log (1 4 x) — J a?* 4 J x. 
78. -{(»-l) logx+lj/ftn-l^x**- 1 
75. £ (1 + a?*) log (1 4 x*) — J x*. 

77. £(iin3x4-C0B8x)e**. 

70. -^jj(2«in2x — cob 2 x 4 S)*” 41 . 
81 . £(2a?* — I)c65“ l x — Jx^l— «*). 

88. J a? 1 coaeo^x 4 l*/(x*- 1). 

85. - log (sin x 4 cob x). 


72. J(logx) 1 . 

74. — (a-x)log(a-x)-x. 

70. — (sin 5x4 5 cob 5 x)«r®. 

78. ^\y(Bin2x — 2cOB2x)e x . 

80. J^-lJtaiT^x-^a^ + ia*. 
82. xsec^x-cosh^x. 

84. (log cosh ax) /a. 

86. log {x/v^+l)}. 
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87. 1 log {*•/(** +2)}. 88. \ log (*•+ 1). 

89. 7(**+l). 90. log[{7(* , + 1) — 1}/*] or — cosech -1 *. 

91. — 7(* 1 +!)/*• 93. »— tan -1 *. 

98. i*v'(I+**)-i»iah- 1 *. 94. iinh- l *-./(l + *»)/*. 

95. J(a*+1)'/*. 90. fnnh- l x+l*(5 + 2x , )v'(l ^ x»). 

97. i*/(* , +l)+Jtaa' , as. 98. a/v / (** + l). 

99. -1/7(1+**). 100. §(** + 1)*/*. 

101. -*(2+S*)(l-*)V». 102. ft(2 + 3*)(*-l)V«. 

108. -§(*+2)7(1-*). 104. t(*+5)7(*-l). 

105. ain _I 7*— 7{*(1 — *)}• 

106. J(2*-l)./{*(*-l)} - I cosh- 1 (2*— 1). 

107. J (2*- 1)7{* (1 -*)} + | »in- 1 (2*- 1). 

108 . ain-*7* + 7{*(l-*)}. 109. sin-' (2*- 1). 

110 . } ( 2 *+ l)-v^{*(*+ 1 )} — | cosh -1 ( 2 *+ 1 ). 

111. — log (1 + cob*). 119. tan 4*. 

118. *— tan |*. 114. *— sin*. 

115. tan$*+Binx-x. 116. l/(l + cos*). 

117. ! tan 5 * + J tan” J x. 118. }tan}x— Jtan’ J*. 

119. |tan*Jx— ftan§*+*. 120. 2tan§x— x. 

121. log («* + 1 ). 122. * - log («" + 1). 

123. log(e* + l). 124. 2tan-V. 

125. log tanh \ x. 126. * sinh x - cosh x. 

127. 2xcosh$x— 4sinh | *. 128. Jx+Jsinh2*. 

129. ^Binh2*— J*. 130. x sinh -1 *- -v/(l + x'). 

181. J(2**— l)co8h -1 *— 

182. § (Bin ax cosh ax — cos ax sinh ax) /a. 

188. (5 + cob 2x) cosh x+J sin 2x sinh x. 

134. ^(3ain2xsinh3x— 2 cob 2* cosh 3*). 

135. (»» oos mx sinh nx + m ain mx cosh nx)/(m’ 4 »*). 

136. A tan-' A (* + 3)* 187. i log (n? 4 6* + 109). 

188. § log (a* + 6 * + 109) - § tan -1 & (* + 3). 

189. * — 8 log (*• + 6 * + 109) — tan -1 ^ (* + 3). 

140. sinh-’ A (*+*)• 141. 7(»* + 3* + lw )’ 

142. 7(** + 6 * + 109) — 8 sinh -1 A (* + 3). 

148. § (* + 3) 7(** + 6 * + 109) + 50 sinh-* (* + 3). 

144. § (2** + 3* + 191) vV + 6* + 109) - 150 ainh-' A(* + 8). 

146. jbi [log {*/7(** + 6* + 103)} ~ A ‘ aB_1 A (® + 3)1. 

146. - sinh- 1 {(8* + 109)/10 *} . 147. log * - J log (1 + **). 

148. § log {(1 + *)’/(! — * + a*)} + 7} tan -1 {(2*-l)/73}. 

148. § log {(l-*+**)/(l +*)•} + v'i tan*' {(2*-l)/73). 

150. i *7(1 + **)*. 

Examples LVI, p. 272, 

*• 204-6; J; 2; 2931: 

a. IS; -ft; )/(» + l): *828; fga 1 /*. 

*■ loi^ 4 ; log2; log 4 . 4 . 1; 0; 0. 


s. Jir; 4^; !• 
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6. Jir; -8812; '446. 

7. Jff; i a* {log (1 + ^2) + 72} { 1074. 

8. i/2— 1; JlogJ; tan -, 2 

-iir. 8. in-; log 2. 

10. 21og2— f; y log 4 — 7 ; 

6 log b - a log a + a — 6. 

11. 1; 1. 

12. ^ rr — 1 ; J it — \ log 2* 

18. i(«''+l); K«-V>+1). 

14. e-2 ; sinh 1. 

15. Jo*; a(v/2-l). 

16. w; n*-4. 

17. 0; J. 

18. -446 ; 2*287. 

18. a(l-|ir); ^-81og$. 

20. (log 3; } log 8. 

!2l. Itan-’J; | log 2. 

22. irr-|; ftir. 

23. ft; 0. 

24. 0. 

26. i + log f ; i + logf. 

26. A w> + i ; ^7r # + J* 

27. 0; 0. 

28. *. 

28. 1. 

30. 7r/(afc), 

81. |ir-l. 

82. $ a/sin a. 

S3. 6— 4 log 2. 

84. tan"" 1 *— ^tt. 

85. i(«~* + l). 

8e - 

87. ft(ff + logg). 

88. *446. 30. -562; 1*7624. 

40. w/i/3 — ftff’ — log2. 

41. 4 nr — 1 tan -1 J ; logjjf* 

42. iff. 

48. %a\ 

44. 1. 

46. 1* 

40. «* — «*. 

47. 0. 48. J (6 4 -« 4 ). 



Examples LVII, p. 277. 

In each of Ex. 1-1S 
0 to \ tt. 

i, I denotes the integral of the given function from 

1. 21 . 

2. 27. 

3. 4/. 

4. 4 J. 

6. 87. 

6. SI. 

7. -2/. 

8. 47. 

0. -3 1. 

10. 3/. 

11. 27. 

12. 31. 

is. A. 

14. o* + */{(« + l)(n + 2)}. 

15. Hf V' 2 - 

16. 0. 

17. 0. 

18. 0. 

10. yjf. 

ao. ^7(2 o’). 

21. 0. 

22. 0. 

28. 0. 

24. 2. 

26. 0. 

28. 0. 

27. *5 and *5236. 

28. M32 and M92. 
84. *1163. 

28. 1’571 and 1679. 

80. 1*785 and 2. 


Examples LVIII, p. 281. 

In cases where no answer is given, the integral does not exist. 

1 . 2 . 8/^2. 4. 3. 6. 0. 8. 4J. e. \n. 

10. ir/(ab ). 13. 14. vr. 15. 1. 16. a. 18. 

20. log 2. 21. 1 — Jtt. 23* it. 24. rr. 25. nl. 


14. IT. 
23* it* 
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Examples LIX, p. 386, 


1. 



a- A. 

3- rfis* 


4. IT. 

6. 



«• IS- 

7. An*. 


8. }. 

0. 

{it. 


10. ,»,. 

11. 4 ir a*. 


18. 48 ir. 

18. 

A®*- 


14. a". 


18. l/(12a 4 ). 

17. 

W*. 


18. 0. 

19. i in a’. 


80. A»f- 

SI. 

3 7T. 


88. If- 

88. Jiro'. 


84. } ire*. 

20. 

llg "*• 


80. JJ. 

87. 1/(24 a 


28. 1/(C«’). 

80. 

t r. 


so. i(/9-a)». 

81. }«■. 


38. *£tr. 

83. 

air. 


84. air. 

36. ft. 


80. */«-. 




Examples LX, p. 201 . 



* 

A m 

10|- 


2 . V"-. 

3. 3 n- a*. 



4. 

8 nab . 


#. 

7. } ab. 


8. H a*. 

0. 

W- 


10. 106}. 

11. (i) £(4-n)a*. 

(ii; 4(4 + w)i 

12. 

•67 a*, 

14*37 a*, 

•67 a*. 

IS. Wa* 

; I </3. 

16. 

{2a/3 

-log (2 -4 

- y^)} ab ; ab log (2 + 

V'S). 


10. 

2». 


17. 34 ir. 

18. Jn. 



10. 

4 ab ton- 1 (b/a). 

20. ir. 

81. AW a*. 


22. 

4 Tra*. 


23. 6 no*. 

24. | na*. 






Examples LXI, p. 298. 



1. 

1111 . 


2. 14*902. 

3. 

*6. 


4. 

137. 


8. 3*57. 

9. 

*256. 


lo. 

(i) 2na/w, (ii) 

} nan ; (i) 2w l o/n, (ii) \n*a. 



12. 

(i) in a. (ii) 2 a/n, 18. 39. 

14. 

1*274. 


15. 

50. 


10. Ja*. 

17. 

1*273 a. 


18. 

Ja*. 


10. ja. 

20. 

inb. 


21. 

0 for a 

complete revolution, 2r/n for half a revolution. 


22. 

3 9 «q. 

in. 


28. 

14-42 sq 

. in. 

24. 

16*72 ; 

16*64. 


25. 

15869. 





Examples LXII, p. 808. 



1. 

A*®'- 


2. 

A Tra*. 



8. 

) of circumscribing cylinder. 4. 

A of circumscribing cylinder. 

5. 

%n*ab*. 


0. f no 8 . 


7. 

r 8 a\ 

8. 

A */2 (10 -Sir) 

nr 8 . 0. ^7r*a 8 . 


10. ^rra*. 

11. 

iw*a». 


12. 

-16)na 8 . 

13. 21 

BISttc*. 

14. 



15. «j Tra*. 


10. 2n*> J . 


17. } «■(«•'- 8) eb*. 19. A*®*- 

50. tro (b (2a + b) log (b/a) + 2 ab + Jo* — f b*}. 

51. 2ir'br', 38 . 17 69 o. ft. 84 . 2186 c. in. 
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*B. A"-(W + 8«r)a>. 90. tr [2 oM - j 5*/a - 2«a*5 •in" 1 (5/a)]. 

27. 183 8. 98. i(2 — V'Sjfrr*. 

90 . |frb&*. SO. IV'Qirr*. 


Examples LXIII, p. 307. 

9. 11*804. S. 6. ‘82. 0. 6«. 

8. 2 J* '-/(«»+ Moo 8. ♦o/y'S. 10. 46*68. 11. 48*87. 

13. 1*317. 14. 4 (a 1 + oft + 5*)/(a + &)• 1®* 8a cos J a, 

17. log (2 cosh a). 18. £aa*. 90. 9*76. 


1. 620. 

4 . | (3 IT— 4)7 rfl*. 

7. ir(ir— 2^/2) a*. 

10. 27rc»(l-l/«). 

12. it (&*/#) log {(1 4- f)/(l-<?)} +2^a*. 
14. tr {2 + y^2 log (V 2 + 1 )} a*. 

17. «rfv'2 + log(v / 2 + l)}. 

19. 4288 sq. in. 


Examples LXEV, p. 809. 

2. 452*5 sq. in. 

5. 262*2 a*. 

8. 7ra f (4-7r)/V'2. 


3. ^tra 1 . 
6. 4 7r*ar. 

0. V‘ ir ° l * 


11. 2 7 r {a& (sin -1 *)/* 4 5 1 }. 

18. 7ra*{3./2 -log (^24-1)}. 

15. 7rc 9 (2 + Binh2). 16. Jtto 1 . 
18. 4 7ra*. 

2a 1096 sq. in. 


Examples LXV, p. 812. 

18. r— 2a sin# tan#. 14. r 1 c os 2# — a*. 15. r(l + cos#) «■ 2a. 


Examples LXVI, p. 317. 


8. 120*. 

4. v^(2ar). 

8. 107*39'. 

21. r/a — 1 +sin (# + C). 

23. J-/3 a. 

24. Ja. 

25. a/</2. 

28. 60* and 120° 

with initial line. 

29. When cos 0 — { — a + 

</(a*+BW)}/ib. 

80. 5*/p* + 2 a/r 4-1. 

81 . a , 5 , // ,B ~ + 

82. e*/4 6. 

88. 0°. 

Examples LXVII, 

p 321. 

1. |ir«*. 

2. 1. 

4. 14*14. 

8. 35*625 ; 2*174. 

0. fra*. 

7. a*. 

8. IT O*. 

9. ^rra\ 

10. t^i (4tt — 3>/3)a*. 

U. (Jjt±2)o*. 

12. J a*. 

18. V*2 (r, -v r,). 

14. 8*925 a. 

15. jtra. 

18. 4*59 a. 

17 2a P' „ 

18. j ir a*. 

19. 8 a. 

J, -/(l-2.in^> 

31. 

22. 233*7. 

28. 835*1. 

84. fra*. 

25. |fra*. 

28. — !)<**• 

87. 2«r*. 

ss. J y' 2 ir(« l,r + ij. 
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Examples LXVIII, p. 324 . 

1. *- 5(4 co» 6 - cos 18), y-b(4sind-sm4d); *- 5 (2 cos 0+ cos 2d), 
y - b ( sin S- sin 2 5). a. tan (*+**). 

S. di/d d - 2 (a + i) sin (* a d/6) ; 8(o + l)i/o. 

4. ds/dd- 2 («-6)sin(*od/b); 8 (a-b)bja. 

5. * = 2./2 b. 6. *+V'3y-2 6. 

7. o. 

10. *-a(cosd+dsind), y - a (sin d - d cos d). 


3. J A from vertex. 


Examples LXIX, p. 332. 

1. (>) | r/rr from centre, on middle radius, (ii) *«/«■, 

3 f b ~ c a’fb-e) \ 
\,log(fc/c)’ 2 be log (b/c)/ 
b. *-55f|. 8. (!«, ft«). 

8- £ — §0. e. * — ?«. 

11. '92 a from centre. 12. £ ■» |a. 

14 . *87G r from vertex. 


4. y- 

7- (I, ♦). 

10. y- 1 6. 

18. £ — y - Jf J a/jr. 

16. £-2 Jr. 

17. ‘87 r from vertex. 

10. £ — | (a* - V)/(abt + a* sin" 1 e). 

21. £-3ft. 

23. y-fa. 

25. y — i {a cosech (a/e) +e cosh (a/c)}. 
27. 4y^2ira’ ; ^2na*. 

20. 2»r t a*b/e. 

81. 984*7 iq. in. ; 1583 c. in. 

84. (3*95, *96). 


10. 5 J 5 in. from larger end. 
18.(3*, ft). 

20. (I, 8JJ). 

22 . £- |. 

24. y — jo- 

20. tr V^a’; jira*. 

28. 4vV; 2n*r>. 

SO. 76 lb. wt. 

33. 265*4 lb. wt. 

35. £ — 3*9. 


Examples LXX, p. 336. 

1. J h. 2. | (6 h* + 8 ah + 3 a’)/( 3 h + 2 a), if a be beigbt of triangle. 

8. 4J ft. 4. ft it r. 6. {a. 

6. h(a +8 6)/(2a+4fc), where a it the side in the surface and b the parallel 
side. 7. * a. 

0. Depth below surface increased by 6(h+2a-6)/(6+«), where sand b 
denote original depths of C. 0. and C. P. respectively. 


1. | Ufa*. 

6. * MV. 

8. ft Aft*. 

12. Jfa* («• + *). 
18. )MV. 

20. 1*95 If. 

23. ItMa 1 . 


Examples LXXI, p. 340. 

3. JJfi*. 8. I Mr 1 . 4. 1 Mi 3 . 

6. * Mb'. 7. \MV[b-\ base]. 

0 . \Mr*. 10 . ftHfri. 11 . I MV. 

18. \ltab. 14. \Mt i . 16. ij Afr*. 

17. tMab. 18. ft Mb'. 10. 1*25 Jf. 

31. \Mr' {2 + cos 2 a -J (sin2a)/a}. 

38. fjJfa 1 . 34. ft Ma\ 
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1. }2tf-(r* + r''). 

6. | Ma*. 0. 

7 . ^Ma*. 8 . 

11. & Ida*. 12. 

14. } Mb*h'/(b' + h'). 
16. M( JV+Jr*). 

18. M(<* + \V). 

21. | Ma*. 

23. | Me', if e be the 

24. |Jft (4a + 36). 


Examples LZZII, p. 346. 

2. } Ma ». 3. J-Af(a'+ 6*). 4. \ Ma*. 

(i) JAfa*. (ii) Ma'(e> + i). (iii) Ma* (l/s' + J) 

§ Ma'. 9. } Mr*. 

Mi-fra' + b'). 

IB. (i) £oMih' + 4r»). 

17. (i) AJI/(6* + 3r*). 

18 M(c' + J» J ). 


length of the hypotenuse. 


10. M {J a* + (a— 6)*}. 

13. \Ma'l'l(a'+»). 

(ii) A3f(8r»+26'). 

(ii) MQh*+{t*). 

20. 2 Mr* {l-(»ina)/0(}. 
22. fJfr*. 


26. JAf(6*+6a’). 


Examples LXXIII, p. 348. 

1. M/r. 2. (M/h) smh- 1 (h/r). 

8. (K/r'h) {*yV + h*) + t* »inh-> (h/r) - 6*} . 

4. 2 M/l, where l ie the slant height. 5. 3 M(l—h)/r*. 

0. 2irm(r*— r 1 '), where m is the density, at an internal point ; M/e at an 
external point. 7. M/r. 

8. 2»rm(r*— r /I — Jc* + Jc' 1 ), where e and c are the distance* of the point 
from the centres, at an internal point; M/e-M'/c', at an external 
point ; jir*»(3r’ — <?— 2 r* */c'), at a point between tne spheres. 

8. 2 nm(R—R'), where R and R' are the distances of the point from the 
edges of the ring. 10. 2 M/r. 


Examples IiXXIV, p. 352. 

I. (2m cos <X)/p. 2. 2irm(l — cos a). 8 and 4. (2 m tin \ APB) fa 

6. (M/h) (1/Ri — l/R, 1, where J?, and R t are the distances of the point from 

the circumferences of the ends. 

0. 2jr»»(b + .R,— R t ). 7. 2ir*nfc(l — cos a). 

8. (i) 0. (ii) Jirm(*'- r'*)/^. (iii) M/x ’. 

8. (i) ffirtnd, where d is the distance between the centres A and B. 

(ii) Resultant of M'/BP* along BP and M/AP 1 along PA. 

10. M/PA.PB. 

II. 2irm(cos/9 — cos Of), where a and 0 are the angles subtended at the point 
by the radii of the ring. 

12. (i) 31376. (ii) 30*63. IS. 515 x 10* fb.-lb. 


Examples LZZ7, p. 880. 

1. (i) £32 5s. lid. (ii) £82 6s. 3d. (iii) £32 7s. 4d. 

2. (i) 29*1®. (ii) 40*55 min. 8. 30-5°; 201 min. 

4. r/r,-2-85. 6. 3048 lb. wt. 8. 20 5. 

7 . 5870. 8. *44. 8. 19*5. 

10. 86-95 ; 14 98. 11. 78 5. 12. (i) *2054. (ii) 61. 

18. (i) ‘6059. (ii) 5'44. 14. (i) ‘00098. (ii) 1'24 secs. 
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15. 1*74 x 10 14 . 

17. 4*97. 

19. -’02. 

21. 44’26 per cent. ; 12*5. 
98. 185*8 min. 


10. (i) *268. (ii) *0028. 
18. -3*09. 

20. \V\ 2*82 min. 

22. 1*99 sect. 

84. 46*45 yean. 


Examples LXXVI, p, 868. 


1. 1 ft.-lb. 2. a ft. -lb. 8. 19080. 

5. 92363; 186540. 6. 77625; 47520. 7. 111*45. 

9. 3522 x 10 4 . (i) 2 \ ft. per min. (ii) If ft. per min. 


4. 129360. 

8 . 1 , 000 , 000 . 


10. 78680; 433*8 # . 11. 6179a 

13. 2*886 W. 14. 2 W. 

10. 41* 24'. 17. 9 in. below AD. 

18 . 16° 25' to horizontal; unstable. 

20 . f TP cot a, if IT be total weight of rods. 

21. TP(2c -«)/<* ./a. 

23. 294*8. 


12. At 56° 19' to horizontal. 
15. 2 W. 

18. 43° 54' to wall ; unstable. 


22. 50 cot Of. 
24. 79*72 fUb. 


Examples L XX VII, p. 375. 

1. (i) 8/3. (ii) 16. (iii) -1*67. (iv) fir. 

2. (i) 16. (ii) 8/5. (iii) -8*48. (iv) Jtt. 

3. 64* days. 4. (i) 32/3. (ii) (iii) *185. 

5. 21J min. ; 4*946 miles per sec. ; 85 min. 

6. 2*92 miles per sec. 7. 84 miles. 

8. 1*49 miles per sec. 9. 25*82 ft.-seca 

10. 1717. 11. vV*. 

12. (i) 4 ft. (ii) I’ll secs, (iii) 4*9 ft. sect, (iv) *24 sees, (v) 3*95 ft. 

13. + /(l/^sinh' 1 (*//*/«)• 

14. ; /(l//i)coBh~ l (*/o). 

15. /{2^ (*-«)/«*} ; / (a 3 /2 p) {cosh -1 / (it/e) + /(a?* - ax) /a] . 

10. 16 ft 17. a*/W 

18. (i) *556 secs, (ii) 5*656. (iii) -8*32. (iv) 4*306. 

10. (ii) 2*828. (iii) -1*66. (iv) 3*847. 

20. *7854 ; x ■■ cos 8*, if x be distance from centre at time t. 

21. *7854 ; ae«oos8t if x be distance above position of equilibrium at time U 


Examples LXXVIII, p. 364. 

I. (i)e— u-fcs. (ii) v* U4“**. (iii) u(l -e~ kt )/k. (it) *«oo. (v) *■»!#/&. 
a. (i) 1000/(100*+ 1). (ii) 1000//(2f xl0* + l). 

3. (i) 1*96 secs, (ii) 69*3 ft. (iii) 1*3 ft-secs. downwards, (iv) 68*9 ft.-sect. 

4. (i) 2*86 secs, (ii) 92*16 ft. (iii) 11*46 ft.-secs, 

5. (i) 100. (ii) 79*8. (iii) 174*4. 

8. (i) 31*628. (ii) 31*62. (iii) 104*9 ft (iv) 30*37 ft.-secs. 
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7. ‘488 lb. wt 


8 . (i) 110 sees, (ii) 22*8 ft. (iii) 85*78 ft.-secs. (iv) 1*203 sees. 

9. 22*74 ft.-secs. 10. Vig/k), if mkv* be the resistance. 

11. (l/fc)log(l + ku/g); u/k-(g/k*) log(l + ku/g). 

12. (tan-^sv'V^D/v'W- 

13. (i) *89 ft. -sec. (ii) 8*3 ft. (iii) *0048 ft. 

14. 2 k^u/g; f ktfl/g, 10. 14*3 ft. diameter. 

10. 40*8 secs.; 1755 ft. 17. (1/A?) log {u/(u — kh)}. 

18. 61*66 ft-secs. ; 62*3 secs. 10. 1*87 secs. ; 18*8 ft. 


SO. (ap+y^ + ty* — 25. 91. 4(4:r + 3y) ^ + 25y , ■= 1600. 

22. a? a cosh y — («/ vV) sinh ; a?*/a a -fiy*/u* ■» 1. 


Examples LXXIX, p. 391. 

X. 8^/(J cob 6 ); ^/ t * VffA«n^ * 3 ' (!) (ii) ~ 3 ' 27 *' 

a. (i) 3*14 secs, (ii) 16 ft.-secs. (iii) 13*86 ft.-secs. (iv) —3*33 ft. 

(v) *66 sec. (vi) s — 6*93. (vii) 14*57 ft.-secs. upwards, (nii) *425 sec. 

4. V(24 cos 6 ) ; y(l-fwn»' 

«. 8>/co»£; 

e. $ /(6 co. 6 ) ; j o ^ a 4 sin*«/,)‘ 

W( c £> ^-TtuAW 

"• i Vls( V,2C08fl-1 )} : "s/ 24^72 J 0 ^(1- •in'V«ia , 0)* 

* (i) (iU)2^/(3 2 - V(a* + t ‘)l, 

10. 1*98 secs. 

18. *736 y*. 

10. 2 ft. 


5a5 




6yy'(a 3 + 6*)l 

11. *065 sec. 12. 1*82 secs. 

14. h «* radius of gyration about C. 0. 

IB. ^•2(J (cos </> — cos Ot)/J ; 2nV (Jj G ). 


Examples LXXX, p. 895. 

1. 8*9 ft 2. (i) 353*3. (ii) 356*8. (iii) 354*9 lb. wt. 

0. -021 inch 6. 101 ft ; 6*28 ft 7. 101 ft.; 6J It 10. *04 ft 
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Examples LXXXI, p. 401. 

1. 5'59. *?+y* +8#-7 y 8. a. 42*16. (*+38)‘+(y-^)* — mo-M. 
9. -4*68. *. -5. s. (**+y*) 4 /2«*. e . _ t jv / 7 «. 

7. -4./2 a. **+y* — 10o»+4oy » 3 a*. (8a, -6a). 


8. e. 

11. —8 tf(axy). 

14. -}V2. 

17. W- 

SO. e sec 1 ^. 

87. 4a cos 8 A 

20. (i) Max. at origin. 


8. -(2**-a')tya*. 
ia. -2. 

15. 4 a cos | A 
18. — « cosec (x/o). 

81. y*/a. At the vertex. 

(ii) Max. when x •» *886. 


82. —a cot A 


10. Hi* 

18. 4}. ** + y»- 9*. 
16. -{a. 

18. 3 a .in 8 coi 6. 

36. « — |./2. 

(iii) No max. or min. 


Examples LXXXII, p. 408. 

1. Ely - IT P** (i-J *) ; \Wl*/EI. a. See result of Art. 200, Ex. (iii). 
8. See reenlt of Art. 200, Ex. (ii). 

4. Ely (18 P- 8 fcr +**)/!; \\Wl'/EI. 

6. Ae 8>r: 16. 8. ^UtcP/EI. e. , fowl 1 /El. 

10. If x be measured from clamped end, Ely — / a wx' (l-x) (Sl-2x), 
Where x — *58 1. 

U. I ijTn’/EX 18. 1*89 in. 

Examples LXXXIII, p. 413. 

1 . 2vV/«). 2 . (i)Ja. (ii) l a a/2. 

8. (i) fa. (ii) 2 a/</3. (iii) ga. 4 . (2 ar-t’f/'/ab. 

6. 8 ./8 a. 6. (a 5 + r s ) , /*/(2 a* + /■*). 

7. r (a*+r*)*/*/o*. 8. a“/{(e+ l)r* -1 }. B. f^or*). 

14. /oc 1/A 15, (fc cosec a)/ r * 16. fee 1/r 4 . 

17. /a l/r T . 18. The lemniscate r* — a*j>. 

SO. A* ■■ fi (semi-latus rectum) ; t>* y (l/o-2/r). 


Examples LXXXIV, p. 420* 


1. A concentric circle. 

2. Two concentric circles. 

8. A circle. 

4. 4 xy — e*. 

5. */x+x/y — 

6. **/• + /»-<*• 

7. 2xy m ±e*, if irc* be the constant area. 

6. y*«4a(x + o) 

B. y»« +ar. 

10. y'-A*’. 

11. y* — 

12 . ar’+Z - a*. 

13. **— y* — a*. 

14. 4 xy — -a*. 

18. *»/*+//• 

16. y -* ±x. 

17. a^ + y 4 - a 4 . 


18. The cardioid r — a (1 + coi 0% if a be the radius of the fixed circle. 

10. The lemniscate (x* + y*)* -» a* (x* - y*), if a be a semi axis of the hyperbola. 
80. x»/(fl* + &*) + y*/6* « 1. 81. A cyoloide 
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22. The parabola a? 8 =-4fc (h -y). 23. x ± y + a « 0, if a 8 be the const, sum. 

24 . (»*+y*-a*-fc*) g * 4r* {(a?-n) 8 4 (y-6) 8 }, if («, b) be the fixed point, 
and ar f 4 y 8 — r* the fixed circle. 25. ar^y 1 *- \ y. 

26. (ac*4y 8 ) 8 *» 16 ary. 27. An epicycloid (Art. 169) in which a — 2 b. 

2a A cardioid. 29. An equal cyoloid. 

80. (a®) 1 / 1 4- (fry) 8 ' 1 *■ (a 1 — ft 1 ) 8 / 8 . 81. (a? 4 y) 8 / 8 4 (x - y) 8 / 8 -■ 2 a 8 / 8 . 

82. (*+y) 8 / 8 -(ar-y) 8 / 3 - (4c) 8 / 8 . 38. (<m;) 2 / 8 — (6y) 8/8 - (a 8 ** 2 ) 8 / 8 . 

84. ac*4y 8 «■ a 8 . 85. A parabola, focus touching the given line. 

SO. An ellipse with the two fixed points as foci. 


Examples LXXXV, p. 428. 


x.*g +y -°. 

*- y - x % +a /*£- 

8. (i)g= -cot a. (ii) y-*%- 

Wl 1+ (£)’!• (iii) S”°- 

«■<»*-» (•Org.®) 1 . 

e - *- *£ Wl l+ (£)’(• 

<5 

w 

1 

p 

e. g = 




20. Same as 10. 

(2)'- 



1. y 8 — 2aa;4 C. 

4. y* — Car. 

7. ar m y" — C. 

9. (i) r— a/(6-C ). 
11. y+fc — C (ar 4 a). 
13. l+y 8 -Ca 8 . 

16. y+b — Cr*\ 

18. (a?+2) 8 (y + 2) 8 « 
20. y — Care*. 

22. siny — Csinae. 

24. y+1 - Cfi*<*- 9 >. 


Examples LXXXVI, p. 429. 

2. y - CW« 3. y- C<r*». 

5 . y 1 — 3s 8 -f C. 0. ary -= C. 

8. y 8 ■* +ar 8 + C. 

(ii) r - a (B - C). 10. r - W cot « 

12. 2s*(y — C) + 4s + 3«- 0. 

14 . ay 4 b — Cc“°*. 15. J aar 8 +&r4y — C. 

17. a 4 akc 4 b*y «■ Cs**. 

Ce***'. 19. (1 4 x 9 ) (1 4-y 8 ) * Car 8 . 

21. x- 8 -*- y 8 «- Cer 1 *. 

23. x4 C - tan^(s4y). 

as. 2/V(4-3*). 38. V'tt (*-!)}• 


Examples LXXXVII, p. 480. 

1. ** + 2*V — C. S. y-2 Gr'y. 8. 2*y+**-C 

4. **+*y-y* “ C. S. ar* + 2Cy-C*. 8. a* + y* «■ Gy. 

7. ay(*-y) - 0. 8. *•+ 4xy* -jt* - C. 
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0. y , 42xy-x , -2x42y — C . . 
11. log(x4y — 1) -» x— y 4 C. 
18. 4xy — tfHC. 

15. ysin * — »4C 
17. ye* — $e**4C. 

10. y (siax— Ccosx) — 1. 

21. x 2 y a (C-3 logx) — 1. 

23. (x~y)*(x42y) — C. 

25. 28 ft.-B6C«L 


10. (y— ap+ 8) 4 — C(y42x— 3 ). 

12 . x*-6xy45y*44x — C. 

14. 5x*y — x*4C. 

16. 2 y cos x — as + Bin xcos a: 4 C. 

16. $x*y4x4Cy — 0. 

20. y*“ l (1 4- CeC”-*)*) _ 1. 

22. y — (a cos bx 4 6 sin bx)/(a 1 4 6*) 4 ft* «*. 
24. t - Sf (2 sin 500*-5 cos 500 1)+ Cs“* w «. 


Examples LXXXVIII, p. 440. 


1. 

8 xy — x 8 4 C. 

2. 2 xy 

«* y* 4 C. 

8. 3x*y4y t — C. 

4. 

(»4l)y — X4 C/x n . 

5. 2 xy 

■-**4C 

fl. x J y 4 1 «= Cx. 

7. 

y — J x* 4 Cx. 

8. y- 

x 2 4 Cx. 

9. y — x(y 4 C). 

10. 

x s -x*y4xy-|y* - 

C. 

11. 

x — 2 y J 4 Cy. 

12. 

log (x/y) — £ (x ? 4 y’) 4 C. 


18. 

(y— *)* — 4«x; (y-*-24a)* 

— 100 ax 

; ±1- 

14. 

y »4 j? + C, y — 3x - 

hC. 

15. 

y - C«±". 

10. 

y-C ± i-x*. 


17. 

y — C, y = Jx’4C. 

18. 

x* — 2 Cy 4 C*. 


10. 

ty4C) 5 -2x43. 

20. 

y — Cx, y 2 -x 2 — C; 

3y — 5: 


-16; ft, ft. 

21. 

y — Jx*4 C, y — C«r 

*— x4 1 ; 

; y-|x 2 

<* 

1 

►-* 

* 

1 

1 

O 

O 

22. 

xy » C, y 2 -x 2 « C; 

xy - 6, 

x 2 -y 2 — 

5. 

23. 

«4y»C; x* — 2 xy ■= C ; 11° 

19'. 24. 

xy-lA. 

25. 

y — a cosh (x/a 4 C ). 


20. 

x 2 4 y* - a*. 

27. 

9y 4 — 16 ax*. 


28. 

y *» Cx 4 fl-/ (1 4 C*), x* 4 

29. 

y — Cx 4 C* t x s 4 4 y 

-0. 

SO. 

y - Cx — +2 C, xy 4 1 ■ 

81. 

Cy4a — C*x, y * 4 4 ax — 0. 

82. 

4 xy =* a®. 

83. 

xV®4yV 3 a a*/ 3 . 


84. 

\/x +/y»/a. 

85. 

y* — 4 ax. 


80. 

x 1 » 4 ay. 


a 


s 


Examples LXXXIX, p. 444. 

1. y — x nf */{n* 4 3 n 4 2) 4 Cx 4 />. 2. y — x log x 4 Cx 4 Z>. 

4 . y — C sink (2x4 1>). 


7. y - Cx*4l>. 

9 . r— Clog r + D. 

1L y 2 — « 2 x a 4 Cx + D» 


8. y — J <i 2 (2x 2 4cob2x; 4 Cx4 Z>. 

6. Ce* — a cosh {Cx 4 D ). 

6. (Cx 4 !>)* — Cy s - a. 

8. y(x4/>) - C. 

10. y — $ X 2 4 C log X 4 X). 

12. y 2 — C sink (2 x 4 D). 

18. y — |*^(C f x*- Ij — (1/2 C) cosh' 1 Cx4/>. 

14. 3y- ( x 4C) , 4D. 15. y«C4l>s*. 

16. ^ - Z> 4 Ce v/ *. 17. (Cx 4 D) % - 1 4 Cy 1 . 

18. y — Clogx4 J x* — x 4D. 19. (y ~D; 2 — (« — C>*. 

20. u* - C * v'(C , -fc/V)sin (2^ + 0t). 

21. (x - C)* 4 (y — D)* — a 1 . 22. y — C cosh (x/C 4 2>). 

23. Cy* — 1 — (Cx 4 B)\ 34. (*- C) 1 - 4I>(y-Z>). 
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Examples XC, p. 450. 


1. y- 

2. y- Ae't+Be-**. 

». y — «**(^ + B*). 

4. y-«“**(A + Baj). 

5. y — (A coix + B sin *). 

6. y — s*4*(AcosJ-/3* + j&sin|v / 3»). 

7. y = 

8. y«A<?WBrK 

9. y-^«*+B«'l*. 

10. y - e~J*(A + B;e). 

11. ;/ « ^ +Be r + Ce~’. 

12. y»A + B coss+Csinx. 

18. y — Ae**+B^“ l *+ Csin 2 jp4 Dco$2«. 

14. y « A+Bp*-tH*(Ccos£v^a? + 2>8in J ^3*). 

18. y® A+Bar+Cfc-*. 

10. y - e* (A cos </5 a? + B Bin */5*)* 


Examples XC1, p. 459. 

1. y- J l«* r + B« , * + 2. 3. y - vle !,I + B« , * + T i s (18«* + 30j:4 19). 

5. y ■» + (8ina; + cos*). 4. y = Ae' x + Be ,x +? i t' x . 

6. y + 0. y - Ae- ,x +Be-*‘+ J. 

7. y — Ae ,x + Be- ,x -i. 8. y = ^e'^ + Ue'^-lsinx. 

8. y- 10. y = }«*•(*+ j4) + B«-*». 

11. y = At~ ,x cos (x+«) + }o. 12. y — '** cos (* + »)+ (15x — 22). 

18. y — .Ae - ’® cos (i +«) + !& (cos2x + 8sia2*). 

14. y ~.4."‘ , coe(* + ») + iV(«> n * _cos:r ) + i- 15. y — 4 + B«’* + Ce‘ s ®. 
10. y — 15*-10). 

17. y — .4 + Bcob (x + t) + 2x. is. y — A+flcos{x+t)-\xcoax. 

18. y“«**(4 + B»). 20. y-^'U + fiJr + Jx*). 

21. y — 

22. y m Ae*' ,x +Be~* ,,x + C COB (\/2 x + «). 

23. y-^« _ *’ , cos(Jv / 3x + «). 24. y-t x (A+BxACx‘)-lt~ x . 

25. x «• e~ u (A + Bt). 20. x *« cob (n< + «). 

. „ , . . .. . (fe* 4 «’ — j»*) cob pi, + 2 frj> sin pi 

27. * - A«-** cob («<+«) + 

38. # - A cos (af + <) + {& sin (j>* + a)} /(a 1 -p s ). 

29. 28 ft. nearly, -14 ft.-seca., -14 ft-secs. per sec. After 1*21 sees. 

30 . a^^V^’^cosCSSf-*), where tano-ft. 2 secs, and -13 ft. -secs, 
nearly. 11*3 ft. 

82. OLpJ(l +**/4j> 1 ) e~** T f if r be the corresponding time. 

83. p - w, * - *575, * - 061, C - *351. *75, *75. 1 13* ; *071. 

84. -fa inch to left of A. p * ] n-, k « *267, t ■» *0637, C ■» 6‘06. *82 inches 
from 0, ‘77 from A . 

86. 23J inches from the fixed point. 86. d * rre~' tl cos (*2 4 - tan" 1 3). 

87. d-*5236(5*-**-4e-'). 

88. 4 « 4*167 e- ,M(> *-4-167«- 4l,w< . 39. $ « SOir 4000 * sin 5000*. 

40. a? - A*" 1 ** 1 cos (7*837 1 - «). 41. or - <r l »' (Ae I10 * w< 4 Bp-” 5 ** 4 ). 

42. (i) d- Acos(2*-.)-a,fccos3*. (ii) d — A cos {2 * - «) + ^ kt sin 2 1 
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Examples XCH, p. 463. 


1. y-C(l-a*) + Z>x. 

S. y — x(C+Dlogx). 

8. y » (C»** + X)« _ **)/a!. 

7. y — «* (* log * + Cx + D). 


9. (y-Or)*-J5*(l-»*). 
4. y «» x(C+ Dlogx+x). 
6. y = *• ( C + Dx). 

8. y — x(C+Z>x*— *). 


Examples XCIII, p. 476. 


Expansions 1-8, 6-9 hold for all finite values of x. 

1. l+ox + o*x*/2! + a*x , /3! + .... 

2. ax- m'xV3 l + m 5 a?/5 !— m T xV7 ! + .... 

8. l-m I x , /21 + m*x*/4!-m*x*/6! + .... 

4. log« + x/o — x*/2o’ + x’/3o 5 — if |x|<|o| or x — a. 

6. logo— x/a— x’/2o*— x®/3a’ — .... if |x|<|o| or x — —a. 

8. 1 + x log2 + (x log 2)*/2 ! + (x log 2)’/3 ! + ..,. 

7. 1 +mx logo + (mx log o)’/2 ! + (mx log o) s /3 ! + .... 

8. x 1 — 8 x*/4 ! + 32 x*/6 ! — 128 x*/8 ! + .... 

9. x + x*/3!+x'/5!+x T /7 !+.... 89. From -8° to +8°. 

40. From -22£° to +22£°. 41. From -171° to + 17£°. 

42. (i) From -31* to +31°. (ii) From -19^° to +19^°. 

43. -48481, -87462, '46947, -88295. 46. -2679, 1-4281. 

46. *2960, -9200. 


47. e* 00, ®oos(xsin(X + na); 1 +x cos a + fx 1 cos2a)/2! -(-(x 3 cos 3a)/3 ! + ... 

“• 2 {sT»Vl + l ' (2^W + l ' (2«TI? + "'I ' ^ Tabl6 IX ‘ 


Examples XCIV, p. 483. 

1. a see* (ax + by ) ; 6 Bee* (ox + 6y). 2. 2y/(x + y) 2 ; —2 x/(x + y) f . 

8. pf *™ ; qe** x + qv . 4. 2 1 ax + hy+g); 2 \hx + by +/). 

6. 2 n ax ( ax 9 + Jy 1 )*' 1 ; 2 nby {ax* -f by*)*"'. 

e. i/</(y*-x 2 ); -x yV(*+y) a ; a?V(^+y) a * 

8. xjz ; — yjz . 9. a - "' 1 / 2 '"” 1 1 

10 . 2xy*/{;r(x I + y*)*} J -2x*y/{g(x* + y*)*}. 

11. —ax/cz; —by/cz. 12. — s?/x 2 ; z*/y % , 18. 2.r; 2y; 2 s. 

g g _ x + V 

(tf + y) l + g 2 * (a? + y) a + g 2 * (x + y) a -+g a 
15. -arF 8 ; ~yF 8 ; -aF 8 . 

10. 2(ox + fty + yg) ; 2 (Ax -f fcy +/g) ; 2 (yx -f /y 4- eg). 

22. (i) irrr®, (ii) jjTi-rA cubic inches per second. 

23. 2x; 2y. 24. (i) *033, (ii) } inch per sec. 

25. (i) 15*1, (ii) 21*86 sq. in. per sec. 20. -c l x/a'z; -c a y/A*«. 

27. (i) k/t>. (ii) -p/v. (iii) fyp* 
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ANSWERS TO THE EXAMPLES 


Examples XOV, p. 494. 


8 . 

8 , 

7. 

9. 

11 . 

18 . 

14. 

15. 

17. 

18. 
19. 
SO. 
81. 
23 . 

25. 

27. 

26. 
29. 
80 . 
81 . 


(i) by sin 8 3 »*4- r coi 6 30. 

(iii) 30 m* (a3y-y3a)/r*. 
nx n ~ l y n ~* (bx cog bt — ay sin at) 

(ad + 5c) # l /(cx + dy) f . 

2 cos 2 1/( 1 -f Bin 2 f). 

2(a 4 +a-l)/a». 
ay* (4y® + ay — 6 a a )/(2y — a), 

(x sin 2a? — y)/(a* + y 1 ). 

8 (ar - y ) (a? 1 - ay + y* + 2 oar + 2 ay )/(a - 2 y ). 
(8 a* + lOay— 4y a )/(6y a + 8ay - 5*»). 

- {2a (a» + y*) - o a a}/{2y (a> + y*) + o»y}. 

— {y (njc n ' m -f fny* _m )J / {a (me"’’* + ny* ,_m )} 
-tan (Jir + y) cot (£ n +a). 

(5 a a— a a a— 2 a6y)/(5 a y — o a y + 2a5a). 


(ii) 3r — cog 0 3a+sin0 3y. 


4. cotJt 
6 . 4 c a 

6 . c” ,e gin a f (Soo* 1 *— gin*#— sin 2 #). 
10 . 3 a 1 - 3 ay. 

12 . o/y*. 


18. -ainaooaeey. 


3 F- itrf J 3 * + $,r** 3 r. 
yc3a-f ra3y + ay bz -* 0. 
r3/+/8r®« 2mp3t?. 

5 w . „ 3 u 

or 3a ay 


22 . pbv +« 5 y ■» tar. 

24. a fia + y fly * 2 : 82 ?. 
20. Fbs + sbF — mv 5p. 
1 a* ..au ^ a m 
rie bx a y 


(X-a)/,-(r-y)/,. 

( — 3, -10); 14a — 5y — 0; 5a + 14y — 0. 

($«. Jo); a + y— 0; 8a-y — 4o; 3y-a — 4o. 
K(rtpbT+Tbp)/pT. 82. ( M -l) {3p/j>-tt30/(l+a0)}. 


88. '46 inch. 34. (i) +'05. (ii) -'78 inch. 

85. (i) 8*77 gq. ft., '54 per cent, (ii) 18*44 gq. ft., 1*12 per cent. 

80. (i)3p*-*87. (ii) 5 r— —’06. (iii)3r«'16. (iv) 3 r«9*39. (v) a T— - 8*18. 
27. *407. 38. (i) 1*19. <ii) 1*69. 

89. etc -» (o-5cog C) 3o + (5 — « cos C)35-fo58in C3C. *604; *6 per cent. 

40. *65 sq. ft. 41. 5o/o + £5/5. 

42. J[o5o {2$ (c — a) — 5cj/S* + 2 gimilar term#]. 

43. {2 o5c 3o — c (5 a + o 1 — c 1 ) ad-a^+o*-^) 5c} /(2 6 a c a gin A ). 

44. a gee* a . 3a + tan a . do. *413. 45. dA/A + 2dr/r. 

40 .tr VmW-dg/g). i a///-* *y/y. 

47. — *5 per cent 50. 51. *0177. *8 per cent. 

03. {(TF f - TT l ) 3IF+ (IT, - W) 3 JF S + (IF- IF,) aiF^/ftlF- W x ) (IF- IF,)}. 

54. (i) 58*64 c. in. per gee. (ii) 27*82 gq. in. per geo. 

55. (i) 860 c. in. per geo. (ii) 104 gq. in. per gee. 
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Examples XCVI, p. 60S. 

L ®(®* +l y); 6 (cx+dy ) ; 6(&x+ey) ; 6(&t+ey). 

*. Sen *-,>»•; 2einx-x , *iny; 2xcosy+2yco8x. 

8. /„-« (m-l)x*-'/f;f n - n ( n + 1 ) x m/ y *n . m _ Mn *m-iy y »+l . 

10 +J V yft)lfy'. 

17. a* « cos' ^/ fr + Bin 20 (/,,/>•* + ein*0/ r / r + lin^/r*. 

/» “ «n'0/ rr -gin 20 ( /i/r*-/*/r) WO /,/r + co**0/ w /H 
ao.*/.+^+j(A > /„+2^+P/ w) . 

22. cx , +2^lxy+^>y , — C. 28. xy (x-y + <j) ■* C. 

24. log (as’+y*) «= 2i tan -1 (y/x) + C. 26. xVV B C(x*+y®). 

87 ‘ In the general ease, 

the coefficient* are the *ame u in the Binomial Theorem. 
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Absolute convergence, 182. 
Acceleration, 141, 165. 
and force, 144. 
angular, 151. 
in a circle, 152. 
tangential and normal, 409. 
Adiabatic expansion, 88, 864, 490. 
Algebraic function, 5. 

Anchor-ring, 882. 

Angle between tangent and axis of x, 
59, 63, 100. 

between tangent and radius vector, 
313. 

Angular velocity and acceleration, 151. 
Approximation, 71, 85, 292, 471. 
Arbitrary constant, 157, 170, 425. 

Arc, length of, 42, 176, 804. 

in polar coordinates, 820. 
Archimedes, spiral of, 818. 

Area of curve, 89, 41, 168, 287, 
in polar coordinates, 819. 
of surface, 44, 177, 807. 
in polar coordinates, 820. 
Argument, 8. 

Astroid, 109, 111, 824, 417. 
Astronomical units, 349. 

Asymptotes, 9, 21. 

Atmospheric pressure, 855. 
Attractions, 349. 

Auxiliary equation, 447. 

Bending of beams, 402. 

Binomial theorem, 472. 

Boyles law, 88, 864. 

Cardioid, 114, 812, 814, 317, 820, 828, 
409. 

Catenary, 191, 204, 892. 

Cauchy's form of lemainder, 466. 
Caustic, 421. 

Central force and orbit, 410. 

Centre of gravity, mass, or inertia, 825. 
of pressure, 834. 
of curvature, 898, 407. 
of a conic, 19, 491. 

Centroid, 826. 

Change of axes, 21. 
of variable, integration bv, 248. 
of limits of integration, 284. 


Chemical reactions, 857. 

Circle, equation of, 28, 816. 
perimeter and area of, 89. 
motion In, 152, 888. 

C.G. of aro and sector of, 829. 
of curvature, 898. 
osculating, 408. 

C. P. of, 885. 

Circular disc, M I. of, 888, 841. 
potential of, 847. 
attraction of, 850. 

Circular functions, differentiation of, 
91. 

periodicity of, 116. 
integration of, 249. 

Cissoid, 291. 

Dial rant’s equation, 488. 

Coefficients of expansion, 87, 857. 
Complementary function, 446, 447. 
Compound interest law, 863. 

pendulum, 889. 

Concavity and convexity, 185. 

Cone, 48, 172,801, 344. 

Conic sections, 17, 412, 491. 

Constant, 1, 72. 
of integration, 157, 170, 425. 
elimination of, 423. 

Continuous functions, 47, 479. 
Convergency of series, 180, 

Cooling, Newton’s law of, 854. 
Coordinates, 22, 111. 
polar, 22, 811. 
tangential polar, 315, 408. 

Correction of small errors, 85, 95, 492. 
Cosec x, 95, 116, 249. 

Cosechx, 190. 

Cosh x, 190, 192, 208. 

Cosh* 1 x, 192, 208. 

Cosx, 98, 116. 

expansion of, 471. 

Cos" 1 *, 201. 

Cot x, 95, 116, 249. 

Coth x, 190. 

Crunk and connecting-rod, 158. 
Cuirent, eleHric, 857, 858, 457. 
Curvature, 897. 

centre, circle, and radius of, 898, 407, 
408. 
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Curves, drawing of, 8, 15, 311. 
area of, 41, 168, 287, 819. 
length of, 42, 176, 804, 820. 
properties of, 108, 164. 
family of. 414. 

Cycloid, 111, 177, 289, 299, 809, 888, 
400. 444. 

Cycloidal pendulum, 888. 

Damped oscillations, 207, 458. 

Definite integral, 171, 267, 27S. 

Dependent variable, 8. 

Derivative or derived funotion, 62, 68. 

Differential. 64. 

equations, 217, 422, 501. 
total, 484. 

Differential coefficient, 57, 61, 67. 
geometrical meaning of, 68. 
sign of, 67. 

of sum, product, quotient, &c., 72-81. 
of oiroular functions, 91. 
of implicit functions, 84, 214, 491. 
of second and higher orders, 188, 216. 
of area, 168. 
of volume, 172. 
of arc, 176. 

of area of surface, 177. 
of inverse and hyperbolic functions, 
195. 208. 
partial, 479, 498. 
total, 488. 

Directrix, 17. 

Discontinuous functions, 49. 

Divergent Berios, 180. 

«, 85, 186. 

«*, expansion of, 189, 468. 

d.c. and integral of, 195, 196. 

Eccentricity of conic, 17. 

Elastic string, oscillations of, 874. 

Elasticity, coefficient of, 68. 

Electric current, 857, 858. 457. 

Elimination of constants, 428. 

Ellipse, 18, 105, 111, 817. 

tangent and normal to, 102, 105. 
length of a> c of, 806. 
radius of curvature of, 899, 400. 
motion in, 881. 

Ellipsoid, 802. 

Energy, kinetic, 145, 862, 884. 

Envelopes, 414, 489. 

Epicycloid, 822. 

Equation of a conic, 17. 
polar, 28, 811 
differential. 217, 422, 50L 
tangential -polar, 815. 
intrinsic, 400. 

Equations, roots of, 62, 220. 

Equiangular spiral, 814, 816. 412. 

Equilibrium, stable and unstable, 867. 

Errors, calculation of, 85, 96, 492* 


Even function, 4, 274. 

Evolutes, 418. 

Exaot differential equations, 486, 501. 
Expansion, coefficients of, 87, 867. 
of a gas, 868, 490. 
of functions, 468. 

Explicit function, 4. 

Exponential series and theorem, 188, 
189, 468. 

Focus, 17. 

Force and acceleration, 144. 

central, 881, 410. 

Forms, indeterminate, 225. 

Fractions, rational algebraical, 6. 

partial, 281, 287. 

Function, definition of, 2. 
different kinds of, 8-5. 
implicit, 4, 84, 214, 491. 
odd and even. 4, 274. 
continuous, 47, 479. 
rate of increase of, 55. 
derived, G8, 188. 
of function, 79. 
periodic, 1 16 

exponential, inverse, and hyperbolic, 
189, 195. 

Gas, expansion of, 863, 490. 

Gradient, 69. 

Graphs, 6, 189, 191, 200, 202. 
Gravitation, law of, 349, 872, 412. 
Gravity, centre of, 325. 

Gyration, radius of, 887. 

Hemisphere, C.G of. 880. 
Homogeneous differential equations, 
430. 

functions, Euler’s theorem of, 488. 
Hooke’s law, 862. 

Huygben’s rule for circular arc, 478. 
Hyperbola, equation of, 19, 21, 817. 

rectangular, 20, 108, 899. 

Hyperbolic logarithms, 189. 
functions, definition ol, 190, 191. 

„ d.c. and integrals of, 208. 

,, inverse, 192, 208. 

spiral, 818. 

Hypocycloid, 822. 

Implicit functions, 4, 84, 214, 491. 
Indefinite integral, 157. 

Independent variable, 8. 
Indeterminate forms 225. 

Inertia, centre of, 825. 

moment of, 836. 

Infinite limits, 278. 

series, 180. 

Infinitesimals, 65. 

Inflexion, points of, 118, 186, 898* 



666 


INDEX 


Integral, definition of, 156. 
indefinite, 167. 
definite, 171, 667, 278. 
particular, 446, 450. 

Integrating factor, 486. 

Integration, aa reverse of differentia- 
tion, 156. 
constant of, 157. 

of rational algebraical fractions, 280. 
bj change of variable, 248. 
by rationalization, 246, 252. 
by parte, 256. 

by suoceaaive reduction, 260. 
approximate, 292. 

Intrineic equation, 400. 

Inverse functions, 6, 81. 
hyperbolic functions, 192, 208. 
circular functions, 199, 212. 

Kinetic energy, 145, 862, 884. 

Lagrange's form of remainder, 466. 
Laplaoe's equation, 499. 

Latus rectum, 24 (Ex. 20). 

Law, Boyle’s, 88, 864. 
of gravitation, 849, 872, 412. 
compound interest, 858. 
of cooling, Newton’s, 854. 
Wilhelmy’s, 857. 

Hooke’s, 862. 

Leibnitz’s theorem, 216. 

Lemniscate of Bernouilli, 811,817,819, 
409. 

Length of curve, 42, 176, 804, 820. 
Lima^on, 818. 

Limits, definition of, 27. 
algebraical, 28. 
exponential, 84, 185. 
trigonometrical, 86. 
geometrical, 88. 
of integration, 171, 278. 
change of, 284. 
double, 500. 

Linear function, 27. 
differential equation of 1st order, 402. 
,, „ „ 2nd order, 44 5. 

Logarithm, Hyperbolic or Napierian, 
189. 

change of base of, 189. 

d. c. and integral Of, 196, 197. 

expansion of, 469. 

Logarithmic aeries, 188, 469. 
function, 189. 
decrement, 207. 
differentiation, 211. 

Maciaunn’s theorem, 467. 

Many- or multiple- valued function, 8. 
Mass, centre of, 826. 

Maxima and minima, 115, 184, 
478 (Ex. 61). 


Mean rate of increase, 25. 
value theorem, 222. 

„ , ,, extended, 226. 

values, 296.. 

Mechanics, 141, 165,206,862-96,409. 

Moment of inertia, 886. 
bending, 402. 

Motion in a straight line, 142, 165. 
simple harmonic, 142, 871. 
in a circle, 162. 888. 
in a resisting medium, 876. 
in an ellipse, 881. 
under gravity, 888. 
in an orbit, 411. 

Multiple roots of equation, 221. 

Napierian or natural logarithms, 189. 

Newton’s law of oooling, 854. 

Normal, equation of, 104. 
length of; 107. 
acceleration along, 152, 410. 

Oblate spheroid, 174. 

Odd function, 4, 274. 

Orbit, motion in, 881, 410. 
differential equation of, 412. 

Order of infinitesimals, 65. 
of a differentia] equation, 422. 

Oscillations, damped, 207, 468. 
of a pendulum, 886, 889. 

Osculating circle, 408. 

Pappus’ theorems, 881. 

Parabola, equation of, 17, 111, 81C. 
properties of, 103, 108. 
area of, 169 ; C. G. of, 827. 
length of are of, 806. 
circle of curvature and evolute of; 
418. 

Paraboloid of revolution, 174, 178. 

Partial fractions, 231, 237. 
differential coefficients. 479, 498. 

Particular integral, 44 C, 450. 

Parts, integration by, 256. 

Pendulum, simple, 85, 886. 
cycloidal, 888. 
compound, 889. 
simple equivalent, 890. 

Pericycloid, 828. 

Perimeter of cirele, 89. 

Period, 872, 88 8, 467. 

Periodic functions, 116. 

Points, stationary, 118* 
of inflexion, 118, 186, 898. 

Polar ooord mates, 22. 
equations, 28, 811. 

Potential, 846, 499. 
energy, 884. 

Pressure, oentre of, 884. 
ol atmosphere, 855. 
of a gas, 490. 
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Primitive, 425. 

Principal valuer, 200. 

Product, limit of, 46. 
d.o. of, 74, 76. 
successive d. o.’s of, 216. 

Prolate spheroid, 174. 

Proportional error, 85. 
parts, principle of, 228. 

Quadrature, 287. 

Quotient, limit of, 46. 
d. o. of, 77. 

Radio* vector, 08. 
of gyration, 887. 
of curvature, 898, 408. 

Hate of increase, 25, 65. 

Rational function, 5. 
algebraical fraction, 6. 
algebraical fraction, limit of, 80. 
alwbraioal fraction, integration of, 
280. 

Rectangle, O.P. of, 886. 

M.I. of, 888, 844. 

Rectangular hyperbola, 20, 108, 890. 
Rectification, 175, 804, 820. 

Recurring decimals, 29. 

Reduction formulae, 260. 

Reflexion and refraction, 126. 

Relative error, 85. 

Remainder in Taylor’s theorem, 466, 
478 (Ex. 54). 

Resisting medium, 876. 

Revolution, Solid of, volume of, 40,171, 
299, 820. 

surface of, 44, 177, 807, 820. 

C. G. of, 826. 

M.L of, 888. 

Rod, M. 1. of, 887. 

attraction of, 851. 

Rolle’s theorem, 220. 

Roots of equations, 62, 220. 

Roulettes, 828. 

SohlOmilch-Roohe form of remainder, 
478. 

Sec z, 95, 116, 249. 

Sech x, 190. 

Second order of small quantities 66. 
d.o., 188, 498. 
moment, 886. 

Sector of circle, O. G. of, 829. 
Semioirole, O. 6. of, 880. 
Semi-oonvergent series, 182. 

Series, oonvergency and divergency of, 
180. 

semi- and absolutely con veigent, 182. 
exponential, 188, 189, 468. 
logarithmic, 188, 469. 

Taylor’s 464. 

Maclaurin’s, 467. 

Binomial, 472. 


Simple harmonic motion, 142, 871. 
pendulum, 886. 
equivalent pendulum, 890. 

Simpson's ruls 298, 602, 680, 689. 

Sin a, 91, 116. 
expansion of, 470. 

Sin"* *, 199. 

Single- valued function, 8. 

Singular solution, 489. 

Sinn a, 190, 192, 208. 

Sinh” 1 s, 192, 208. 

81ope of curve, 59, 68. 

Small quantities, orders of, 65. 

Solid of revolution. Sm Revolution, 
of greatest attraction, 822. 

Solution of differential equation, 425. 

Specific heat, 490. 

Sphere, surface of, 45, 809. 
volume of, 178. 
moment of inertia of, 888. 
potential of, 848. 
attraction of, 851. 

Spheroids 174. 

Spiral equiangular, 814, 815, 412. 
reciprocal or hyperbolic, 818. 
of Archimedes 818. 

Spring, motion of, 874. 

Squaring the cirols 40. 

Stable and unstable equilibrium, 867. 

Standard forms 68, 157. 
list of, 248. 

Stationary points, 118. 

Strophoid, 291. 

Subnormal, 107, 
polar, 815. 

Substitution, integration by, 048. 

Subtangent, 107. 
polar, 815. 

Successive differentiation, 188, 498. 
reduction, 260. 

Sum, limit of, 45. „ 

d.o. of, 70. 
integration of, 159. 
definite integral as limit of, 067. 

Surface of revolution, 44, 177, 807, 880. 
of sphere, 45, 809. 

Suspension bridge, 894. 

Symmetry of graph, 7, 9, 15, 812. 

Tan *, M, 116, 249. 

Tan- 1 *, 201. 
expansion of, 478. 

Tangent, definition of, 88. 
direction of, 68, 100. 
equation of. 101, 491. 
length of, 107. 
at point of inflexion, 187. 

Tangential-polar equation, 815, 406. 

Tanh as, 190. 

Tanb" 1 *, 198. 

Taylor's theorem, 464. 

Terminal velocity, 877. 
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Tests for convergenoy, 181 
Theorem, binomial, 478. 
Euler’s, 488. 
exponential, 189, 468. 
Leibnitz’s, 216. 

Maolaurin’s, 467. 
mean-ralue, 222, 226. 
Pappus'. 831. 

Rolle's, 220. 

Taylor's, 464. 

Tore or anchor-ring, 882. 

Total differential, 434. 

differential coefficient, 488. 
Tractrix, 118,808. 
Transcendental function, 6. 
Trapezium, C.G. of, 827. 
Triangle, G. P. of, 884. 

M L or, 842. 

Trigonometrical integrals, 250 
substitutions, 252. 

True value, 226. 

Variables, 1. 
change of, 248. 
separation of, 428. 


INDEX 

Variation, uniform, 27. 
continuous, 55. 
of atmospheric pressure, 855. 
Vectorial angle, 28. 

Velocity, 141. 

along arc of ourve, 147. 
angular, 151. 

of chemical reactions, 857. 
terminal, 877. 

Vibrations, damped, 207, 453. 

Virtual work, 865. 

Volume, definition of, 42. 
of cone, 48, 172, 801. 
of solid of revolution, 42, 174, 299 
820. 

of sphere, 178. 
of ellipsoid, 801. 


Witch of Agnesi, 291. 
Work, 145, 862. 

of expanding gas, 868. 
virtual, 865. 

Zone of sphere^ 178. 
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